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SUMMARY

Heuristic searchalgorithmsare popular Arti cial Intelligence methodsfor solving the
shortest-patiproblem. This researchcontritutes new heuristic searchalgorithmsthat are either
fasteror scaleup to larger problemsthan existing algorithms. Our contritutions apply to both
onlineandof ine tasks.

For online tasks,existing real-timeheuristicsearchalgorithmslearnbetterinformedheuristic
valuesand sometimeseventually converge to a shortestpath by repeatedlyexecutingthe action
leadingto a successostatewith a minimum cost-to-goakstimate.ln contrastwe claim thatreal-
time heuristicsearchcorvergesfasterto a shortestpathwhenit always selectsan actionleading
to a statewith a minimum f-value (i.e., a minimum estimateof the costof a shortestpath from
startto goal via the state),just like in the of ine A* searchalgorithm. We supportthis claim by
implementingthis newv non-triial action-selectiomule in FALCONS andby shaving empirically
thatFALCONS signi cantly reduceghenumberof actionsto corvergenceof a state-of-the-aneal-
time searchalgorithm.

For of ine tasks,we scaleup two best- rst searchapproachesFirst, a greedyvariantof A*
calledWA* is known 1) to consumdessmemoryto nd solutionsof equalcostwhenit is diversi ed
(i.e., whenit performsexpansionsn parallel),asin KWA*; and?2) to solve larger problemswhen
it is committed(i.e., whenit chooseghe stateto expandnext amonga x ed-sizesubsetof the
setof generatedut unexpandedstates) asin MSC-WA*. We claim that WA* solveseven larger
problemswhenit is enhancedvith both diversity and commitment. We supportthis claim with
our MSC-KWA* algorithm. Second,t is known that breadth- rstsearchsolveslarger problems
whenit prunesunpromisingstates resultingin the beamsearchalgorithm. We claim that beam
searchguickly solvesevenlarger problemswhenit is enhancedvith backtrackingpasedn limited
discrepang searchWe supporthis claimwith our BULB algorithm.We demonstratéheimproved
scalingof MSC-KWA* andBULB empiricallyin threestandarcoenchmarldomains.Finally, we

applyarytime variantsof BULB to the multiple sequencalignmentproblemin biology.

XV



CHAPTER |

OVERVIEW OF THE DISSERTATION

1.1 Introduction

The mostpopularmethodgor solvingthe shortest-patiproblemin Arti cial Intelligence(Al) are
heuristicsearchalgorithms. In particular best- rst searchalgorithmsalways expandnext a node
with the smallest-value,wherethef-valueof a nodeestimateshe costof a shortespathfrom the
startto agoalvia thenode.In breadth- rst(or uniform-cost)searcH29], thef-valueis equalto the
g-value of the node,which is the costof the shortesipathfound so far from the startto the node.
In the A* algorithm[59], the f-valueis the sumof the g-valueandthe h-value of the node,which
is an estimateof the costof a shortespathfrom the nodeto the goal. A* andbreadth- rstsearch
areof ine searchalgorithmssincethey nd a completepathto the goal beforethey terminate.In
contrastpnline(andmorespeci cally real-time)searchalgorithmsinterleare searchingor a partial
pathfrom the currentnodeandtraversingthis pathin the ervironment. Suchalgorithmsare useful
for tasksthat have tight time constraintson eachaction execution. We now discussin turn our
hypothesegpertainingto real-timeandof ine heuristicsearch.

Real-timesearch. Existingreal-timeheuristicsearchmethodssuchasLRTA* [98], repeatedly
selectandexecutethe actionleadingto a successowith minimumh-value. Beforeeachexecution,
they alsoupdatethe h-value of the currentnodeso that they learnbetterinformed h-valuesover
time. Whenthe goal is reached(we say that the currenttrial is over), the agentis resetto the
start (and the next trial begins). Their learningcomponentenablesreal-time searchmethodsto
eventuallycorverge to a shortespath. However, we claim thatminimizing h-valuesis not the best

action-selectiomule for fastcorvergence We proposehe following hypothesis:

Hypothesis1 (Real-time search hypothesis) Real-time heuristic seach corverges faster to a
shortestpath whenit selectsactionsleadingto nodeswith a minimumestimatedcostof a short-

estpathgoingfromthe startthroughthe nodeandto thegoal.



In Chapter2, we will supportthis hypothesisvith FALCONS, anew real-timesearchalgorithm
that cornvergesto a shortestpathwith signi cantly fewer actionsandtrials than LRTA*. We will
shav thatthe correctdesignof our action-selectiomule in FALCONS is not trivial. Nevertheless,
AppendixA will prove that FALCONS shareghe sametheoreticalpropertiesasLRTA*. We will
shav empiricallythat FALCONS corvergeswith fewer actionsandtrials thanLRTA* in all of our
thirteendifferentempiricalconditions(correspondingo six standardenchmarldomainswith two
or moreheuristicfunctionsperdomain). Convergencewith fewer actionsandtrials meanghatthe
overall learningtime is shortersinceboth the total time spentexecutingactionsandthe total pre-
trial setuptime aresmaller This speedups importantin domainsrom real-timecontrol. Themain
limitations of FALCONS arethat1) thedurationof the rst trial is sometimedargerbecausenore
explorationis performedatthe beginning,2) FALCONS maynot performwell in directeddomains
becausdts action-selectiomule is basedexclusively on the f-valueof the successonodeanddoes
not take into accountthe edgecostto reachit, and 3) FALCONS only appliesto deterministic
domains.

Of ine search. The maindravbackof both breadth- rstsearchand A* is that they storeall
generateshodesn memory Thereforethey quickly run outof memoryonlargegraphs.Toremedy
this problemandscaleup heuristicsearchto larger problems onecommonapproachs to sacri ce
solutionquality (breadth- rstsearchand A* areadmissiblealgorithms,thatis, they always nd a
shortespath,providedthey have enoughmemory).Onetypically reducesnemoryconsumptiorby
makingthe searchgreedy(but still storingall generatediodes)or by pruningsomenodes(thatis,
not storingsomeof the generatechodes).We summarizen turn our contrikutionsto eachclassof
approaches.

First, it is known that WA* makes A* searchgreedyby weighingthe h-value morethanthe
g-value whenaddingthemup to computeeachf-value. WA* cansolwe larger problemsthan A*
[132,52]. It is alsoknown thatWA* with diversity (thatis, the parallelexpansionof severalnodes
at eachiteration, like in KWA* [37]) useslessmemorythanWA* to nd solutionsof equalcost.
Furthermoreit is known thatWA* with commitmen{thatis, thefocuson asub-sebf thecandidate
nodesfor expansionjike in MSC-WA* [88]) scalesup to larger problemsthanWA*. We propose

thefollowing hypothesis:



Hypothesis2 (Of ine seaich hypothesis#1l) WA* solveslarger problemswhenit is enhanced

with bothdiversity and commitment.

In Chapter3, we will supportthis hypothesisnvith MSC-KWA*, a new of ine searchalgorithm
thatcansolwe larger problemsthanWA*, KWA* andMSC-WA* in threebenchmarkdomains.In
our empirical setup,MSC-KWA* is the only consideredrariantof WA* thatcansolwe all of our
randominstancesn the 48-Puzzleandthe 4-pay Towers of Hanoi domain. Furthermore MSC-
KWA* solvesthe largestpercentagef randominstancesn the Rubik's Cubedomain. However,
MSC-KWA* sharesvith WA*, MSC-WA* andKWA* thelimitation thatit is notmemory-bounded.
For example,noneof thesealgorithmscansolwe all of our randominstancesn the Rubik's Cube.
Anotherlimitation of MSC-KWA* is thatit takesthreeparameterasinputs. While the bestvalue
of the  parameters oftenvery closeto one, nding the bestvaluesfor the and parameters
currentlyrequiredrial anderrorandtypically leadsto differentvaluesfor and . In generalthe
behaior of MSC-KWA* is quite sensitve to thevalueschoserfor and

Second,t is known thatbeamsearchscalesup breadth- rstsearchby limiting the numberof
nodesat eachlevel of the searchto a constantmaximumvalue and by pruningadditionalnodes

[7, 170. We proposehefollowing hypothesis:

Hypothesis3 (Of ine seaich hypothesis#2) Beamseach quidly solvedarger problemswhenit

is enhancedvith badtradking basedon limited discrepancyseach.

In Chapter4, we will supportthis hypothesisvith BULB, anew of ine searchalgorithmthat
cansolve larger problemsthan beamsearchwhile keepingits runtime reasonablysmall. In our
empirical setup,BULB can solwe all of our randominstancesn the 48-Puzzle,63-Puzzle,80-
Puzzle,Rubik's Cubeand Towersof Hanoidomainsin a matterof secondr minutesand nds
solutionsthatarereasonablyloseto optimalsincetheir costis alwayswithin anorderof magnitude
of the optimal costandin mostcaseghey areapproximatelywithin a factortwo of optimal. The
main dravback of BULB is the needto determinethe value of its beamwidth parameter that
givesthe bestperformancean termsof solutioncostandruntime. Too small a value may leadto
incompletenessincethe searchireeis narrav andall of its leaves may have beenvisited already

(thusendingthe searchwithout a goal). Too large a valuereduceghe solutioncostbut may slow



BULB down signi cantly andmay even leadto incompleteness the maximumsearchableepth
becomesmallerthanthe depthof the shallavestgoal. In our empirical setup,the besttrade-of
betweersolutioncostandruntimeis obtainedfor relatively largevaluesof  (ontheorderof afew

thousands)Therefore the mainlimitation of BULB is thatits behaior is sensitve to the value of

In Chapters, we will discusdifferentwaysof transformingBULB into anarytime algorithm
calledABULB. In Chapter6, we will apply ABULB to the multiple sequencealignmentproblem
in biology:.

This chapteris organizedasfollows. Sectionl.2 motivatesandde nesthe shortest-patiprob-
lem. Sectionl.3describeshestructureof thedissertationFinally, Sectionsl.4and1.5summarize

ourresearclonreal-timeandof ine heuristicsearchrespectiely.

1.2 Theshortest-pathproblem

Many real-world tasksareequialentto nding ashortespathin agraph,ncludingrobotnavigation
tasks,network routing in transportatiortasks,symbolic planningtasks,and sequencealignment
tasksin biology. Becausef its practicalrelevance,the shortest-patiproblemhasbeenof interest
to computerscientistdn generalindAl researcherm particular

Eventhoughthereexist algorithmsthat solve this problemin time thatis at mostquadraticin
the numberof nodesin the graph[29], this low-polynomialcompleity is misleadingbecausehe
numberof nodesis often exponentialin the solutionlength (thatis, the numberof edgesin the
solutionpath). Many real-world tasks(including planningtasksandsequencealignmenttasks)do
translatanto exponentiallylarge graphs.Sinceit is oftennot possibleto nd optimal solutionsin
areasonableamountof time andwithout runningout of memory differentwaysof tradingoff the
solutioncost, runtime andmemoryconsumptiorhave beenstudied. Usually memoryis the most
limiting factorandit gets lled up ratherquickly. Memory-boundedlgorithmshave beenintro-
ducedto addresshis limitation [96, 143 177]. However, the priceto payfor beingableto control
the memoryconsumptions a large runtimeoverheaddueto nodere-generationsSuchalgorithms
may take daysor weeksto terminate[101, 105, which is not acceptablen mary practicalsitua-

tions. Long runtimesremainproblematicfor inadmissiblealgorithmsaswell [99]. In Chapters3



through7, we will addresgheissuesof 1) how to scaleup of ine searcho larger problemsand?2)
how to tradeoff solutioncostandruntimein memory-boundedf ine search.
We now formally de ne the shortest-patiproblem. The reademwearyof formalismcansafely

skip thefollowing sub-section.

1.2.1 Problemstatement

A graph is de ned by a nite set of nodes anda nite set of directededges
betweerpairsof nodes . Let denotethe setof successors
of ary node , thatis, the setof nodes suchthat . A pathin  from
node tonode Iisasequence v of nodesin  suchthat
. Thusa pathis alsoa sequencef edges f
eachedge is associateavith a cost , thenthe costof ary path is equalto

This researchs concernedwith the single-soute single-destinatiorshortest-pathproblem

whichis de ned asfollows. Given:

agraph ,
acostfunction de nedon suchthat : ,and
two distinguishechodes and in

nd ashortes{or minimum-costypathfrom to in G.

1.3 Structureof the dissertation

This dissertatiorncontainstwo parts,one eachfor real-timesearchandof ine search. This high-
level decompositionaswell asthe internal structureof the secondpart, mirror the taxonomyof
tasks(andassociatednethods}hatwe now describe Thistaxonomyof heuristicsearchalgorithms

is built uponthetaskconstraintsinderwhich the problemmay be solved (seeFigurel).

In Al searchnodesareoftenidenti ed with states A stateis a particularcon gurationof theobjectsin therepresen-
tation of the domain. A nodeis an objectmanipulatedy the searchalgorithm. Nodesaresimilar to statessincea node



heuristic search algorithms

online algorithms

offline algorithms

one-shot algorithms
"non-memory-bounded"”
algorithms

anytime algorithms

LRTA* A* IDA* ATA* DFBnB
RBFS ARA*
SMAG*
WA* beam search
ITSA*
(FALCONS)  (MSC-KWA* )
ABULB
(Chapter 2) (Chapter 3) (Chapter 4) (Chapter 5)

Figure 1: A taxonomyof heuristicsearchalgorithms(with our contrikutionsin red)

First, thetaxonomydistinguishedbetweeronlineandof ine tasks(or algorithms).For the for-
mer tasks,the agentinterleares searchingandactingin the ervironment. For the latter tasks,the
agentperformsa completesearcho thegoalandthenexecuteghe sequencef actionscorrespond-
ing to theedgesdn the solutionpath.

Second{hetaxonomydistinguishedbetweerone-shoandanytime tasks.For theformertasks,
only one solutionis produced,namelywhen the algorithm terminates. For the latter tasks,the
algorithmoutputsseveral solutionsof increasingguality (thatis, of decreasingosts).

Third, the taxonomydistinguishedetweentasksfor which the available memorycanbe con-
sideredunlimited andtasksfor which memaoryhastight constraints.Of course internalcomputer
memoryis alwayslimited. Butasmemorybecomegheapeandthuslarger, thislimit maybehigher

thanthemaximumamountof memoryconsumedby thealgorithm.A commonexamplein thisclass

containsa statedescription(aswell asadditionalinformationneededduringsearchsuchasg-values h-values,etc.). In
this dissertationye usethewordsstateandnodeinterchangeably



of tasksis robot-naigationin gridworld-like domainsjn which the ervironmentis typically repre-
sentecasagrid that ts in memory In contrastmary hardshortest-patiproblemshave hugesearch
spacedqor associatedjraphs). Commonexamplesinclude combinatorialpuzzles(suchasthe -
Puzzle the Rubik's Cube,the Towersof Hanoipuzzle,etc.) andthe multiple sequencealignment
problem.Ensuringcompletenessm suchproblemsequireghatthealgorithmbememory-bounded.

In Figure 1, ellipsesrepresentlassesf algorithms. Solid lines represensub-clasgelations.
Dashedines representnembershipgelations. Eachleaf of the treeis a representate algorithm
(or alist of representate algorithms).Red(boxed) algorithmsarethe new algorithmsintroduced
in this dissertation(andthe correspondinghapters).In the caseof of ine, one-shotalgorithms,a
doublehorizontalline separateadmissiblealgorithms(on top) from inadmissibleones.

Following this chapterthe dissertations split ontotwo parts. Chapter2 and AppendixA will
discussour researcton real-timesearch.All remainingchaptergincluding AppendixB) discuss
ourresearclton of ine search.This secondpartis itself split into two sub-parts.Chapters3 and4
will introducetwo new one-shoteuristicsearchalgorithms.Chapter$ and6 will introducea nev
family of anytime heuristicsearchalgorithmsand will describetheir applicationto the multiple
sequencalignmentproblemin biology, respecirely. Finally, Chapter7 will summarizeour contri-
butionsandelaborateon somedirectionsfor future work on of ine search.The mappingbetween

chaptersandtasks(andassociate@dlgorithms)is depictedat the bottomof Figurel.

1.4 Owerviewof our contributionsto real-timeseard

Real-timesearchmethods suchasLRTA* [98], interleare planning(via local searcharoundthe
currentnode)andexecutionof partial paths[79]. Evenwhentaskconstraintgequirethatactions
be chosenin constantime, thesemethodsguarantedhat the goal will be reached.Furthermore,
they learnbetterinformed h-valuesduring successk trials and eventually corverge to a shortest
path. This learningcapability is quite useful for real-world tasks,including project scheduling
[154] androutingfor ad-hocnetworks[149]. Recently researcherbave attemptedo speedup the
corvergenceof LRTA* while maintainingits advantageover traditional searchmethods that is,
withoutincreasingts lookaheador the depthof thelocal searcharoundthe currentnode,typically

equalto one). ShimboandIshida, for example,achiered a signi cant speedugby sacri cing the



optimality of theresultingpath[83, 79]. We, on the otherhand,shav how to achiese a signi cant
speeduithoutsacri cing theoptimality of theresultingpath. Thiswill be ourgoalin Chapter2.

We claim that corvergenceto a shortestpath canbe spedup by consistentlymaintainingthe
focusof the searchuponits long-termobjective, namelythat of nding a shortestpathfrom the
startto agoal,asopposedo the short-termobjective of reachinga goalasfastaspossiblefrom the
currentnode. We thusadvwocatea radically differentway of focusingthe search.If the objective is
fastcorvemgenceto a shortestpath, thenthe searchshouldbe focusedaroundwhat is believed to
be a shortesipath. In Section2.4, we will malke this intuitive searchstratgy operationalndwill
motivate 1) the needfor a new action-selectiomule and2) our choiceof the action-selectionmule
thatleadsto nodeswith minimumf-values.

To summarizeour contrikutions,we proposea new searchstrat@y that selectsactionsleading
to anodebelievedto becloseto a shortespathfrom the startto a goal. The questionbecomesow
to estimatethe distancefrom a nodeto a shortespath,the answerto which is not obvious because
1) ashortespathis whatwe arelooking for, and?2) real-timesearchmethodsdo not storeary path
in memory We proposdo estimatehe distancdrom anodeto a shortespathusingf-values.Since
f-valuesare smalleston a shortestpath andlarger for nodesoff a shortestpath, our new action-
selectiorrule choosesnactionleadingto a nodewith minimumf-value. Our maincontritutionin
Chapter2 will beto extendtheapplicabilityof A*' ssearchstratgy (namely guidingthesearctwith
smallestf-values)to thereal-timesearchsetting. This extensionis nottrivial for two reasonsFirst,
real-timesearchmethodsdo not have f-valuesavailable,only h-values.We will solve this problem
in Section2.4. Secondthe corvergenceof real-timesearchmethodsis facilitatedby the factthat
they alwaysupdatethe h-valueof the currentnodebasedon the h-value of the successonodethey
move to next. If theh-valueof this successonodeis misinformed they immediatelyhave achance
to learna betteronesincethis successonodebecomeghe currentnodeat the next iteration. This
propertydoesnot hold with our action-selectiorrule becausea successonodewith the smallest
f-valuemay not have the smallesth-value. We will discusshis problemin Section2.6.1andwill
solweit in Section2.6.2.We call theresultingalgorithmFALCONS.

AppendixA containgheformalproofsthatFALCONSis guaranteetb reachagoalduringeach

trial andeventuallyto corverge to a shortespath. Our empiricalstudyreportedn Section2.7 will



Table 1: Speedumf FALCONS over LRTA*

Domain Heuristic | Numberof actions| Numberof trials
to convergence to corvergence

8-Puzzle M 60% 73%
T 20% 44%

Z 10% 47%

Gridworld N 41% 52%
Z 14% 38%

Permute-7 A 5% 18%
Z 3% 36%

Arrow F 15% 23%
Z 6% 38%

Towersof D 18% 49%
Hanoi Z 17% 53%
Words L 30% 44%
Z 4% 30%

demonstratéhat FALCONS corvemgesfasterthanLRTA*, a state-of-the-anteal-timesearchalgo-
rithm [98]. In thirteendifferentexperimentalconditions(eachcharacterizedby a standardoench-
markdomainanda heuristicfunction), FALCONS needdewer actionsthanLRTA* to corvemeto
ashortespath. Thecorrespondingpeeduparelistedin thesecondcolumnof Tablel. In addition,
while our goal wasto reducethe numberof actionsto corvergence,FALCONS alsoreduceshe
numberof trials to cornvergence,asshavn in the third columnof thetable. This is a nice property
becausen domainsfrom real-timecontrol, the setupfor eachtrial may be expensve andthusit is
importantto keepthe numberof trials small. Finally, [153] hasshaovn thatFALCONS alsoreduces
thememoryconsumptiorof LRTA*. Becauset focuseghe searcharoundwhatit believesto bea
shortespath,FALCONS endsup visiting (andthusstoring)fewer nodes.

In conclusion FALCONS improveson a state-of-the-anteal-timesearchalgorithmin termsof
both speedof convergenceandmemoryconsumption.Vadim Bulitko at the University of Alberta
is in theprocesof extendingFALCONS (for examplewith alargerlookahead16]), while Shanet
al. [149] areplanningto apply FALCONS to constraint-basetbutingin ad-hocnetworks, having
alreadyappliedLRTA* to thistask.More generallywe believe thatour new action-selectiomule is
guiterelevantto thereinforcement-learnqcommunity sincethevastmajority of existing methods

in this areauseh-basedaction-selectiorrules when exploiting heuristicinformation. Our results



offline best first search algorithms
A* [Hart et al. 1968] breadth first search [Dijkstra 1959]

WA* [Pohl 1970]
MSC WA* KWA*
[Kitamura et al. 1998] [Felner et al. 2003]
MSC KWA*
[Chapter 3]

beam search [Bisiani 1987]

BULB
[Chapter 4]

ABULB
[Chapter 5]

Figure 2: Lineageof ournew of ine heuristicsearchalgorithms
suggesthatsigni cantly fasterdearningcouldresultfrom anf-basedexploitationrule.

1.5 Owerviewof our contributionsto of ine seardh

In thecaseof of ine searchpurprimarygoalisto scaleup existingalgorithmssothatthey cansolve
larger problems(thatis, problemswith larger underlyinggraphs)without runningout of memory
When comparingalgorithmsthat scaleup to problemsof similar sizes,our secondarygoal is to
nd low-costsolutionsin a reasonableamountof time (on the order of minutes,as opposedo
daysor weeks).We will build on two existing approachegor scalingup best- rst searchto larger
problemswhile sacri cing solution optimality, namelygreedyvariants(suchas WA* [132]) and
pruningvariants(suchasbeamsearch7]) of best- rst search.Our maincontritution in eachcase
is a new algorithm. Chapter3 will describeMSC-KWA*, which scalesup to larger problemsthan
existing variantsof WA*. Chapterd will describeBULB, which scalesup to larger problemsthan
anexisting variantof beamsearch Figure2 shavs thelineageof our new algorithms.

This sectionprovides a high-level summaryof our contritutionsto ofine search. A more

detailedandmoretechnicalsummarywill begivenin Chapter7.
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1.5.1 Our contributions to greedybest- rst search

WA* is avariantof A* in whichthef-valueof eachnode is calculatedas ,
where is arealnumberlarger thanor equalto 1 [132]. A* is the specialcaseof WA* when

. When , WA* putsmoreweight on the h-valuethanit doeson the g-value. The
searchs saidto be greedybecauseby minimizing f-values WA* favorsnodeshatare(believedto
be) closeto the goal (sincesmall h-valuesleadto smallf-values).On the onehand,increasing
makesthe searchmoregreedywhich reducegshe numberof nodesWA* generatesThis reduction
speedsip the searchandalsoenablesNVA* to solve larger problemsthanA*. On the otherhand,
increasing increaseshe costof the solutionfound by WA*, which is not admissiblearymore.
[24] shavsthatthecostof thesolutionreturnedoy WA* exceedgheoptimalcostby amultiplicative
factorequalto  in theworstcase.In practice the solutioncostreturnedoy WA* is muchlower
thanthis upperbound(see,for example,[99] aswell asour experimentalresultsin Chapter3).
In the pastfew years,the scalingbehaior of WA* hasbeenimprovedin two ways, namelywith
diversity or commitment.

First, diversifying the searchmeansexpanding nodesin parallelat eachiteration, re-
sultingin the KWA* algorithm[37]. By expandingonly onenodeat a time, WA* may visit large
goal-freeregionsof the graphasa resultof putting a large weighton misleadingheuristicvalues.
By expandingin parallelthemostpromising nodesKWA* is morelikely to expanda nodewith
awell-informedh-value. In effect, KWA* introducesa breadth- rstsearchcomponeninto WA*,
Theright level of diversity (controlledby ) cansigni cantly reducethe numberof nodegenera-
tionsneededo nd solutionsof agivencost[37]. With too muchdiversity KWA* degenerategto
breadth- rstsearchiwhen ).

Second committingthe searchmeansfocusingit on a sub-setof the candidatenodesfor ex-
pansionresultingin the MSC-WA* algorithm[88]. MSC-WA* controlsthe level of commitment
with a parameter , namelythe maximumnumberof nodesthat are consideredor expansionat
eachiteration.When , MSC-WA* reducego WA* sincethen,all generatedbut unexpanded
nodesareconsideredor expansiorateachiteration.When hasa nite value(largerthanor equal

to one),only the nodeswith the lowestf-valuesare consideredor expansion. Any additional
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nodesaremovedto areservdist. Thesenodesarenot prunedsincethefull resere list is storedin
memory Instead this list is usedto replenishthe setof nodesunderconsideratiorevery time its
sizebecomesmallerthan . Keeping smallsenesto focusthe searchon alimited numberof
nodes.If the heuristicvaluesarewell informed,this cancut dovn the exponentialexplosionof the
search.In effect, MSC-WA* introducesa depth- rst searchcomponeninto WA*. Theright level
of commitment(controlledby ) canreducethenumberof nodegenerationsigni cantly [88].

In Chapter3, we will shav empirically thatincreasedevels of commitmentanddiversity are
orthogonaland complementaryvays of improving on WA*, We will alsoshav empirically that
they can,in combination,scaleup WA* to even larger problems. We call MSC-KWA* our new
algorithmresultingfrom the combinationof MSC-WA* andKWA*. Furthermorewe will discuss
the similaritiesbetweerMSC-KWA* andbeamsearch.Note that AppendixB containsall of the
graphgdetailingtheperformancef WA*, KWA*, MSC-WA*, andKWA* inthe -Puzzledomain.

Thedatain thesegraphswill only besummarizedn Chapter3 dueto spaceconsiderations.
1.5.2 Our contributions to beamsearch

Beamsearchis a variantof best- rst searchthat prunessomegeneratedodes(prunednodesare
not storedin memory in contrastto nodesin the resere list maintainecby MSC-WA* andMSC-
KWA*) [7, 170, 144. Pruningnodesfrom the setunderconsideratiorfor expansionfocusesthe
searchon arestrictedhumberof possiblepaths therebycuttingdown on the exponentialexplosion
of thesearchHowever, pruningnodeds moreradicalthankeepingthemin resere becauséheonly
way to bringthesenodeshackunderconsiderationis to nd anothempathto themduringthesearch.
Beamsearchs not completebecausaill pathsto the goalmaybecomecut off dueto pruning. The
samereasoningppliedto optimalpathsexplainswhy beamsearchs notadmissible.

In Chapterd, we will focuson a standardsariantof beamsearchbasedon breadth- rstsearch
[7, 43, 170, 151, 180. In this case beamsearchexpandsin parallelall nodesunderconsideration
(startingwith the setcontainingonly the startnode),ordersthe setof all their successonodesby
increasindh-values(all nodesunderconsideratiomteachiterationhave thesameg-value),andonly
keepsthebest nodesto make up the setof nodesunderconsideratiorat the next iteration. is

calledthebeamwidth. Sinceall discardedhodesarepurgedfrom memorythememoryconsumption
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of beamsearchs proportionalto  timesthe depthof the searchthatis, the numberof iterations
or levels of the search).By keepingamaximumof nodesateachlevel, beamsearchmalesthe
memoryconsumptiorlinearin the solutionlength. Sincebeamsearchstopsassoonasthe goalis
generatedthe lengthof (or the numberof edgesin) the solutionpathis equalto the depthof the
search.

Therearethreesituationsin which beamsearchmay terminatewithout a goal. First, if  is
too small, the beammay becomeempty before nding a goal. This can happenbecausedbeam
searchnever re-visitsa nodeandall successonodesmay have beenvisited earlier Solutionsto
this problemincludeincreasinghe valueof  or nding a betterheuristicfunction. Secondthe
shallavestgoal may be so far away from the startthat beamsearchwith agiven  valuerunsout
of memorybeforereachingit (i.e., the total memoryneededor all nodesin the beamdown to the
goalis largerthantheavailablememory).Thesolutionto this problemrequiresdecreasinghevalue
of . Third, in theintermediatecase beamsearchmay run out of memoryat a given depth(say

) becauséhe heuristicfunctionleadsit astray If thereis agoalatlevel (or closerto thestart),
solutionsto this probleminclude nding a betterheuristicfunction or a memory-puging strategy
thatcontinuessearchingagainst”the heuristicvaluesto nd outwherethey aremisleading.

In Chapter4, we will follow this latter stratggy. Our goalwill beto scaleup beamsearchto
larger problemsby dealingwith the casesn whichthegoalis reachablavith the currentvalueof
but the heuristicfunctionusedto orderthenodesat eachlevel is misleading.Our maincontritution
in Chapterd will beto apply existing backtrackingstratgiesto beamsearch.By backtrackingon
its pruningdecisionsheamsearctcansole largerproblems.n orderto keepthesearctreasonably
fast,we will needa smartbacktrackingstratgy. We will shav thatbacktrackingoasedon limited

discrepang searcl{61] combinesicely with beamsearcho yield anew algorithmcalledBULB.
1.5.3 Summary of empirical results

We will testall of our ofine searchalgorithmson (a sub-setof) the samestandardoenchmark
domains,namelythe -Puzzlewith valuesof rangingfrom 8 through80, the 4-peg Towersof
Hanoidomain,andthe Rubik's Cubedomain.Ourdomaingandcorrespondindpeuristicfunctions)

will bedescribedn Sections3.6.1through3.6.3,respectiely.
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Table 2: Scalingbehaior in ourthreebenchmarldomains

Domain | Heuristic| Memory WA* | MSC-WA* | KWA* | MSC-KWA* beam | BULB
( nodes) search

8-Puzzle MD 6

15-Puzzle MD 6

24-Puzzle MD 6

35-Puzzle MD 6

48-Puzzle MD 6

63-Puzzle MD 4

80-Puzzle MD 3

Rubik's .

Cube Korf's 1

Towers 13-disk 1

of Hanoi PDB

Table 2 containsa preview of our resultsthatdemonstrateo which extentwe have achiered
our primary goal of scalingup of ine searchto larger problemsin thesedomains.The rst three
columnsde ne anempiricalconditionasthe combinationof a domain,a heuristicfunctionandthe
availablememory(measurecsthe numberof storablenodesin millions). Theremainingcolumns
list the testedalgorithms. A checkmarkin a cell meansthat the algorithmin the corresponding
columnsolvesthefull setof randominstancesn the empiricalconditionde ned by therow.

First,thetableshavsthatMSC-KWA* scalesupto largerproblemghaneitherKWA* or MSC-
WA* canhandlesinceit cansolve all of ourrandominstance®f the48-Puzzleandof the Towersof
Hanoidomain.EventhoughMSC-KWA* doesnot solwe all of ourrandominstance®f the Rubik's
Cubedomain,neitherdo the othervariantsof WA* (this canbeinferredfrom Table15 wherethe
availablememoryis twice the onelisted here),but MSC-KWA* solvesthe highestpercentagef
instancegseeTablel5).

SecondthetableshavsthatBULB is theonly testedalgorithmthatsolvesall randominstances
in our threebenchmarkdomains. In addition, the table shavs that beamsearch,which BULB
extends,is alsoa strongcontender Neverthelesspbeamsearchdoesnot solve all of our random
instancef the Towersof Hanoidomain,whereaBULB does.Furthermorewhatthe tabledoes
not shaw is that,whenbothbeamsearchandBULB scaleup to problemsof the samesize,BULB
always nds solutionswith lower coststhanbeamsearchandit doesso in a reasonablemount
of time. In the 48-Puzzle beamsearchreachests bestaveragesolutioncostat about11,700in a

fractionof asecondseeTable1l7 when ), while BULB canreducethe averagesolutioncost
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by anorderof magnitudedown to belov 1,000andit doessowith anaverageruntimeof 10seconds
(seeFigure 49 when ). In the Rubik's Cube domain,beamsearchreachests best
averagesolutioncostatabout55in aboutl0secondg¢seeTable20when ), while BULB
cancut the averagesolutioncostnearlyin half down to about30 andit doesso with an average
runtimeof 40 secondgseeFigure54 when ). Thisis asigni cant decreasén solution
costgiventhe alreadylow solutioncostexhibited by beamsearch.Indeed,the medianandworst
solutioncostsin this domainareestimatedo be 18 and20, respectiely [101]. In fact,the solution
obtainedby BULB in a matterof minutes(namely about23 when ) is signi cantly
lower thanthatobtainedby arecent powerful Rubik's Cubesolver basecbn macro-operatorgven
thoughthis solver useshoth a larger numberof patterndatabaset build the macro-operatorand
apost-processingtepon solutionpaths[63]. Thereforewe believe thatBULB is a state-of-the-art
solver in thisdomain(in termsof thetrade-of betweersolutioncostandruntime)eventhoughit is

apure-searchjomain-independemtigorithmthatusesneitherpre-nor post-processing.
1.5.4 Algorithm selection

With respectto our goal of scalingup of ine searchto larger problems,BULB presentssereral
advantagesover MSC-KWA*, First, Table 2 shavs that BULB scalesbetterthan MSC-KWA*
acrossdomains. (In contrast,neitherbeamsearchnor MSC-KWA* clearly scalesbetterthanthe
otheralgorithmacrossdomains.However, whenbothalgorithmssolve all of our randominstances
of the 48-Puzzle MSC-KWA* yields a betteraveragesolutioncostof about4,000(seeTable 16)
againsiabout12,000for beamsearchseeTablel7).)

SecondBULB is easiethanMSC-KWA* to applyin practicesinceit only takesoneparameter
(namely ) againstthreefor MSC-KWA* (namely , ,and ). Indeed,Chapter3 will shav
that obtainingthe bestscalingbehaior of MSC-KWA* requiresthe ne tuningof its and
parameter$ s typically keptcloseto onefor thebestscaling).Neverthelesschoosinganappro-
priatevalueof to give asinputto BULB (andABULB) remainsa challengeandthis dif culty
constituteghe mainlimitation of BULB.

Third, acrucialdifferencebetweerBULB andMSC-KWA* isthatBULB is amemory-bounded

algorithmwhile MSC-KWA* is not. Through , the usercancontrolhowv deepBULB searches
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without ever runningout of memory Like for all variantsof WA*, suchcontrolis not possiblein
thecaseof MSC-KWA*.

Fourth, becausdt is memory-boundedBULB lendsitself nicely to arytime extensions,as
describedn thenext sub-section.

For all thesereasonsanddespitethefactthatMSC-KWA* is easierto implementthanBULB,
we believe thatBULB is the algorithmof choiceamongthe oneswe have testedwhenit comesto
scalingof ine searchto larger problems.It remainsfuturework to nd awayto determineor learn
thebest valueapriori basedfor example,onthe domaindescriptionandthe heuristicfunction.

In thiswork, thevalueof is determinedy trial anderror
1.5.5 ABULB: Anytime variants of BULB

In Chapteis, we will presentnew family of anytime heuristicsearchalgorithmsgenericallycalled
ABULB (for Anytime BULB). ABULB is alocal(or neighborhood}earchalgorithmin thespaceof
solutionpaths ABULB usesBULB to nd bothaninitial solutionandrestartingsolutions. ABULB
canalsotake advantageof ITSA* for local pathoptimization.

ITSA* is anew local pathoptimizationalgorithm.ITSA* imposesaneighborhoodtructureon
thespaceof solutionpathsbasednourde nition of distancebetweerpaths.ITSA* interleavesthe
constructiorandthe searchingf the neighborhoodisingbreadth- rstandA* searchrespectiely.
Successk iterationsreturn pathswith non-increasingosts. ITSA* is thusan anytime algorithm
in its own right. ITSA* performsgradientdescenbn the surfacewhoseconnectiity andelevation
resultfrom theneighborhoodtructureandthesolutioncost,respectiely. EachtimelTSA* reaches
a (possiblylocal) minimum on the suriace, ABULB generates new restartingsolutionof higher
quality.

Ourempiricalstudywill shav that,while ITSA* reduceshesolutioncostovertime whenused
asanarytime algorithmin the 48-Puzzleandthe Rubik's Cubedomain,an even larger reduction
in solutioncostis achieved by continuingBULB' s executionwith the samebeamwidth whenit
nds asolution(ABULB 1.0)or by restartingt with alarger, automaticallycomputedoeamwidth
(ABULB 2.0). FurthermorecombininglTSA* with eithervariantof ABULB yieldsanevenlarger

reductionin solutioncostin the48-Puzzle.
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1.5.6 Application of ABULB to the multiple sequencealignment problem

In Chapter6, we will usethe Multiple Sequencé\lignment(MSA) problemin molecularbiology
asanadditionalbenchmarldomainfor ABULB. We will explain how the MSA problemof maxi-
mizing the similarity scoreof analignmentof biological sequenceseducedo the shortest-path
problemof minimizing the costof a pathbetweenwo oppositecornersof an -dimensionahyper
cube. We will alsodiscussthe minor modi cations neededor the applicationof ABULB to this
domain.

Our empiricalresultswill shav that, on our MSA testproblems,both ABULB 1.0 and AB-
ULB 2.0scaleup to larger problemsthanAnytime A*, anotheranytime heuristicsearchalgorithm
basedon WA*. Ourresultswill alsoshav thatABULB 2.0reduceghe solutioncostmorequickly

thanABULB 1.0.
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CHAPTER I

SPEEDING UP THE CONVERGENCE OF REAL-TIME SEARCH

2.1 Introduction

Real-time(heuristic)searchmethodsinterleave planning(via local searchesand plan execution,
andallow for ne-grained control over how much planningto performbetweenplan executions.
They have successfullypeenappliedto a variety of planningproblemsjncludingtraditionalsearch
problems[98], maoving-taget searchproblems[81], STRIPS-typeplanning problems[119, 14],
projectschedulingwith resourceconstraintsor PSRCproblems|[154], robot navigation andlocal-
izationproblemswith initial poseuncertainty94], robotexplorationproblemdq90], ad-hometwork
routingproblemg149], totally obserableMarkov decisionprocesgproblemg6], andpartially ob-
senableMarkov decisionprocesgproblemg53]. Learning-Reallime A* (LRTA*) is probablythe
mostpopularreal-timesearchmethod[98]. It corvergesto a shortespathwhenit solvesthesame
planningtaskrepeatedly Unlike traditionalsearchmethods suchasA* [12§], it cannot only act
in realtime (whichis important,for example,for real-timecontrol) but alsoamortizelearningover
seseral planningepisodesThis allows it to nd a sub-optimalpathfastandthenimprove the path
until it follows a shortespath. Thus,the sumof planningandplan-executiontime is alwayssmall,
yet LRTA* follows ashortespathin thelongrun.

Recentlyresearcherbave attemptedo speedup the corvergenceof LRTA* while maintaining
its advantagesover traditional searchmethods,that is, without increasingits lookahead. Ishida,
for example,achiered a signi cant speedugby sacri cing the optimality of the resultingpath[83,
79.. We, on the otherhand,shav how to achiere a signi cant speedupwithout sacri cing the
optimality of the resultingpath. FALCONS (FAst Learningand CONwverging Search),our novel
real-timesearchmethod,looks similar to LRTA* but selectssuccessorsery differently LRTA*

always greedily minimizesthe estimatedcostto go (in A* terminology: the sum of the cost of

This chapterrst appeareas[49].
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moving to a successoandits h-value). FALCONS, on the otherhand,alwaysgreedilyminimizes
the estimatedcostof a shortestpathfrom the startto a goal via the successoit movesto (in A*
terminology:thef-valueof thesuccessor)This allows FALCONS to focusthe searcimoresharply
on the neighborhoof an optimal path. We useour experimentswith FALCONS to supportour
hypothesighatreal-timeheuristicsearchconvergesfasterto a shortespathwhenit selectsactions
leadingto stateswith a minimum estimatedcost of a shortestpath going from the startthrough
the stateandto the goal. Our resultson standardsearchdomainsfrom the arti cial intelligence
literatureshav that FALCONS indeedcorvergestypically abouttwenty percenfasterandin some
casesvensixty percenfasterthanLRTA* in termsof travel cost.It alsocornvemestypically about
forty percentfasterandin somecaseseven seventy percentfasterthan LRTA* in termsof trials,
eventhoughit looks at the samestatesasLRTA* whenit selectssuccessorandeventhoughit is
not moreknowledge-intensie to implement.

In additionto its relevanceto the real-timesearchcommunity this researctalsosendsanim-
portantmessagéo reinforcement-learngiresearcherdndeed they aretypically interestedn fast
corvergenceto an optimal behaior and use methodsthat, just like LRTA*, interleare planning
(via local searchespand plan executionand corverge to optimal behaiors whenthey solve the
sameplanningtaskrepeatedy{6, 85, 161]. Furthermoreduringexploitation, all commonly-used
reinforcement-learnmn methods,againjust like LRTA*, always greedily move to minimize the
expectedestimateccostto go [165]. Our resultsthereforesuggesthatit might be possibleto de-
sign reinforcement-learningnethodsthat corverge substantiallyfasterto optimal behaiors than
state-of-the-anteinforcement-learng methodsby usinginformationto guideexplorationandex-
ploitationthatis moredirectly relatedto thelearningobjectie.

Thischapteiis structurecdasfollows. Section2.2de nesterminologyandspellsoutourassump-
tions. Section2.3introduced RTA*. Section2.4 providesmotivationfor our new action-selection
rule. Section2.5shavs how we cansigni cantly reducehe numberof actionsuntil corvergenceby
breakingtiesamongsuccessostatesvith equalcost-to-goakstimatesn favor of onewith minimal
f-value. Section2.6 demonstratethatFALCONS, our proposedhlgorithm,achievesanevenlarger
reductionin thenumberof actionsuntil convergence py selectingasthenext stateonewith minimal

f-valueandby makingthe cost-to-goakstimates secondarriterionusedonly for breakingties.
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Section2.7 providesempiricalevidencefor this reductionin severaldomains.Sections2.8& 2.9

discusgelatedandfuturework, respectrely. Finally, Section2.10summarizesur contritutions.

2.2 De nitions and assumptions

De nitions. Throughoutthis chapter we usethe following notationandde nitions.  denotes

the nite statespace; denotegshe start state;and denotesthe goal state!
denotesthe setof successorsf state , and denotesthe setof its

predecessors. denoteghe costof moving from state to successor

The goal distance of state is the costof a shortestpathfrom state to the goal, andthe

startdistance of state is the costof a shortestpathfrom the startto state . Eachstate

hasa g-value and an h-value associatedvith it, two conceptsknowvn from A* search[128]. We

usethe notation to denotethesevalues. The h-value of state denotesan estimateof
its true goal distance . Similarly, the g-value of state denotesan estimateof its
true startdistance . Finally, the f-value of state denotesan estimateof the cost

of a shortesipathfrom the startto the goalthroughstate . H-valuesare

calledadmissiblaff for all states , thatis, if they do not overestimatahe goal
distances.They are called consisteniff and for all
states with and , thatis, if they satisfythetriangleinequality It is known

thatzero-initializedh-valuesare consistentandthat consistenth-valuesareadmissiblg131]. The
de nition of admissibilitycanbe extendedin a straightforvard way to the g- andf-values,andthe
de nition of consisteng canbe extendedo the g-values[50].

Assumptions. In this chapter we assumehat the given heuristicvaluesare admissible. AlImost

all commonly-usedeuristicvalueshave this property including straight-linedistancedor maps
or Manhattandistancedor sliding-tile puzzles. If denotes with respectto goal

thenwe initialize theg- andh-valuesasfollows: = and = for all

states . We alsoassumehatthe domainis safelyexplorable thatis, the goaldistance®f all states

are nite, which guaranteethatthetaskremainssolhableby real-timesearchmethodssincethey

IWe assumehatthereis only onegoalthroughoutthis chapter(with the exceptionof Figure8) to keepthe notation
simple.All of ourresultscontinueto hold in domainswith multiple goals.
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1. =
2. = amg
Breaktiesarbitrarily
3. = if ( ) then
else
4. 1f ( ) then stopsuccessfully
5 =
6. Goto Line 2

Figure 3: TheLRTA* algorithm

cannotaccidentallyreacha statewith in nite goaldistance.

2.3 Learning Real-Time A* (LRTA*)

In this sectionwe describe_earningReal-Time A* (LRTA*) [98], probablythe mostpopularreal-
time searchmethod.LRTA* (with lookaheadne)is shavn in Figure3. Eachstate hasanh-value
associatewvith it. LRTA* rst decidesvhichsuccessaio moveto (action-selectiomule, Step?2). It
looksatthesuccessorsf thecurrentstateandalwaysgreedilyminimizestheestimateaost-to-goal,
thatis, thesumof the costof moving to asuccessoandtheestimatedjoaldistancenf thatsuccessor
(thatis, its h-value). Then,LRTA* updateghe h-valueof its currentstateto betterapproximatets
goal distance(value-updateule, Step3). Finally, it movesto the selectedsuccesso(Step5) and
iteratesthe procedurgStep6). LRTA* terminatesuccessfullywhenit reacheghe goal (Step4).
A morecomprehensk introductionto LRTA* andotherreal-timesearchmethodscanbefoundin
[79].

The following propertiesof LRTA* areknown: First, its h-valuesnever decreasendremain
admissible Second LRTA* terminateq98]. We call atrial ary executionof LRTA* thatbeginsat
the startandendsin thegoal. Third, if LRTA* is resetto the startwheneerit reachethegoaland
maintaingts h-valuesfrom onetrial to the next, thenit eventuallyfollows a shortespathfrom the
startto the goal[98]. We call a run ary sequence®f trials from the rst oneuntil corvergenceis
detected We saythat LRTA* “breaksties systematically’if it breakstiesfor eachstateaccording
to an arbitrary orderingon its successorthatis selectedat the beginning of eachrun. If LRTA*
breaksties systematicallythenit musthave corvergedwhenit did not changeary h-valueduring

atrial. We usethis propertyto detectcorvergence. Anotheradwantageof systematidie-breaking
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is discussedn Section2.7.3. Our approachdiffers slightly from that of Korf [98] whoseversion
of LRTA* breakgiesnon-systematicallgndthus nds all shortespathsfrom the startto thegoal.
We aresatis edwith nding only oneshortespath.To representhe stateof theart, we useLRTA*

that“breakstiesrandomly’ meaningthatties arebroken systematicallyaccordingto orderingson

the successorthatarerandomizedeforeeachrun.

2.4 Motivation for our newaction-selectiorrule

The premiseof this work is that convergenceto an optimal solution path canbe spedup by con-
sistentlymaintainingthe focusof the searchuponits long-termobjective, namelyan optimal path
from the startto a goal, asopposedo the short-termobjectie of reachinga goalasfastaspossi-
ble from the currentstate. We thus adwocatea radically differentway of focusingthe search.In
this section,we male this intuitive searchstratgy operationabndmotivate 1) the needfor a new
action-selectiomule and2) our choiceof the action-selectiomule thatminimizesf-values.
Becausat is agent-centeredeal-timesearchs limited to local searcharoundthe currentstate
of theagenf91]. In particular thismeanghattheagentcanonly expandstatesn its neighborhood.
In fact, in the standardapproachto real-timesearchwith lookaheadone, which we adoptin this
chaptertheagentcanonly expandthe currentstate. The obviousimplicationis thatthe agentmust
rst move to a statein orderto expandit. In otherwords, changingthe searchstratgy requires
changingthe action-selectiorstratgy of the agent.This is differentfrom standardest- rst search
in which ary statein the OPEN ist could be expandednext, sinceits merit only dependson its
evaluationfunction,notonits proximity in the searcrspaceto the previously expandedstate?
Having motivated our needfor a newv action-selectiorrule, we nonv motivate our specic
proposalfor an f-basedrule. First note that, even thoughit rememberdeuristicvaluesfor all
visitedstateqin ahashtable,say),real-timesearchdoesnot sase the searchtreein memory Doing
S0 may speedup statere-expansions put at the expenseof memoryusage. This would only be

bene cial if expansionsare time-consumingand spaceis not a problem. For the samereason,

This testcould be eliminatedby moving Step4 beforeStep2 sothatthe h-value of is never modi ed. How-
ever, we preferthe current(equivalent) formulation sinceit makes the value-updateule for the h-valuescompletely
symmetricalwith thevalue-updateule for the g-valuesto beintroducedn FALCONS.

2A recentversionof A* calledPHA* alsotakesinto accountthe costof physicallymoving from onestateto another
in the OPENIist [39].
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real-time searchonly maintains point-to-point heuristic information, namely estimatesof the
shortestistancefrom eachvisited stateto the goal, but it doesnot explicitly maintainpreviously
foundsolutionpathsfrom the startto the goal. Therefore we would like to focusthe searchijf not
on anexplicit solutionpath,at leaston anareaof the searchspacebelieved to containan optimal

solution. Theresearclyuestionthusbecomes

How to estimatefor eachstate how farit is from anoptimalpath?

The answeris not trivial becausel) suchheuristicinformationneedsto estimatethe distance
from eachstateto a path (not anotherstate),and 2) no solutionpathis explicitly identi ed. We
solwve this problemin thefollowing way. Recallthatthef-value of astate in A* estimateshe
cost of aminimum-costpathfrom the startto the goalconstrainedo gothrough . Themain
insight of our approactis to usethe propertythatthef -valuesof all stateson any minimum-cost
pathfrom the startto the goal are all equalto thecost  of ary minimum-costpath, while the
f -valuesof all otherstatesareall strictly largerthan  (otherwisethesestatesvould beonsome
shortestpath, by de nition of ) [59]. Sincef-valuesestimatef -values,andif we assumehat
eachstatehasassociatedvith it anf-value,we proposeo selectactionsso asto alwaysminimize
f-values.Thisway; if thef-valuesareperfectlyinformed,theagentwill follow directlyaminimum-
costpathfrom the startto the goal (provided thatties amongstateswith equalf-valuesarebroken
in favor of stateswith smallerh-values,thatis, in the directionof the goal state).Otherwise since
heuristicvaluesarecontinuouslyupdatedtheagentwill gathemoreinformedheuristicinformation
andwill thusbe ableto switchits focusto anotherareaof the searchspacethatlooks morelikely
to containan optimal solution. In short,we will uselowestf-valuesto focusthe searchtoward
previously identi ed regionslikely to containan optimalsolution

Figure 4 graphicallyrepresent®ur nen action-selectiorrule in comparisonto that usedby
LRTA*. In this gure, we have assumedhatthe only optimalsolutionis the straightline between
thestartandgoalstates Notethattheagenthasstrayedoff of theoptimalpath,astypically happens
whenheuristicinformationis not perfect.In this case minimizing cost-to-goakstimatesasLRTA*

does maywastesearcheffort in areaghatdo not seemlikely to containan optimal path(because,
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Actual Path

Optimal Solutign Rath

a) Action-Selection Rule of LRTA*

Currenﬂ
Actual Path —
Minimize
f Values
Optimal Solution Path
----------------------

b) Proposed Action-Selection Rule

Figure 4: Two action-selectiorrulesfor real-time search. Curves represeniso-contoursfor a)
cost-to-goakstimatesandb) f-values.
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despitehaving low cost-to-goakstimatesthey alsohave highf-values).Thisis becaus¢heoptimal
pathfrom the current stateto the goal may have little overlapwith an optimal pathfrom the start
stateto thegoal. In suchcasesgreedilyaimingfor the goalmay not sene the long-termobjective
of nding anoptimal path. By embeddinghis learningobjectie directly into the action-selection
stratgy, we expectto focusthe searchonto a narraver region of the searchspace. This reduced
numberof visited stateswill likely be accompaniedby a reductionin the total numberof actions
until corvergence(includingrepeatedisits to somestates).

In the next section,we shawv thatkeepingthe action-selectiomule of LRTA* but breakingties
in favor of stateswith smallerf-valuesalreadyreduceshenumberof actionsneededo converge. In
thefollowing section we demonstrat¢hatdirectly selectingactionsthatminimizef-valuesreduces

this numberevenmore.

2.5 Breakingtiesin favor of smallerf-values

LRTA* terminatesand eventually follows a shortestpath no matterhow its action-selectiormrule
breakgiesamongsuccessordn thissectionwe demonstratepr the rst time,thatthetie-breaking
criterioncrucially in uencesthe corvergencespeedof LRTA*. We presentan experimentalstudy
thatshavs that LRTA* corvergessigni cantly fasterto a shortespathwhenit breakstiestowards
successorwith smallestf-valuesratherthan, say randomlyor towardssuccessorwith largestf-
values.Recallthat,in theA* searchmethod, is equatto thesumof and , for all states
. To implementour new tie-breakingcriterion, LRTA* doesnot have the g -valuesavailable but
canapproximatehemwith g-values.It canupdatethe g-valuesin away similarto how it updates
the h-values,exceptthatit usesthe predecessorimsteadof the successorsNote thatthe g-values
in our real-timesearchalgorithmsdo not have the samesemanticasthe g-valuesin of ine search.
Here,ag-valueis anunderestimatef thecostof aminimum-cospathfrom thestartto the state not
the costof the bestpathfoundsofar. Figure5 shavs TB-LRTA* (Tie-BreakingLRTA*), ourreal-
time searchmethodthatmaintainsg- andh-valuesandbreakgiestowardssuccessorgith smallest
f-values,where for all states . Remainingties can be broken arbitrarily
(but systematically)We comparedl B-LRTA* againswersionsof LRTA* thatbreaktiesrandomly

or towardssuccessorsvith largestf-values. We performedexperimentsin thirteencombinations
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1. =
2. = amg
Breaktiesin favor of asuccessor with asmallesf-value,where
Breakremainingtiesarbitrarily (but systematically)
3. = if ( ) then
else
= if ( ) then
else
4. 1f ( ) then stopsuccessfully
5 =
6. Goto Line2

Figure 5: The TB-LRTA* algorithm

of standardsearchdomainsfrom the arti cial intelligenceliteratureandheuristicvalues,averaged
over at leastonethousandunseach. Section2.7 containsinformation on the domains,heuristic
values,andexperimentalsetup,including how we testedfor statisticalsigni cance. Table3 shavs
thatin all casesbut one (Permute-#with the zero(Z) heuristicf breakingties towardssuccessors
with smallestf-values(statistically)signi cantly spedup the corvergenceof LRTA* in termsof

travel cost(actionexecutions).

2.6 FALCONS: Selectingactionsthat minimizef-values

In this sectionwe shav thatturningf-valueminimizationinto theprimaryaction-selectiorriterion
is nottrivial. Theobvious,naive approacheadsto non-terminatioror corvergenceto anon-optimal

path.We thenshav how to solve theseproblemsin our nal versionof FALCONS.
2.6.1 FALCONS: A naive approach

We just shaved that TB-LRTA* corvemgessigni cantly fasterthan LRTA* becauset breaksties
towardssuccessorsvith smallestf-values. We thus expectreal-time searchmethodsthat imple-
mentthis principle more consequenthyand always move to successorsvith smallestf-valuesto
corverge evenfaster Figure6 shavs Naive FALCONS (FAst Learningand CONwerging Search),
ourreal-timesearchmethodthatmaintaingy- andh-values alwaysmovesto successorwith small-

estf-values,andbreakstiesto minimize the estimatedcost-to-goal. Remainingties canbe broken

3This exceptionwill disappeamn our resultswith FALCONS.
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Table 3: Travel costto convergencewith differenttie-breakingrules

domainand LRTA* thatbreakdies. ..
heuristic towards randomly towardsa smallest
values alargestf-value f-value(TB-LRTA%*)
8-Puzzle M 64,746.47 45,979.19 18,332.39
T 911,934.40, 881,315.71 848,814.91
Z 2,200,071.25 2,167,621.63 2,141,219.97|
Gridworld N 116.50 97.32 82.08
Z 1,817.57 1,675.87 1,562.46
Permute-7 A 302.58 298.42 288.62
Z 16,346.56 16,853.69 16,996.51
Arrow F 1,755.42 1,621.26 1,518.27
z 7,136.93 7,161.71 7,024.11
Tower of D 145,246.55| 130,113.43 116,257.30
Hanoi z 156,349.86/ 140,361.39 125,332.52
Words L 988.15 813.66 652.95
z 16,207.19 16,137.67 15,929.81

arbitrarily (but systematically).To understandvhy tiesarebroken to minimize the estimatectost-
to-goal, considerg- andh-valuesthat are perfectlyinformed. In this case all stateson a shortest
pathhave the same(smallest)-valuesandbreakingtiesto minimize the estimatedtost-to-goakn-
suresthat Naive FALCONS movestowardsthe goal. (All real-timesearchmethodsdiscussedn
this chapterhave the propertythatthey follow a shortesipathright away if the g- andh-valuesare
perfectlyinformed.) To summarizeNaive FALCONS is identicalto TB-LRTA* but switchesthe
primary and secondanaction-selectiortriteria. Unfortunately we shav in the remainderof this
sectionthat Naive FALCONS doesnot necessarilyterminatenor corverge to a shortestpath. In
both casesthis is dueto Naive FALCONS beingunableto increasemisleadingf-valuesof states
thatit visits, becausehey dependon misleadingg- or h-valuesof stateshatit doesnot visit and
thuscannotincrease.

Naive FALCONS can cycle forever. Figure 7 shavs an exampleof a domainwhereNaive

FALCONS doesnotterminatefor g- andh-valuesthatareadmissibleout inconsistentNaive FAL-

CONSfollows the cyclic path without modifying the g- or h-valuesof ary
state.For exampleduringthe rst trial, Naive FALCONSupdates to one(basedn ) and
to one(basedbn ), andthusdoesnot modify them. and arebothzeroand
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1. =
2. = ag , Where
Breaktiesin favor of asuccessor with thesmallestvalueof
Breakremainingtiesarbitrarily (but systematically)
3. = if ( ) then
else
= if ( ) then
else
4. 1f ( ) then stopsuccessfully
5 =
6. Goto Line 2

Figure 6: Naive FALCONS (initial, non-functionalersion)

Se Sy S5 = Syoal
S0 = Sstart $1 S S3
(9= ={a12)=
S7 S8

Figure 7. Naive FALCONS cyclesforever (Eachcircle represents statewith its g-value/h-alue)

thusstrictly underestimatéhetrue startandgoal distance®f their respectie statesUnfortunately
thesuccessoof state  with thesmallest-valueis state . Thus,Naive FALCONS movesto state
andnever increaseshe misleading and values.Similarly, whenNaive FALCONS is
in state it movesbackto state , andthuscyclesforever.
Naive FALCONS can converge to sub-optimal paths. Figure 8 shavs an exampleof a do-

main whereNaive FALCONS terminatesout convergesto a sub-optimalpatheventhoughthe g-

andh-valuesareconsistentNaive FALCONS corvergesto the sub-optimalpath , and
. Thesuccessoof state  with the smallestf-valueis state . is two andthusclearlyun-
derestimates . EventhoughNaive FALCONS movesto state , it neverincreaseds f-value
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So =Sstart

Figure 8: Naive FALCONS corvergesto a sub-optimapath(Eachcircle representa statewith its
g-value/h-alue)

1. =
2. = ag , Where
Breaktiesin favor of asuccessor with thesmallestvalueof
Breakremainingtiesarbitrarily (but systematically)
3. = if ( ) then
else ,
= if ( ) then
else ,
4. 1f ( ) then stopsuccessfully
5 =
6. Goto Line 2
Figure 9: The FALCONS algorithm( nal version)
becauset updatests g-valueto one(basedon ) and to one(basedon ), andthus

doesnot modify them. Naive FALCONS thenmaovesto state . Thus,the trial endsand Naive
FALCONS hasfollowedasub-optimapath. Sinceno g- or h-valueschangediuringthetrial, Naive

FALCONS hascorvemedto a sub-optimalpath.
2.6.2 FALCONS: The nal version

In the previous section,we shaved that Naive FALCONS doesnot necessarilferminatenor con-
vemgeto ashortespath.Figure9 shavs the nal (improved)versionof FALCONS thatsolvesboth

problems AppendixA containgproofsthatthefollowing theoremshold underour assumptions.

Theorem 1 Ead trial of FALCONSterminates.
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Theorem 2 FALCONSeventuallyconvergesto a pathfromthe startto the goal if it is resetto the

startwheneer it readesthe goal and maintainsits g- and h-valuesromonetrial to thenext one

Theorem 3 Thepathfromthestartto thegoalthat FALCONSeventuallycorvemesto is a shortest

path.

We now give someintuitions behindthe new value-updateandaction-selectiomulesandshav
thatthey solve the problemsof Naive FALCONS for the examplesintroducedin the previous sec-
tion.

FALCONS terminates. The new value-updateulesof FALCONS causeit to terminate.We

rst derivethenew value-updateule for theh-values.It providesmoreinformedbut still admissible
estimate®f the h-valuesthanthe old value-updateule, by makingbetteruseof informationin the
neighborhooaf the currentstate.The new value-updateule makesthe h-valueslocally consistent
andis similar to the pathmaxequationusedin conjunctionwith A* [121]. If the h-valuesare
consistentthenthereis no differencebetweerthe old andnew value-updateules. To motivatethe
new value-updateule, assumehatthe h-valuesareadmissibleandFALCONS s currentlyin some
state with . Theold value-updateule usedtwo lowerboundsonthegoaldistanceof state

, hamely and . Thenew value-updateule addsa third lower
bound,namely . To understandhethird lower bound,notethatthe
goal distanceof ary predecessor of state is atleast sincethe h-valuesare admissible.
This impliesthat the goal distanceof state is atleast . Sincethis s true for all
predecessorsf state , thegoaldistanceof state is atleast . The
maximumof the threelower boundsthenis an admissibleestimateof the goal distanceof state
andthusbecomests new h-value. This explainsthe new value-updateule for the h-values. The
new value-updateule for the g-valuescanbederivedin asimilar way.

As anexample,we shav thatNaive FALCONS with the new value-updateulesnow terminates
in thedomainfrom Figure7. WhenNaive FALCONS s in state  duringthe rst trial, it increases
both and to two andthenmovesto state . Thesuccessoof state  with thesmallest
f-valueis state , andnolongerstate , because wasincreasedo four. Thus,Naive FAL-

CONSnowv movesto state  andbreaksthe cycle. Unfortunately the new value-updateulesare
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not sufcient to guaranteehat Naive FALCONS convergesto a shortestpath. The domainfrom
Figure8 still providesa countergample.

FALCONS convergesto a shortestpath. The new action-selectiomule of FALCONS causes
it to converge to a shortestpath by using moreinformed but still admissibleestimatesof thef -
values. In the following, we assumehat the g- and h-valuesare admissibleand we presentwo
lower boundson . First, is atleast , sincetheg- andh-valuesareadmissible.
Second, is at leastaslarge asthe costof a shortestpathfrom the startto the goal, a lower
boundof which is , sincethe h-valuesare admissible. The maximumof the two lower
boundsis an admissibleestimateof andthusbecomedhe new f-valueof . This explains
the new calculationof the f-valuesperformedby the action-selectionrule. The otherpartsof the
action-selectiomule remainunchangedThe new f-valueof state , unfortunately cannotbe used
to updateits g- or h-values,becausét is unknavn by how muchto updatethe g-valueandby how
muchto updatethe h-value.

As anexample,we shav that FALCONS now convergesto a shortespathin the domainfrom
Figure8. WhenFALCONSreachestate inthe rst trial, is now three.All threesuccessors
of state have the samef-valueand FALCONS breaksties in favor of the onewith the smallest
h-value,namelystate . Thus,thetrial endsandFALCONS hasfollowedashortespath.Sinceno

g- or h-valueschangedFALCONS hascorvemgedto a shortespath.

2.7 Experimentalresults

In this section,we preseniour empiricalevaluationof FALCONS, which we comparedo LRTA*
thatbreakgiesrandomlyandTB-LRTA*. Wedescribein turn,ourdomainsandheuristicfunctions,

our performancaneasurespur empiricalsetup,and nally ourresults.
2.7.1 Domainsand heuristics

For our empiricalstudy we usedthe following domainsfrom thearti cial intelligenceliterature.
The 8-Puzzledomain[98] consistsof eighttiles (numberedbnethrougheight)in a 3x3 grid,
leaving onepositionblank. A moveis performedy sliding oneof thetiles adjacento theblankinto

theblankposition. Sincetiles arenot allowedto move diagonally the numberof possiblemovesin
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Table 4: Travel costto corvergencewith differentaction-selectiomules

domainand LRTA*
heuristic thatbreaks TB-LRTA* FALCONS
values tie randomly
8-Puzzle M 45,979.19 (100%) 18,332.39 18,332.39 (39.87%)
T 881,315.71 (100%)| 848,814.91 709,416.75 (80.50%)
Z | 2,167,621.63 (100%) | 2,141,219.97 1,955,762.18 (90.23%)
Gridworld N 97.32 (100%) 82.08 57.40 (58.98%)
Z 1,675.87 (100%) 1,562.46 1,440.02 (85.93%)
Permute-7 A 298.42 (100%) 288.62 284.95 (95.49%)
Z 16,853.69 (100%) 16,996.51 16,334.67 (96.92%)
Arrow F 1,621.26 (100%) 1,518.27 1,372.62 (84.66%)
Z 7,161.71 (100%) 7,024.11 6,763.49 (94.44%)
Towerof D 130,113.43 (100%)| 116,257.30, 107,058.94 (82.28%)
Hanoi Z 140,361.39 (100%)| 125,332.52] 116,389.79 (82.92%)
Words L 813.66 (100%) 652.95 569.71 (70.02%)
Z 16,137.67 (100%) 15,929.81 15,530.42 (96.24%)

eachcon gurationis at mostfour: up, right, down or left. The goal stateis the con gurationwith
the blankin the centerandthetiles positionedin increasingorder startingat the upperleft corner
andproceedingn a clockwisefashion.We used1000randomlyselectedstartstatesamongthose
from which the goalis reachable.In this domain,we experimentedwith the Manhattandistance
(thesum,for all tiles, of their horizontalandverticaldistance$rom their respectre goalpositions),
abbreiatedM, andthe“Tiles Out Of Order” heuristic(the numberof misplacediles), abbreiated
T.

For the Grid world domain[79], we useda setof 20x20gridsin which 35 percentof the
grid cells were randomly selectedas untraversableobstacles. For eachgrid, the startand goal
positionswerechoserrandomly while makingsurethatthegoalwasreachabldrom thestart. Since
we allowed movesto ary of the traversableneighboringlocations(including diagonalmoves),we
modi ed the Manhattardistanceheuristicto bethe sum,over all tiles, of the maximumof thetile's
horizontalandverticaldistancedo its goal position. This heuristicwasabbreiatedN.

In the Permute-7 domain[68], a stateis a permutatiorof theintegers1 through7. Therefore,
the statespacehas states.Thereare operators.Eachoperator is

applicablen all statesandreversegheorderof the rst  integersin the stateit is executedn. For
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example,the executionof in state leadsto state . Thegoalstateis

The adjacencyheuristic(abbreiated A) computedor eachstate the numberof pairsof adjacent
digitsin the goalstatethatarenot adjacenin . For instance, sinceexactly three
pairsareadjacenin thegoalbut notin , namely , and . We experimentedvith all
5040statesasstartstate.

We alsouseda versionof the Tower of Hanoi domain[68] with 7 disksand3 pegs. In thegoal
state,all disksareon the samepegy, saypeg humberthree. We experimentedvith 1000randomly
choserstartstates.The D heuristicsimply countsthe numberof disksthatarenot onthegoalpeay.

The Words domain[70] is a connectedgraphwhose4493 nodesare 5-letter Englishwords
thatare pairwiseconnectedf they differ in exactly oneletter The goal stateis the word “goals”.
We experimentedvith 1000randomlychoserstartstates.The L heuristiccomputeghe numberof
positions(betweenl and5) for which the letteris differentfrom the letter at the samepositionin
thegoalstate.

In the Arr ow domain[95], a stateis anorderedist of 12 arrovs. Eacharrov caneitherpoint
up or down. Thereare 11 operatorghat caneachinvert a pair of adjacentarrovs. The goal state
hasall arravs pointing up. We experimentedvith 1000randomlychoserstartstatesamongthose
from which the goalis reachable.The F heuristicreturnsthe largestintegerthatis not largerthan
thenumberof arrons thatneedto be ipped divided by two.

In additionto theabore domain-dependetieuristicvalueswe alsoexperimentedn all domains
with theconstantunctionZero(Z). Notethatall of ourdomainssharethefollowing two properties:
(1) they areundirectedwhich meanghatfor every actionleadingfrom state tostate with cost ,
thereis areverseactionfrom to with cost , and(2) they have uniform costs,which meanghat

all actioncostsareone.Finally, all of thesedomainsandheuristicfunctionssatisfyourassumptions.
2.7.2 Performancemeasues

Sofar, we have motivatedour new action-selectiorrule in termsof an expectedreductionin the
runtimeto convergence.In this sectionwe discusghis andotherrelevantperformanceneasures.
Number of actionsuntil convergence. The numberof expansionds a commonway of mea-

suring the performanceof heuristicsearchalgorithmsin general[131, 96, 105. Sincereal-time
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heuristicsearchwith lookaheadne only expandsthe statest visits, the numberof expansionss

equalto the numberof actionsit executes.The numberof actionsuntil corvergence(alsoreferred
to as“travel costto corvergence”)is thereforeour primary performancaneasuren this chapter
The reasonthis performancemeasurds usedin lieu of the runtimeitself is becausehe latter is

typically sensitve to both the implementatiorand the architectureof the machineon which it is

run. In contrastthe numberof actionsdepend®nly onthealgorithmitself andthusmakesit easier
for differentresearchteamsto compareand reproduceempiricalresults. Neverthelesssincethe
time neededor eachactionselectionis boundedby a constan{in domainswith a nite maximum
branchingfactor), the total runtime of real-timesearchalgorithmsis equalto the productof this

constantindof our primaryperformanceneasureA decreasé thelattermustbeweighedagainst
ary increasef the constanitself.

Number of trials until corvergence.Sinceareal-timesearchagentis resetinto the startstate
wheneer it reacheghe goal, its behaior is episodic. We have calledeachepisodeatrial. Sofar,
we have implicitly assumedhat the total time until corvergenceis equalto the sumof the times
spentin all trials. This assumeshatthe intertrial time is negligible. However, therearedomains
(for example,whenarobotis learningto juggle)in which resettingthe agentinto its initial stateis
time-consumingln suchdomains reducingthe numberof trials may signi cantly reducethetotal
learningtime in practice.In othercasessuchasrobotsimulationsjntertrial timeis negligible. To
take this factorinto accountin a domain-independentay, we proposeto usethe numberof trials
until corvegenceasanotheiperformanceneasure.

Number of actionsin the rst trial. Inthelearningbehaior of real-timesearchagentsthere
is a possibletrade-of betweerhow mary timesthey reachthe goal (thatis, the numberof trials)
andhowv mucheffort they spendreachingthe goal (thatis, the effort pertrial). It is possiblethat
additionalexplorationof the statespacewithin atrial will reducethe total numberof trials needed
to corverge. Thisis atrade-of betweershort-term(gettingto thegoalasfastaspossible)andlong-
term (converging to an optimal solution) objectves. We thereforeproposeto measurehe effort
spentin the rst trial asanindicationof how muchexplorationis performedat the beginning of

learning.Our lastperformanceneasurewvill thusbethe numberof actionsin the rst trial.
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2.7.3 Empirical setup

In orderfor FALCONS to corverge to a unique path, the secondantie-breakingcriterion must
be systematiqsystematidie-breakingwasde ned in Section2.3). We enforcedsystematicityby
(1) choosingan arbitraryorderingfor the successorsf eachstateand(2) breakingremainingties
accordingto thatordering. The orderingwas selectedandomlyat the beginning of arun anddid
not changeduringtherun.

An experimentrefersto a sequencef runsof analgorithmin onedomainwith a given set
of heuristicvalues. To attainstatisticalsigni cance,we averagedour resultsover runs,
exceptin the Permute-7domainfor which eachexperimentconsistedf runs,onefor
eachpossiblestartstate.ln generalthe runsof anexperimentonly differedfrom the otherrunsin
the sameexperimentin two respects(1) the startstate and(2) therandomorderingselectedat the
beginningof eachrunto be usedfor systematidie-breaking.In addition,in the Gridworld domain,
eachrunuseda differentgrid andgoal state.

Therearetwo adwvantagedo usingsystematidie-breaking First, it ensureshatFALCONS will
corverge to a uniquepath. If tie-breakingis not systematicthenFALCONS may not corvemge to
a uniquepath. Instead,it may converge to a setof shortestpathsand randomlyswitch between
themafterthe heuristicvalueshave corverged,justlike LRTA* [98]. Systematidie-breakingthus
facilitatedthe detectionof corvergence,which happensvhen no heuristicvalue changesn the
courseof arun.

Secondsystematidie-breakingallowed usto carefully controlour experimentakconditions.In
particular we comparedoairsof experimentghatonly differedin the algorithmtested(for exam-
ple, FALCONS versusLRTA*). We only comparedairsof experimentsn the samedomainand
with the sameheuristicvalues.In addition,we usedthe same(random)orderingof successostates
for systematidie-breakingin all pairsof runsto be compared.In otherwords,whencomparing
algorithm 1 with algorithm 2, run 1 of both experimentsusedthe sameordering,run 2 of both
experimentausedthe sameordering(but differentfrom thatof run 1), etc. Furthermoregachpair
of correspondingunsusedthe samestartstate(andthe samegrid andgoal statein the Gridworld

domain).Now, assumehatwe wantedto comparehetravel costto convergenceof FALCONSIin a
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Table 5: Trialsto convergencewith differentaction-selectiomules

domainand LRTA*
heuristic thatbreaks TB-LRTA* FALCONS
values tie randomly
8-Puzzle M 214.37 (100%) 58.30| 58.30 (27.20%)
T | 1,428.57 (100%) 1,214.63| 797.26 (55.81%)
Z | 1,428.59 (100%) 1,227.74| 756.47 (52.95%)
Gridworld N 6.06 (100%) 5.01 2.90 (47.85%)
Z 32.02 (100%) 26.30| 19.77 (61.74%)
Permute-7 A 26.91 (100%) 25.55| 22.10 (82.13%)
Z 117.82 (100%) 92.63| 75.22 (63.84%)
Arrow F 114.94 (100%) 110.60| 89.01 (77.44%)
Z 171.50 (100%) 135.13| 105.92 (61.76%)
Towerof D 214.47 (100%) 177.96| 109.13 (50.88%)
Hanoi Z 216.77 (100%) 166.55| 101.44 (46.80%)
Words L 32.82 (100%) 22.72| 18.40 (56.06%)
Z 71.86 (100%) 55.77| 50.10 (69.72%)

particulardomainandwith a particularsetof heuristicvalues(experimentl) with thatof LRTA* in
the samedomainandwith the samesetof heuristicvalues(experiment2). Our experimentalsetup
guaranteethatthe only differencebetweerrun ( ) of experimentl andrun of exper
iment 2 wasthe algorithmtested whereasachrun wasmadeunderdifferentconditions(namely
startstateandorderingof successostates)from all of the otherrunsin the sameexperiment.This

setupenabledusto testour resultsfor statisticalsigni canceusingthe paired-samplez test.
2.7.4 Results

Tables4, 5, and6 reportthe travel cost(actionexecutions)until corvergence the numberof trials
until corvergence andthetravel costof the rst trial, respectiely.

Table4 shaws that, in all casesFALCONS convergedto a shortestpathwith a smallertravel
cost(actionexecutions)thanLRTA* thatbreaksiesrandomlyand,in all casedut one,fasterthan
TB-LRTA*. Thepercentagem thelastcolumncomparethetravel costof FALCONS with that of
LRTA*. FALCONScorverged18.57percentasteroverall thirteencasesandin onecasesven60.13
percentaster All thecomparisonstatedabove aresigni cant atthe ve-percenton dencelevel.

The heuristicvaluesfor eachdomainarelistedin orderof their decreasingnformednesgsum of
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Table 6: Travel costof the rst trial with differentaction-selectiomules

domainand LRTA*
heuristic thatbreaks TB-LRTA* FALCONS
values tie randomly
8-Puzzle M 311.18 (100%) 452.84 452.84 (145.52%)
T | 1,342.75 (100%) 970.87| 1,057.86 (78.78%)
Z | 81,570.22 (100%)| 81,585.44| 81,526.34 (99.95%)
Gridworld N 12.15 (100%) 12.70 20.92 (172.18%)
Z 182.37 (100%) 182.55 183.13 (100.42%)
Permute-7 A 8.14 (100%) 7.75 8.13 (99.88%)
Z | 2,637.86 (100%) 2,639.13| 2,639.13 (100.05%)
Arrow F 15.85 (100%) 16.62 33.61 (212.05%)
Z 1,016.33 (100%) 1,016.83| 1,016.83 (100.05%)
Towerof D | 4,457.86 (100%) 3,654.80| 3,910.46 (87.72%)
Hanoi Z | 4,839.49 (100%) 4,803.81| 4,801.84 (99.22%)
Words L 24.27 (100%) 27.79 37.80 (155.75%)
Z | 2,899.73 (100%) 2,900.36| 2,900.68 (100.03%)

the heuristicvaluesover all states).For example,the (completelyuninformed)zero(Z) heuristicis
listedlast. Table4 then,shavs thatthespeedupf FALCONS over LRTA* waspositively correlated
with theinformednes®f the heuristicvalues.This suggestshatFALCONS malkesbetteruseof the
given heuristicvalues. Notice thatit cannotbe the casethat FALCONS converges more quickly
thanLRTA* becausat looks at different (or more) statesthan LRTA* when selectingsuccessor
states.FALCONS looks at boththe predecessorandsuccessorsf the currentstatewhile LRTA*
looks only at the successordyut all of our domainsare undirectedandthus every predecessais
alsoasuccessorThisimpliesthatFALCONS andLRTA* look atexactly the samestates.

Table5 shawvs that,in all casesFALCONS corvergedto a shortespathwith a smallernumber
of trials than LRTA* that breaksties randomlyand,in all casesbut one, fasterthan TB-LRTA*.
FALCONS corvemged 41.94 percentfasterover all thirteencasesandin somecaseseven 72.80
percentaster

To summarizeTable4 andTable5 shav thatFALCONS corvemgesfastethanLRTA* andeven
TB-LRTA*, bothin termsof travel costandtrials.

We originally expectedhatFALCONS wouldincreasdhetravel costduringthe rst trial, since

the action-selectiomule of LRTA* (minimize the cost-to-goalhasexperimentallybeenshavn to
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Table 7. Travel costto convergencewith differentaction-selectiorrules, andwith or without g
updatedor FALCONS

domainand FALCONS
heuristic LRTA* FALCONS without
values updates

8-Puzzle M | 45,979.19 (100%)| 18,332.39 (39.87%)| 19,222.08 (41.81%)
T | 881,315.71 (100%) | 709,416.75 (80.50%)| 817,078.12 (92.71%)

| Gridworld N | 97.32 (100%) | 57.40 (58.98%)| 58.82 (60.44%) |
| Permute-7 A | 298.42 (100%) | 284.95 (95.49%)| 263.00 (88.13%)|
| Arrow F| 162126 (100%)| 1,372.62 (84.66%)| 1,533.11 (94.56%)|
| T.ofHanoi D | 130,113.43 (100%)| 107,058.94 (82.28%)| 128,987.97 (99.14%)]
| Words L | 813.66 (100%) | 569.71 (70.02%)| 547.35 (67.27%)|

resultin a smalltravel costduringthe rst trial undervariousconditions. Table 6 shaws that,in
four of the thirteencasesthe travel costof FALCONS duringthe rst trial waslargerthanthat of
LRTA*; in sevencasest wasapproximatelhthe same(99 percento 101 percent)andin two cases
it waslower. Thetravel costof FALCONS duringthe rst trial wa