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SUMMARY

Heuristic searchalgorithmsare popular Arti�cial Intelligencemethodsfor solving the

shortest-pathproblem. This researchcontributesnew heuristicsearchalgorithmsthat are either

fasteror scaleup to larger problemsthan existing algorithms. Our contributions apply to both

onlineandof�ine tasks.

For online tasks,existing real-timeheuristicsearchalgorithmslearnbetterinformedheuristic

valuesand sometimeseventually converge to a shortestpath by repeatedlyexecutingthe action

leadingto a successorstatewith a minimumcost-to-goalestimate.In contrast,we claim thatreal-

time heuristicsearchconvergesfasterto a shortestpathwhenit alwaysselectsan action leading

to a statewith a minimum f-value (i.e., a minimum estimateof the costof a shortestpath from

start to goal via the state),just like in the of�ine A* searchalgorithm. We supportthis claim by

implementingthis new non-trivial action-selectionrule in FALCONS andby showing empirically

thatFALCONSsigni�cantly reducesthenumberof actionsto convergenceof astate-of-the-artreal-

timesearchalgorithm.

For of�ine tasks,we scaleup two best-�rst searchapproaches.First, a greedyvariantof A*

calledWA* is known 1) to consumelessmemoryto �nd solutionsof equalcostwhenit is diversi�ed

(i.e., whenit performsexpansionsin parallel),asin KWA*; and2) to solve largerproblemswhen

it is committed(i.e., when it choosesthe stateto expandnext amonga �x ed-sizesubsetof the

setof generatedbut unexpandedstates),asin MSC-WA*. We claim that WA* solveseven larger

problemswhen it is enhancedwith both diversity andcommitment. We supportthis claim with

our MSC-KWA* algorithm. Second,it is known that breadth-�rst searchsolves larger problems

whenit prunesunpromisingstates,resultingin the beamsearchalgorithm. We claim that beam

searchquickly solvesevenlargerproblemswhenit is enhancedwith backtrackingbasedon limited

discrepancy search.Wesupportthisclaimwith ourBULB algorithm.Wedemonstratetheimproved

scalingof MSC-KWA* andBULB empirically in threestandardbenchmarkdomains.Finally, we

applyanytimevariantsof BULB to themultiplesequencealignmentproblemin biology.
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CHAPTER I

OVERVIEW OF THE DISSERTATION

1.1 Introduction

Themostpopularmethodsfor solvingtheshortest-pathproblemin Arti�cial Intelligence(AI) are

heuristicsearchalgorithms. In particular, best-�rst searchalgorithmsalwaysexpandnext a node

with thesmallestf-value,wherethef-valueof a nodeestimatesthecostof a shortestpathfrom the

startto agoalvia thenode.In breadth-�rst(or uniform-cost)search[29], thef-valueis equalto the

g-valueof thenode,which is thecostof theshortestpathfoundso far from thestartto thenode.

In theA* algorithm[59], the f-valueis thesumof theg-valueandtheh-valueof thenode,which

is anestimateof thecostof a shortestpathfrom thenodeto thegoal. A* andbreadth-�rstsearch

areof�ine searchalgorithmssincethey �nd a completepathto thegoalbeforethey terminate.In

contrast,online(andmorespeci�cally real-time)searchalgorithmsinterleavesearchingfor apartial

pathfrom thecurrentnodeandtraversingthis pathin theenvironment.Suchalgorithmsareuseful

for tasksthat have tight time constraintson eachaction execution. We now discussin turn our

hypothesespertainingto real-timeandof�ine heuristicsearch.

Real-timesearch. Existingreal-timeheuristicsearchmethods,suchasLRTA* [98], repeatedly

selectandexecutetheactionleadingto a successorwith minimumh-value.Beforeeachexecution,

they alsoupdatethe h-valueof the currentnodeso that they learnbetterinformedh-valuesover

time. When the goal is reached(we say that the currenttrial is over), the agentis resetto the

start (and the next trial begins). Their learningcomponentenablesreal-timesearchmethodsto

eventuallyconverge to a shortestpath.However, we claim thatminimizing h-valuesis not thebest

action-selectionrule for fastconvergence.Weproposethefollowing hypothesis:

Hypothesis1 (Real-timesearch hypothesis) Real-time heuristic search converges faster to a

shortestpath whenit selectsactionsleadingto nodeswith a minimumestimatedcostof a short-

estpathgoingfromthestart throughthenodeandto thegoal.
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In Chapter2, wewill supportthishypothesiswith FALCONS,anew real-timesearchalgorithm

that convergesto a shortestpathwith signi�cantly fewer actionsandtrials thanLRTA*. We will

show that thecorrectdesignof our action-selectionrule in FALCONS is not trivial. Nevertheless,

AppendixA will prove thatFALCONS sharesthesametheoreticalpropertiesasLRTA*. We will

show empiricallythatFALCONS convergeswith fewer actionsandtrials thanLRTA* in all of our

thirteendifferentempiricalconditions(correspondingto six standardbenchmarkdomainswith two

or moreheuristicfunctionsperdomain).Convergencewith fewer actionsandtrials meansthatthe

overall learningtime is shortersinceboth the total time spentexecutingactionsandthe total pre-

trial setuptimearesmaller. Thisspeedupis importantin domainsfrom real-timecontrol.Themain

limitationsof FALCONS arethat1) thedurationof the�rst trial is sometimeslargerbecausemore

explorationis performedat thebeginning,2) FALCONSmaynotperformwell in directeddomains

becauseits action-selectionrule is basedexclusively on thef-valueof thesuccessornodeanddoes

not take into accountthe edgecost to reachit, and 3) FALCONS only appliesto deterministic

domains.

Of�ine search. The main drawbackof both breadth-�rstsearchandA* is that they storeall

generatednodesin memory. Therefore,they quickly runoutof memoryonlargegraphs.To remedy

this problemandscaleup heuristicsearchto largerproblems,onecommonapproachis to sacri�ce

solutionquality (breadth-�rstsearchandA* areadmissiblealgorithms,that is, they always�nd a

shortestpath,providedthey haveenoughmemory).Onetypically reducesmemoryconsumptionby

makingthesearchgreedy(but still storingall generatednodes)or by pruningsomenodes(that is,

not storingsomeof thegeneratednodes).We summarizein turn our contributionsto eachclassof

approaches.

First, it is known that WA* makesA* searchgreedyby weighingthe h-valuemorethanthe

g-valuewhenaddingthemup to computeeachf-value. WA* cansolve larger problemsthanA*

[132, 52]. It is alsoknown thatWA* with diversity(thatis, theparallelexpansionof severalnodes

at eachiteration,like in KWA* [37]) useslessmemorythanWA* to �nd solutionsof equalcost.

Furthermore,it is known thatWA* with commitment(thatis, thefocusonasub-setof thecandidate

nodesfor expansion,like in MSC-WA* [88]) scalesup to largerproblemsthanWA*. We propose

thefollowing hypothesis:
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Hypothesis2 (Of�ine search hypothesis#1) WA* solveslarger problemswhen it is enhanced

with bothdiversity andcommitment.

In Chapter3, we will supportthis hypothesiswith MSC-KWA*, a new of�ine searchalgorithm

thatcansolve largerproblemsthanWA*, KWA* andMSC-WA* in threebenchmarkdomains.In

our empiricalsetup,MSC-KWA* is the only consideredvariantof WA* that cansolve all of our

randominstancesin the 48-Puzzleandthe 4-peg Towersof Hanoi domain. Furthermore,MSC-

KWA* solvesthe largestpercentageof randominstancesin theRubik's Cubedomain. However,

MSC-KWA* shareswith WA*, MSC-WA* andKWA* thelimitation thatit is notmemory-bounded.

For example,noneof thesealgorithmscansolve all of our randominstancesin theRubik's Cube.

Anotherlimitation of MSC-KWA* is that it takesthreeparametersasinputs.While thebestvalue

of the 
 parameteris oftenvery closeto one,�nding thebestvaluesfor the � and � parameters

currentlyrequirestrial anderrorandtypically leadsto differentvaluesfor � and � . In general,the

behavior of MSC-KWA* is quitesensitive to thevalueschosenfor � and � .

Second,it is known that beamsearchscalesup breadth-�rstsearchby limiting thenumberof

nodesat eachlevel of the searchto a constant,maximumvalueandby pruningadditionalnodes

[7, 170]. Weproposethefollowing hypothesis:

Hypothesis3 (Of�ine search hypothesis#2) Beamsearch quickly solveslarger problemswhenit

is enhancedwith backtracking basedon limiteddiscrepancysearch.

In Chapter4, we will supportthis hypothesiswith BULB, a new of�ine searchalgorithmthat

cansolve larger problemsthanbeamsearchwhile keepingits runtime reasonablysmall. In our

empirical setup,BULB can solve all of our randominstancesin the 48-Puzzle,63-Puzzle,80-

Puzzle,Rubik's CubeandTowersof Hanoi domainsin a matterof secondsor minutesand�nds

solutionsthatarereasonablycloseto optimalsincetheircostis alwayswithin anorderof magnitude

of theoptimalcostandin mostcasesthey areapproximatelywithin a factortwo of optimal. The

main drawbackof BULB is the needto determinethe valueof its beamwidth parameter	 that

givesthe bestperformancein termsof solutioncostandruntime. Too small a valuemay leadto

incompletenesssincethesearchtreeis narrow andall of its leavesmayhave beenvisitedalready

(thusendingthesearchwithout a goal). Too large a valuereducesthesolutioncostbut mayslow
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BULB down signi�cantly andmayeven leadto incompletenessif themaximumsearchabledepth

becomessmallerthanthe depthof the shallowestgoal. In our empiricalsetup,the besttrade-off

betweensolutioncostandruntimeis obtainedfor relatively largevaluesof 	 (on theorderof a few

thousands).Therefore,themainlimitation of BULB is that its behavior is sensitive to thevalueof

	 .

In Chapter5, we will discussdifferentwaysof transformingBULB into ananytime algorithm

calledABULB. In Chapter6, we will applyABULB to themultiple sequencealignmentproblem

in biology.

This chapteris organizedasfollows. Section1.2motivatesandde�nes theshortest-pathprob-

lem. Section1.3describesthestructureof thedissertation.Finally, Sections1.4and1.5summarize

our researchon real-timeandof�ine heuristicsearch,respectively.

1.2 Theshortest-pathproblem

Many real-world tasksareequivalentto �nding ashortestpathin agraph,includingrobotnavigation

tasks,network routing in transportationtasks,symbolicplanningtasks,andsequencealignment

tasksin biology. Becauseof its practicalrelevance,theshortest-pathproblemhasbeenof interest

to computerscientistsin generalandAI researchersin particular.

Even thoughthereexist algorithmsthatsolve this problemin time that is at mostquadraticin

thenumberof nodesin thegraph[29], this low-polynomialcomplexity is misleadingbecausethe

numberof nodesis often exponentialin the solution length (that is, the numberof edgesin the

solutionpath). Many real-world tasks(includingplanningtasksandsequencealignmenttasks)do

translateinto exponentiallylarge graphs.Sinceit is oftennot possibleto �nd optimalsolutionsin

a reasonableamountof time andwithout runningout of memory, differentwaysof tradingoff the

solutioncost,runtimeandmemoryconsumptionhave beenstudied.Usually, memoryis themost

limiting factorandit gets�lled up ratherquickly. Memory-boundedalgorithmshave beenintro-

ducedto addressthis limitation [96, 143, 177]. However, thepriceto payfor beingableto control

thememoryconsumptionis a largeruntimeoverheaddueto nodere-generations.Suchalgorithms

may take daysor weeksto terminate[101, 105], which is not acceptablein many practicalsitua-

tions. Long runtimesremainproblematicfor inadmissiblealgorithmsaswell [99]. In Chapters3
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through7, we will addresstheissuesof 1) how to scaleup of�ine searchto largerproblemsand2)

how to tradeoff solutioncostandruntimein memory-boundedof�ine search.

We now formally de�ne theshortest-pathproblem.The readerwearyof formalismcansafely

skip thefollowing sub-section.

1.2.1 Problemstatement

A graph #$��%'&)(+*-, is de�ned by a �nite set & of nodes1 anda �nite set * of directededges

.

�/%0�213(4� 53, betweenpairsof nodes�61 , � 5879& . Let :<;>=?=@%0�A,-B�& denotethe setof successors

of any node �C7�& , that is, the setof nodes�ADE7F& suchthat %0�G(4�HDI,J7K* . A path in # from

node L to node � is a sequenceM3�AN��OL , �21 , PQPQP , �SRJ���2T of nodesin & suchthat U>VE7�WX�YPZP [S\ :

�H]^7_:<;>=?=@%0�H]0`
1

, . Thusa pathis alsoa sequenceof edgesMa%0�
N

(4�
1

,b(<%0�
1

(4�
5

,b(QPQPQP<(<%0�
R

`
1

(4�
R

,cT . If

eachedge .

79* is associatedwith a cost =@%

.

, , thenthe costof any path M3�
]

T
]Id

Nfehghghg e R is equalto
i

R

]Id
1

=@%0�H]j`
1

(4�H]', .

This researchis concernedwith the single-source, single-destinationshortest-pathproblem,

which is de�ned asfollows. Given:

k agraph #K�F%'&)(+*l, ,

k acostfunction = de�ned on * suchthat U

.

7�* : mlno=@%

.

,pn9q , and

k two distinguishednodes:@rtsIu+vws and :<xcy
ucz

in & ,

�nd ashortest(or minimum-cost)pathfrom :{rtsIu+vws to :<xcy
ucz in G.

1.3 Structureof the dissertation

This dissertationcontainstwo parts,oneeachfor real-timesearchandof�ine search.This high-

level decomposition,aswell as the internalstructureof the secondpart, mirror the taxonomyof

tasks(andassociatedmethods)thatwenow describe.This taxonomyof heuristicsearchalgorithms

is built uponthetaskconstraintsunderwhich theproblemmaybesolved(seeFigure1).

1In AI search,nodesareoftenidenti�ed with states. A stateis aparticularcon�gurationof theobjectsin therepresen-
tationof thedomain.A nodeis anobjectmanipulatedby thesearchalgorithm.Nodesaresimilar to statessincea node
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(Chapter 5)

anytime algorithmsone-shot algorithms

offline algorithmsonline algorithms 

heuristic search algorithms

algorithms
"memory-bounded"

algorithms
"non-memory-bounded"

RBFS
SMAG*

beam search

IDA*A*

WA*

algorithms
"non-memory-bounded"

algorithms
"memory-bounded"

ATA*
ARA*

LRTA*

MSC-KWA* BULB
ABULB

ITSA*

DFBnB

FALCONS

(Chapter 2) (Chapter 3) (Chapter 4)

Figure 1: A taxonomyof heuristicsearchalgorithms(with ourcontributionsin red)

First, thetaxonomydistinguishesbetweenonlineandof�ine tasks(or algorithms).For thefor-

mer tasks,the agentinterleavessearchingandactingin the environment. For the latter tasks,the

agentperformsacompletesearchto thegoalandthenexecutesthesequenceof actionscorrespond-

ing to theedgesin thesolutionpath.

Second,thetaxonomydistinguishesbetweenone-shotandanytime tasks.For theformertasks,

only one solution is produced,namelywhen the algorithm terminates. For the latter tasks,the

algorithmoutputsseveralsolutionsof increasingquality (thatis, of decreasingcosts).

Third, the taxonomydistinguishesbetweentasksfor which theavailablememorycanbecon-

sideredunlimitedandtasksfor which memoryhastight constraints.Of course,internalcomputer

memoryis alwayslimited. But asmemorybecomescheaperandthuslarger, thislimit maybehigher

thanthemaximumamountof memoryconsumedby thealgorithm.A commonexamplein thisclass

containsa statedescription(aswell asadditionalinformationneededduringsearch,suchasg-values,h-values,etc.). In
this dissertation,weusethewordsstateandnodeinterchangeably.
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of tasksis robot-navigationin gridworld-like domains,in which theenvironmentis typically repre-

sentedasagrid that�ts in memory. In contrast,many hardshortest-pathproblemshavehugesearch

spaces(or associatedgraphs).Commonexamplesincludecombinatorialpuzzles(suchasthe
�

-

Puzzle,theRubik's Cube,theTowersof Hanoipuzzle,etc.) andthemultiple sequencealignment

problem.Ensuringcompletenessin suchproblemsrequiresthatthealgorithmbememory-bounded.

In Figure1, ellipsesrepresentclassesof algorithms.Solid lines representsub-classrelations.

Dashedlines representmembershiprelations. Eachleaf of the tree is a representative algorithm

(or a list of representative algorithms).Red(boxed)algorithmsarethenew algorithmsintroduced

in this dissertation(andthecorrespondingchapters).In thecaseof of�ine, one-shotalgorithms,a

doublehorizontalline separatesadmissiblealgorithms(on top) from inadmissibleones.

Following this chapter, thedissertationis split ontotwo parts.Chapter2 andAppendixA will

discussour researchon real-timesearch.All remainingchapters(including AppendixB) discuss

our researchon of�ine search.This secondpart is itself split into two sub-parts.Chapters3 and4

will introducetwo new one-shotheuristicsearchalgorithms.Chapters5 and6 will introduceanew

family of anytime heuristicsearchalgorithmsandwill describetheir applicationto the multiple

sequencealignmentproblemin biology, respectively. Finally, Chapter7 will summarizeourcontri-

butionsandelaborateon somedirectionsfor futurework on of�ine search.Themappingbetween

chaptersandtasks(andassociatedalgorithms)is depictedat thebottomof Figure1.

1.4 Overviewof our contributions to real-timesearch

Real-timesearchmethods,suchasLRTA* [98], interleave planning(via local searcharoundthe

currentnode)andexecutionof partialpaths[79]. Evenwhentaskconstraintsrequirethatactions

be chosenin constanttime, thesemethodsguaranteethat the goal will be reached.Furthermore,

they learnbetterinformedh-valuesduring successive trials andeventuallyconverge to a shortest

path. This learningcapability is quite useful for real-world tasks,including project scheduling

[154] androutingfor ad-hocnetworks[149]. Recently, researchershave attemptedto speedup the

convergenceof LRTA* while maintainingits advantageover traditional searchmethods,that is,

without increasingits lookahead(or thedepthof thelocalsearcharoundthecurrentnode,typically

equalto one). ShimboandIshida,for example,achieved a signi�cant speedupby sacri�cing the
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optimality of theresultingpath[83, 79]. We,on theotherhand,show how to achieve a signi�cant

speedupwithoutsacri�cing theoptimalityof theresultingpath.Thiswill beourgoalin Chapter2.

We claim that convergenceto a shortestpathcanbe spedup by consistentlymaintainingthe

focusof the searchuponits long-termobjective, namelythat of �nding a shortestpath from the

startto agoal,asopposedto theshort-termobjective of reachingagoalasfastaspossiblefrom the

currentnode.We thusadvocatea radicallydifferentway of focusingthesearch.If theobjective is

fastconvergenceto a shortestpath,thenthe searchshouldbe focusedaroundwhat is believed to

bea shortestpath. In Section2.4, we will make this intuitive searchstrategy operationalandwill

motivate1) theneedfor a new action-selectionrule and2) our choiceof theaction-selectionrule

thatleadsto nodeswith minimumf-values.

To summarizeour contributions,we proposea new searchstrategy thatselectsactionsleading

to anodebelievedto becloseto ashortestpathfrom thestartto agoal.Thequestionbecomeshow

to estimatethedistancefrom a nodeto a shortestpath,theanswerto which is not obviousbecause

1) a shortestpathis whatwe arelooking for, and2) real-timesearchmethodsdo notstoreany path

in memory. Weproposeto estimatethedistancefrom anodeto ashortestpathusingf-values.Since

f-valuesaresmalleston a shortestpathand larger for nodesoff a shortestpath,our new action-

selectionrule choosesanactionleadingto a nodewith minimumf-value.Ourmaincontribution in

Chapter2 will beto extendtheapplicabilityof A*' ssearchstrategy (namely, guidingthesearchwith

smallestf-values)to thereal-timesearchsetting.Thisextensionis not trivial for two reasons.First,

real-timesearchmethodsdo not have f-valuesavailable,only h-values.We will solve this problem

in Section2.4. Second,theconvergenceof real-timesearchmethodsis facilitatedby the fact that

they alwaysupdatetheh-valueof thecurrentnodebasedon theh-valueof thesuccessornodethey

moveto next. If theh-valueof thissuccessornodeis misinformed,they immediatelyhaveachance

to learna betteronesincethis successornodebecomesthecurrentnodeat thenext iteration.This

propertydoesnot hold with our action-selectionrule becausea successornodewith the smallest

f-valuemaynot have thesmallesth-value. We will discussthis problemin Section2.6.1andwill

solve it in Section2.6.2.Wecall theresultingalgorithmFALCONS.

AppendixA containstheformalproofsthatFALCONSis guaranteedto reachagoalduringeach

trial andeventuallyto converge to a shortestpath.Our empiricalstudyreportedin Section2.7will
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Table1: Speedupof FALCONSover LRTA*
Domain Heuristic Numberof actions Numberof trials

to convergence to convergence

8-Puzzle M 60% 73%
T 20% 44%
Z 10% 47%

Gridworld N 41% 52%
Z 14% 38%

Permute-7 A 5% 18%
Z 3% 36%

Arrow F 15% 23%
Z 6% 38%

Towersof D 18% 49%
Hanoi Z 17% 53%

Words L 30% 44%
Z 4% 30%

demonstratethatFALCONS convergesfasterthanLRTA*, a state-of-the-artreal-timesearchalgo-

rithm [98]. In thirteendifferentexperimentalconditions(eachcharacterizedby a standardbench-

markdomainanda heuristicfunction),FALCONSneedsfewer actionsthanLRTA* to convergeto

ashortestpath.Thecorrespondingspeedupsarelistedin thesecondcolumnof Table1. In addition,

while our goal wasto reducethe numberof actionsto convergence,FALCONS alsoreducesthe

numberof trials to convergence,asshown in thethird columnof thetable. This is a niceproperty

becausein domainsfrom real-timecontrol,thesetupfor eachtrial maybeexpensive andthusit is

importantto keepthenumberof trialssmall.Finally, [153] hasshown thatFALCONSalsoreduces

thememoryconsumptionof LRTA*. Becauseit focusesthesearcharoundwhat it believesto bea

shortestpath,FALCONSendsup visiting (andthusstoring)fewer nodes.

In conclusion,FALCONS improveson a state-of-the-artreal-timesearchalgorithmin termsof

bothspeedof convergenceandmemoryconsumption.VadimBulitko at theUniversityof Alberta

is in theprocessof extendingFALCONS(for examplewith a largerlookahead[16]), while Shanet

al. [149] areplanningto applyFALCONS to constraint-basedrouting in ad-hocnetworks,having

alreadyappliedLRTA* to this task.Moregenerally, webelieve thatournew action-selectionrule is

quiterelevantto thereinforcement-learning community, sincethevastmajorityof existingmethods

in this areauseh-basedaction-selectionruleswhenexploiting heuristicinformation. Our results
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[Chapter 3]
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[Chapter 4]

ABULB
[Chapter 5]

A* [Hart et al. 1968] breadth�first search [Dijkstra 1959]

MSC�WA*

Figure 2: Lineageof ournew of�ine heuristicsearchalgorithms

suggestthatsigni�cantly fasterlearningcouldresultfrom anf-basedexploitationrule.

1.5 Overviewof our contributions to of�ine search

In thecaseof of�ine search,ourprimarygoalis to scaleupexistingalgorithmssothatthey cansolve

largerproblems(that is, problemswith largerunderlyinggraphs)without runningout of memory.

Whencomparingalgorithmsthat scaleup to problemsof similar sizes,our secondarygoal is to

�nd low-cost solutionsin a reasonableamountof time (on the order of minutes,as opposedto

daysor weeks).We will build on two existing approachesfor scalingup best-�rst searchto larger

problemswhile sacri�cing solutionoptimality, namelygreedyvariants(suchasWA* [132]) and

pruningvariants(suchasbeamsearch[7]) of best-�rst search.Our maincontribution in eachcase

is a new algorithm. Chapter3 will describeMSC-KWA*, which scalesup to largerproblemsthan

existing variantsof WA*. Chapter4 will describeBULB, which scalesup to largerproblemsthan

anexistingvariantof beamsearch.Figure2 shows thelineageof ournew algorithms.

This sectionprovides a high-level summaryof our contributions to of�ine search. A more

detailedandmoretechnicalsummarywill begivenin Chapter7.
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1.5.1 Our contributions to greedybest-�rst search

WA* is avariantof A* in which thef-valueof eachnode� is calculatedas �G%0�A,2�

�

%0�A,

�




�

%0�A, ,

where 
 is a real numberlarger thanor equalto 1 [132]. A* is the specialcaseof WA* when


 ��� . When 
 |}� , WA* putsmoreweight on the h-valuethanit doeson the g-value. The

searchis saidto begreedybecause,by minimizing f-values,WA* favorsnodesthatare(believedto

be)closeto thegoal (sincesmallh-valuesleadto small f-values).On theonehand,increasing


makesthesearchmoregreedy, which reducesthenumberof nodesWA* generates.This reduction

speedsup thesearchandalsoenablesWA* to solve larger problemsthanA*. On theotherhand,

increasing
 increasesthecostof thesolutionfoundby WA*, which is not admissibleanymore.

[24] showsthatthecostof thesolutionreturnedby WA* exceedstheoptimalcostby amultiplicative

factorequalto 
 in theworstcase.In practice,thesolutioncostreturnedby WA* is muchlower

than this upperbound(see,for example,[99] aswell as our experimentalresultsin Chapter3).

In the pastfew years,the scalingbehavior of WA* hasbeenimproved in two ways,namelywith

diversityor commitment.

First, diversifying the searchmeansexpanding � ~/� nodesin parallelat eachiteration,re-

sulting in theKWA* algorithm[37]. By expandingonly onenodeat a time, WA* mayvisit large

goal-freeregionsof thegraphasa resultof puttinga large weighton misleadingheuristicvalues.

By expandingin parallelthemostpromising� nodes,KWA* is morelikely to expandanodewith

a well-informedh-value. In effect, KWA* introducesa breadth-�rstsearchcomponentinto WA*.

Theright level of diversity (controlledby � ) cansigni�cantly reducethenumberof nodegenera-

tionsneededto �nd solutionsof agivencost[37]. With toomuchdiversity, KWA* degeneratesinto

breadth-�rstsearch(when ���
q ).

Second,committingthe searchmeansfocusingit on a sub-setof the candidatenodesfor ex-

pansion,resultingin theMSC-WA* algorithm[88]. MSC-WA* controlsthe level of commitment

with a parameter� , namelythe maximumnumberof nodesthat areconsideredfor expansionat

eachiteration.When �
�
q , MSC-WA* reducesto WA* sincethen,all generatedbut unexpanded

nodesareconsideredfor expansionateachiteration.When � hasa�nite value(largerthanor equal

to one),only the � nodeswith the lowest f-valuesareconsideredfor expansion.Any additional
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nodesaremovedto a reservelist. Thesenodesarenot prunedsincethefull reserve list is storedin

memory. Instead,this list is usedto replenishthesetof nodesunderconsiderationevery time its

sizebecomessmallerthan � . Keeping� small servesto focusthesearchon a limited numberof

nodes.If theheuristicvaluesarewell informed,this cancut down theexponentialexplosionof the

search.In effect, MSC-WA* introducesa depth-�rst searchcomponentinto WA*. Theright level

of commitment(controlledby � ) canreducethenumberof nodegenerationssigni�cantly [88].

In Chapter3, we will show empirically that increasedlevelsof commitmentanddiversity are

orthogonalandcomplementarywaysof improving on WA*. We will alsoshow empirically that

they can, in combination,scaleup WA* to even larger problems. We call MSC-KWA* our new

algorithmresultingfrom thecombinationof MSC-WA* andKWA*. Furthermore,we will discuss

thesimilaritiesbetweenMSC-KWA* andbeamsearch.Note that AppendixB containsall of the

graphsdetailingtheperformanceof WA*, KWA*, MSC-WA*, andKWA* in the
�

-Puzzledomain.

Thedatain thesegraphswill only besummarizedin Chapter3 dueto spaceconsiderations.

1.5.2 Our contributions to beamsearch

Beamsearchis a variantof best-�rst searchthat prunessomegeneratednodes(prunednodesare

not storedin memory, in contrastto nodesin thereserve list maintainedby MSC-WA* andMSC-

KWA*) [7, 170, 144]. Pruningnodesfrom the setunderconsiderationfor expansionfocusesthe

searchon a restrictednumberof possiblepaths,therebycuttingdown on theexponentialexplosion

of thesearch.However, pruningnodesis moreradicalthankeepingthemin reservebecausetheonly

wayto bringthesenodesbackunderconsiderationis to �nd anotherpathto themduringthesearch.

Beamsearchis not completebecauseall pathsto thegoalmaybecomecut off dueto pruning.The

samereasoningappliedto optimalpathsexplainswhy beamsearchis notadmissible.

In Chapter4, we will focuson a standardvariantof beamsearchbasedon breadth-�rstsearch

[7, 43, 170, 151, 180]. In this case,beamsearchexpandsin parallelall nodesunderconsideration

(startingwith thesetcontainingonly thestartnode),ordersthesetof all their successornodesby

increasingh-values(all nodesunderconsiderationateachiterationhavethesameg-value),andonly

keepsthebest 	 nodesto make up thesetof nodesunderconsiderationat thenext iteration. 	 is

calledthebeamwidth. Sinceall discardednodesarepurgedfrommemory, thememoryconsumption
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of beamsearchis proportionalto 	 timesthedepthof thesearch(that is, thenumberof iterations

or levelsof thesearch).By keepinga maximumof 	 nodesat eachlevel, beamsearchmakesthe

memoryconsumptionlinear in thesolutionlength. Sincebeamsearchstopsassoonasthegoal is

generated,the lengthof (or the numberof edgesin) thesolutionpathis equalto thedepthof the

search.

Therearethreesituationsin which beamsearchmay terminatewithout a goal. First, if 	 is

too small, the beammay becomeempty before�nding a goal. This can happenbecausebeam

searchnever re-visitsa nodeandall successornodesmay have beenvisited earlier. Solutionsto

this problemincludeincreasingthe valueof 	 or �nding a betterheuristicfunction. Second,the

shallowestgoalmaybesofar away from thestartthatbeamsearchwith a given 	 valuerunsout

of memorybeforereachingit (i.e., thetotal memoryneededfor all nodesin thebeamdown to the

goalis largerthantheavailablememory).Thesolutionto thisproblemrequiresdecreasingthevalue

of 	 . Third, in the intermediatecase,beamsearchmayrun out of memoryat a given depth(say,
•

) becausetheheuristicfunction leadsit astray. If thereis a goalat level
•

(or closerto thestart),

solutionsto this probleminclude�nding a betterheuristicfunctionor a memory-purging strategy

thatcontinuessearching“against”theheuristicvaluesto �nd outwherethey aremisleading.

In Chapter4, we will follow this latter strategy. Our goal will be to scaleup beamsearchto

largerproblemsby dealingwith thecasesin whichthegoalis reachablewith thecurrentvalueof 	

but theheuristicfunctionusedto orderthenodesateachlevel is misleading.Ourmaincontribution

in Chapter4 will be to applyexisting backtrackingstrategiesto beamsearch.By backtrackingon

its pruningdecisions,beamsearchcansolve largerproblems.In orderto keepthesearchreasonably

fast,we will needa smartbacktrackingstrategy. We will show thatbacktrackingbasedon limited

discrepancy search[61] combinesnicelywith beamsearchto yield anew algorithmcalledBULB.

1.5.3 Summary of empirical results

We will test all of our of�ine searchalgorithmson (a sub-setof) the samestandardbenchmark

domains,namelythe
�

-Puzzlewith valuesof
�

rangingfrom 8 through80, the4-peg Towersof

Hanoidomain,andtheRubik'sCubedomain.Ourdomains(andcorrespondingheuristicfunctions)

will bedescribedin Sections3.6.1through3.6.3,respectively.

13



Table2: Scalingbehavior in our threebenchmarkdomains
Domain Heuristic Memory WA* MSC-WA* KWA* MSC-KWA* beam BULB

( €4•b‚ nodes) search

8-Puzzle MD 6 ƒ ƒ ƒ ƒ ƒ ƒ

15-Puzzle MD 6 ƒ ƒ ƒ ƒ ƒ ƒ

24-Puzzle MD 6 ƒ ƒ ƒ ƒ ƒ ƒ

35-Puzzle MD 6 ƒ ƒ ƒ ƒ ƒ

48-Puzzle MD 6 ƒ ƒ ƒ

63-Puzzle MD 4 ƒ

80-Puzzle MD 3 ƒ

Rubik's
Cube

Korf's 1 ƒ ƒ

Towers 13-disk
of Hanoi PDB

1 ƒ ƒ

Table 2 containsa preview of our resultsthatdemonstratesto which extentwe have achieved

our primarygoal of scalingup of�ine searchto larger problemsin thesedomains.The �rst three

columnsde�ne anempiricalconditionasthecombinationof a domain,aheuristicfunctionandthe

availablememory(measuredasthenumberof storablenodesin millions). Theremainingcolumns

list the testedalgorithms. A checkmark in a cell meansthat the algorithmin the corresponding

columnsolvesthefull setof randominstancesin theempiricalconditionde�ned by therow.

First,thetableshowsthatMSC-KWA* scalesupto largerproblemsthaneitherKWA* or MSC-

WA* canhandlesinceit cansolveall of ourrandominstancesof the48-Puzzleandof theTowersof

Hanoidomain.EventhoughMSC-KWA* doesnotsolveall of our randominstancesof theRubik's

Cubedomain,neitherdo theothervariantsof WA* (this canbe inferredfrom Table15 wherethe

availablememoryis twice the onelisted here),but MSC-KWA* solvesthe highestpercentageof

instances(seeTable15).

Second,thetableshowsthatBULB is theonly testedalgorithmthatsolvesall randominstances

in our threebenchmarkdomains. In addition, the table shows that beamsearch,which BULB

extends,is alsoa strongcontender. Nevertheless,beamsearchdoesnot solve all of our random

instancesof theTowersof Hanoidomain,whereasBULB does.Furthermore,what the tabledoes

not show is that,whenbothbeamsearchandBULB scaleup to problemsof thesamesize,BULB

always �nds solutionswith lower coststhanbeamsearchand it doesso in a reasonableamount

of time. In the48-Puzzle,beamsearchreachesits bestaveragesolutioncostat about11,700in a

fractionof asecond(seeTable17 when 	O�

� ), while BULB canreducetheaveragesolutioncost
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by anorderof magnitudedown to below 1,000andit doessowith anaverageruntimeof 10seconds

(seeFigure 49 when 	„�…!†(+m@m@m ). In the Rubik's Cubedomain,beamsearchreachesits best

averagesolutioncostatabout55in about10seconds(seeTable20when 	���‡a(+m@m@m ), while BULB

cancut the averagesolutioncostnearly in half down to about30 andit doesso with an average

runtimeof 40 seconds(seeFigure54 when 	C��!Ymˆ(+m@m@m ). This is a signi�cant decreasein solution

costgiven the alreadylow solutioncostexhibitedby beamsearch.Indeed,themedianandworst

solutioncostsin this domainareestimatedto be18 and20, respectively [101]. In fact,thesolution

obtainedby BULB in a matterof minutes(namely, about23 when 	‰�

�

mˆ(+m@m@m ) is signi�cantly

lower thanthatobtainedby a recent,powerful Rubik's Cubesolver basedonmacro-operators,even

thoughthis solver usesbotha largernumberof patterndatabasesto build themacro-operatorsand

apost-processingstepon solutionpaths[63]. Therefore,webelieve thatBULB is a state-of-the-art

solver in thisdomain(in termsof thetrade-off betweensolutioncostandruntime)eventhoughit is

apure-search,domain-independentalgorithmthatusesneitherpre-norpost-processing.

1.5.4 Algorithm selection

With respectto our goal of scalingup of�ine searchto larger problems,BULB presentsseveral

advantagesover MSC-KWA*. First, Table 2 shows that BULB scalesbetterthan MSC-KWA*

acrossdomains. (In contrast,neitherbeamsearchnor MSC-KWA* clearly scalesbetterthanthe

otheralgorithmacrossdomains.However, whenbothalgorithmssolve all of our randominstances

of the48-Puzzle,MSC-KWA* yieldsa betteraveragesolutioncostof about4,000(seeTable16)

againstabout12,000for beamsearch(seeTable17).)

Second,BULB is easierthanMSC-KWA* to applyin practicesinceit only takesoneparameter

(namely 	 ) againstthreefor MSC-KWA* (namely, 
 , � , and � ). Indeed,Chapter3 will show

that obtainingthe bestscalingbehavior of MSC-KWA* requiresthe �ne tuning of its � and �

parameters( 
 is typically keptcloseto onefor thebestscaling).Nevertheless,choosinganappro-

priatevalueof 	 to give asinput to BULB (andABULB) remainsa challengeandthis dif�culty

constitutesthemainlimitation of BULB.

Third,acrucialdifferencebetweenBULB andMSC-KWA* is thatBULB is amemory-bounded

algorithmwhile MSC-KWA* is not. Through 	 , the usercancontrol how deepBULB searches
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without ever runningout of memory. Like for all variantsof WA*, suchcontrol is not possiblein

thecaseof MSC-KWA*.

Fourth, becauseit is memory-bounded,BULB lends itself nicely to anytime extensions,as

describedin thenext sub-section.

For all thesereasons,anddespitethefact thatMSC-KWA* is easierto implementthanBULB,

we believe thatBULB is thealgorithmof choiceamongtheoneswe have testedwhenit comesto

scalingof�ine searchto largerproblems.It remainsfuturework to �nd away to determineor learn

thebest 	 valuea priori based,for example,on thedomaindescriptionandtheheuristicfunction.

In this work, thevalueof 	 is determinedby trial anderror.

1.5.5 ABULB: Anytime variants of BULB

In Chapter5, wewill presentanew family of anytimeheuristicsearchalgorithmsgenericallycalled

ABULB (for AnytimeBULB). ABULB is alocal(orneighborhood)searchalgorithmin thespaceof

solutionpaths.ABULB usesBULB to �nd bothaninitial solutionandrestartingsolutions.ABULB

canalsotake advantageof ITSA* for localpathoptimization.

ITSA* is anew localpathoptimizationalgorithm.ITSA* imposesaneighborhoodstructureon

thespaceof solutionpathsbasedonourde�nition of distancebetweenpaths.ITSA* interleavesthe

constructionandthesearchingof theneighborhoodusingbreadth-�rstandA* search,respectively.

Successive iterationsreturnpathswith non-increasingcosts. ITSA* is thusan anytime algorithm

in its own right. ITSA* performsgradientdescenton thesurfacewhoseconnectivity andelevation

resultfrom theneighborhoodstructureandthesolutioncost,respectively. EachtimeITSA* reaches

a (possiblylocal) minimum on thesurface,ABULB generatesa new restartingsolutionof higher

quality.

Ourempiricalstudywill show that,while ITSA* reducesthesolutioncostover timewhenused

asan anytime algorithmin the 48-PuzzleandtheRubik's Cubedomain,an even larger reduction

in solutioncost is achieved by continuingBULB' s executionwith the samebeamwidth whenit

�nds a solution(ABULB 1.0)or by restartingit with a larger, automaticallycomputedbeamwidth

(ABULB 2.0).Furthermore,combiningITSA* with eithervariantof ABULB yieldsanevenlarger

reductionin solutioncostin the48-Puzzle.
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1.5.6 Application of ABULB to the multiple sequencealignment problem

In Chapter6, we will usetheMultiple SequenceAlignment(MSA) problemin molecularbiology

asanadditionalbenchmarkdomainfor ABULB. We will explain how theMSA problemof maxi-

mizing thesimilarity scoreof analignmentof � biologicalsequencesreducesto theshortest-path

problemof minimizing thecostof apathbetweentwo oppositecornersof an � -dimensionalhyper-

cube. We will alsodiscussthe minor modi�cations neededfor the applicationof ABULB to this

domain.

Our empirical resultswill show that, on our MSA testproblems,both ABULB 1.0 andAB-

ULB 2.0scaleup to largerproblemsthanAnytime A*, anotheranytime heuristicsearchalgorithm

basedon WA*. Our resultswill alsoshow thatABULB 2.0reducesthesolutioncostmorequickly

thanABULB 1.0.
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CHAPTER II

SPEEDING UP THE CONVERGENCE OF REAL-TIME SEARCH Š

2.1 Introduction

Real-time(heuristic)searchmethodsinterleave planning(via local searches)andplan execution,

andallow for �ne-grainedcontrol over how muchplanningto performbetweenplan executions.

They have successfullybeenappliedto avarietyof planningproblems,includingtraditionalsearch

problems[98], moving-target searchproblems[81], STRIPS-typeplanningproblems[119, 14],

projectschedulingwith resourceconstraintsor PSRCproblems[154], robotnavigationandlocal-

izationproblemswith initial poseuncertainty[94], robotexplorationproblems[90], ad-hocnetwork

routingproblems[149], totally observableMarkov decisionprocessproblems[6], andpartiallyob-

servableMarkov decisionprocessproblems[53]. Learning-RealTimeA* (LRTA*) is probablythe

mostpopularreal-timesearchmethod[98]. It convergesto a shortestpathwhenit solvesthesame

planningtaskrepeatedly. Unlike traditionalsearchmethods,suchasA* [128], it cannot only act

in realtime(which is important,for example,for real-timecontrol)but alsoamortizelearningover

severalplanningepisodes.This allows it to �nd a sub-optimalpathfastandthenimprove thepath

until it follows a shortestpath.Thus,thesumof planningandplan-executiontime is alwayssmall,

yetLRTA* follows ashortestpathin thelong run.

Recently, researchershave attemptedto speedup theconvergenceof LRTA* while maintaining

its advantagesover traditionalsearchmethods,that is, without increasingits lookahead.Ishida,

for example,achieveda signi�cant speedupby sacri�cing theoptimality of theresultingpath[83,

79]. We, on the other hand,show how to achieve a signi�cant speedupwithout sacri�cing the

optimality of the resultingpath. FALCONS (FAst LearningandCONverging Search),our novel

real-timesearchmethod,looks similar to LRTA* but selectssuccessorsvery differently. LRTA*

always greedilyminimizesthe estimatedcost to go (in A* terminology: the sum of the cost of

‹

This chapter�rst appearedas[49].
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moving to a successorandits h-value). FALCONS,on theotherhand,alwaysgreedilyminimizes

the estimatedcostof a shortestpathfrom the start to a goal via the successorit movesto (in A*

terminology:thef-valueof thesuccessor).ThisallowsFALCONSto focusthesearchmoresharply

on theneighborhoodof an optimalpath. We useour experimentswith FALCONS to supportour

hypothesisthatreal-timeheuristicsearchconvergesfasterto a shortestpathwhenit selectsactions

leadingto stateswith a minimum estimatedcostof a shortestpathgoing from the start through

the stateandto the goal. Our resultson standardsearchdomainsfrom the arti�cial intelligence

literatureshow thatFALCONS indeedconvergestypically abouttwentypercentfasterandin some

casesevensixty percentfasterthanLRTA* in termsof travel cost.It alsoconvergestypically about

forty percentfasterandin somecaseseven seventy percentfasterthanLRTA* in termsof trials,

even thoughit looksat thesamestatesasLRTA* whenit selectssuccessorsandeven thoughit is

notmoreknowledge-intensive to implement.

In additionto its relevanceto the real-timesearchcommunity, this researchalsosendsan im-

portantmessageto reinforcement-learning researchers.Indeed,they aretypically interestedin fast

convergenceto an optimal behavior and usemethodsthat, just like LRTA*, interleave planning

(via local searches)and plan executionand converge to optimal behaviors when they solve the

sameplanningtaskrepeatedly[6, 85, 161]. Furthermore,duringexploitation,all commonly-used

reinforcement-learning methods,again just like LRTA*, always greedily move to minimize the

expectedestimatedcostto go [165]. Our resultsthereforesuggestthat it might bepossibleto de-

sign reinforcement-learningmethodsthat converge substantiallyfasterto optimal behaviors than

state-of-the-artreinforcement-learning methods,by usinginformationto guideexplorationandex-

ploitationthatis moredirectly relatedto thelearningobjective.

Thischapteris structuredasfollows. Section2.2de�nesterminologyandspellsoutourassump-

tions. Section2.3 introducesLRTA*. Section2.4providesmotivationfor our new action-selection

rule. Section2.5showshow wecansigni�cantly reducethenumberof actionsuntil convergenceby

breakingtiesamongsuccessorstateswith equalcost-to-goalestimatesin favor of onewith minimal

f-value.Section2.6demonstratesthatFALCONS,our proposedalgorithm,achievesanevenlarger

reductionin thenumberof actionsuntil convergence,by selectingasthenext stateonewith minimal

f-valueandby makingthecost-to-goalestimatesa secondarycriterionusedonly for breakingties.
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Section2.7 providesempiricalevidencefor this reductionin severaldomains.Sections2.8 & 2.9

discussrelatedandfuturework, respectively. Finally, Section2.10summarizesourcontributions.

2.2 De�nitions andassumptions

De�nitions. Throughoutthis chapter, we usethe following notationandde�nitions. & denotes

the �nite statespace; :YrtsIu+vws87O& denotesthe start state;and :Œxcy ucz 7C& denotesthe goal state.1

:<;>=?=@%•:Œ,ŽB…& denotesthe set of successorsof state : , and [••

.

•

%•:Œ,ŽB…& denotesthe set of its

predecessors.=@%•:‘(c: D ,’|‰m denotesthe cost of moving from state : to successor: D 7O:<;>=?=@%•:Œ, .

The goal distance�

•

%•:Œ, of state : is the costof a shortestpathfrom state : to the goal, andthe

startdistance:

•

%•:Y, of state : is the costof a shortestpathfrom the start to state : . Eachstate :

hasa g-valueandan h-valueassociatedwith it, two conceptsknown from A* search[128]. We

usethe notation �

%•:Œ,4“

�

%•:Œ, to denotethesevalues. The h-valueof state : denotesan estimateof

its true goal distance�•”

%•:Y,�–—�

�

•

%•:Œ, . Similarly, the g-valueof state : denotesan estimateof its

true startdistance�
”

%•:Œ,˜–—�™:

•

%•:Y, . Finally, the f-valueof state : denotesan estimateof the cost

�

”

%•:Œ,�–—�

�†”

%•:Y,

�9�>”

%•:Œ, of a shortestpathfrom thestartto thegoal throughstate: . H-valuesare

calledadmissibleiff m8�

�

%•:Y,š�

�

•

%•:Œ, for all states: , that is, if they do not overestimatethegoal

distances.They arecalledconsistentiff �

%•:@xcy
ucz

,8�‰m and m9�

�

%•:Y,��™=@%•:‘(c:<D›,

�K�

%•:<DZ, for all

states: with :�œ �F:•xcy
ucz and :

D
7ž:<;>=?=@%•:Œ, , that is, if they satisfythetriangleinequality. It is known

thatzero-initializedh-valuesareconsistent,andthatconsistenth-valuesareadmissible[131]. The

de�nition of admissibilitycanbeextendedin a straightforward way to theg- andf-values,andthe

de�nition of consistency canbeextendedto theg-values[50].

Assumptions. In this chapter, we assumethat the given heuristicvaluesareadmissible.Almost

all commonly-usedheuristicvalueshave this property, including straight-linedistancesfor maps

or Manhattandistancesfor sliding-tile puzzles. If �

%•:‘(c:
D

, denotes�

%•:Y, with respectto goal :
D ,

thenweinitialize theg- andh-valuesasfollows: �

%•:Œ, := �

%•:‘(c:@xcy
ucz

, and �

%•:Y, := �

%•:Œr'sIucvws4(c:Œ, for all

states: . Wealsoassumethatthedomainis safelyexplorable,thatis, thegoaldistancesof all states

are�nite, which guaranteesthat thetaskremainssolvableby real-timesearchmethodssincethey

1We assumethat thereis only onegoal throughoutthis chapter(with theexceptionof Figure8) to keepthenotation
simple.All of our resultscontinueto hold in domainswith multiple goals.
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�
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4. If ( :ª�":<xcy ucz
) then stopsuccessfully

5. : := : D

6. Go to Line 2

Figure 3: TheLRTA* algorithm

cannotaccidentallyreachastatewith in�nite goaldistance.

2.3 Learning Real-TimeA* (LRTA*)

In thissection,we describeLearningReal-TimeA* (LRTA*) [98], probablythemostpopularreal-

timesearchmethod.LRTA* (with lookaheadone)is shown in Figure3. Eachstate: hasanh-value

associatedwith it. LRTA* �rst decideswhichsuccessorto moveto (action-selectionrule,Step2). It

looksatthesuccessorsof thecurrentstateandalwaysgreedilyminimizestheestimatedcost-to-goal,

thatis, thesumof thecostof moving to asuccessorandtheestimatedgoaldistanceof thatsuccessor

(that is, its h-value).Then,LRTA* updatestheh-valueof its currentstateto betterapproximateits

goal distance(value-updaterule, Step3). Finally, it movesto theselectedsuccessor(Step5) and

iteratestheprocedure(Step6). LRTA* terminatessuccessfullywhenit reachesthegoal (Step4).

A morecomprehensive introductionto LRTA* andotherreal-timesearchmethodscanbefoundin

[79].

The following propertiesof LRTA* areknown: First, its h-valuesnever decreaseandremain

admissible.Second,LRTA* terminates[98]. Wecall a trial any executionof LRTA* thatbeginsat

thestartandendsin thegoal.Third, if LRTA* is resetto thestartwhenever it reachesthegoaland

maintainsits h-valuesfrom onetrial to thenext, thenit eventuallyfollows a shortestpathfrom the

startto thegoal [98]. We call a run any sequenceof trials from the �rst oneuntil convergenceis

detected.We saythatLRTA* “breakstiessystematically”if it breaksties for eachstateaccording

to an arbitraryorderingon its successorsthat is selectedat the beginning of eachrun. If LRTA*

breakstiessystematically, thenit musthave convergedwhenit did not changeany h-valueduring

a trial. We usethis propertyto detectconvergence.Anotheradvantageof systematictie-breaking
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is discussedin Section2.7.3. Our approachdiffers slightly from that of Korf [98] whoseversion

of LRTA* breakstiesnon-systematicallyandthus�nds all shortestpathsfrom thestartto thegoal.

Wearesatis�edwith �nding only oneshortestpath.To representthestateof theart,weuseLRTA*

that “breakstiesrandomly,” meaningthat tiesarebrokensystematicallyaccordingto orderingson

thesuccessorsthatarerandomizedbeforeeachrun.

2.4 Motivation for our newaction-selectionrule

The premiseof this work is that convergenceto an optimal solutionpathcanbe spedup by con-

sistentlymaintainingthefocusof thesearchuponits long-termobjective, namelyanoptimalpath

from thestartto a goal,asopposedto theshort-termobjective of reachinga goalasfastaspossi-

ble from the currentstate. We thusadvocatea radically differentway of focusingthe search.In

this section,we make this intuitive searchstrategy operationalandmotivate1) theneedfor a new

action-selectionruleand2) ourchoiceof theaction-selectionrule thatminimizesf-values.

Becauseit is agent-centered,real-timesearchis limited to local searcharoundthecurrentstate

of theagent[91]. In particular, thismeansthattheagentcanonly expandstatesin its neighborhood.

In fact, in the standardapproachto real-timesearchwith lookaheadone,which we adoptin this

chapter, theagentcanonly expandthecurrentstate.Theobviousimplicationis thattheagentmust

�rst move to a statein order to expandit. In otherwords,changingthe searchstrategy requires

changingtheaction-selectionstrategy of theagent.This is differentfrom standardbest-�rst search

in which any statein the OPENlist could be expandednext, sinceits merit only dependson its

evaluationfunction,noton its proximity in thesearchspaceto thepreviouslyexpandedstate.2

Having motivated our needfor a new action-selectionrule, we now motivate our speci�c

proposalfor an f-basedrule. First note that, even thoughit remembersheuristicvaluesfor all

visitedstates(in ahashtable,say),real-timesearchdoesnot save thesearchtreein memory. Doing

so may speedup statere-expansions,but at the expenseof memoryusage. This would only be

bene�cial if expansionsare time-consumingand spaceis not a problem. For the samereason,

¯

This testcouldbeeliminatedby moving Step4 beforeStep2 sothat theh-valueof °4±³²'´4µ is never modi�ed. How-
ever, we prefer the current(equivalent) formulationsinceit makes the value-updaterule for the h-valuescompletely
symmetricalwith thevalue-updaterule for theg-valuesto beintroducedin FALCONS.

2A recentversionof A* calledPHA* alsotakesinto accountthecostof physicallymoving from onestateto another
in theOPENlist [39].

22



real-time searchonly maintainspoint-to-point heuristic information, namely estimatesof the

shortestdistancefrom eachvisitedstateto thegoal,but it doesnot explicitly maintainpreviously

foundsolutionpathsfrom thestartto thegoal. Therefore,we would like to focusthesearch,if not

on anexplicit solutionpath,at leaston anareaof thesearchspacebelieved to containanoptimal

solution.Theresearchquestionthusbecomes

How to estimate,for eachstate,how far it is from anoptimalpath?

The answeris not trivial because1) suchheuristicinformationneedsto estimatethe distance

from eachstateto a path(not anotherstate),and2) no solutionpath is explicitly identi�ed. We

solve thisproblemin thefollowing way. Recallthatthef-value �G%•:Œ, of astate: in A* estimatesthe

cost �

”

%•:Œ, of aminimum-costpathfrom thestartto thegoalconstrainedto go through: . Themain

insightof our approachis to usethepropertythat the f ” -valuesof all stateson any minimum-cost

path from the start to the goal areall equalto the cost �

” of any minimum-costpath,while the

f ” -valuesof all otherstatesareall strictly largerthan �

” (otherwise,thesestateswouldbeon some

shortestpath,by de�nition of �

” ) [59]. Sincef-valuesestimatef ” -values,andif we assumethat

eachstatehasassociatedwith it an f-value,we proposeto selectactionssoasto alwaysminimize

f-values.Thisway, if thef-valuesareperfectlyinformed,theagentwill follow directlyaminimum-

costpathfrom thestartto thegoal (provided that tiesamongstateswith equalf-valuesarebroken

in favor of stateswith smallerh-values,that is, in thedirectionof thegoalstate).Otherwise,since

heuristicvaluesarecontinuouslyupdated,theagentwill gathermoreinformedheuristicinformation

andwill thusbeableto switch its focusto anotherareaof thesearchspacethat looksmorelikely

to containan optimal solution. In short,we will uselowest f-valuesto focus the searchtoward

previously identi�ed regionslikely to containanoptimalsolution.

Figure 4 graphicallyrepresentsour new action-selectionrule in comparisonto that usedby

LRTA*. In this �gure, we have assumedthat theonly optimalsolutionis thestraightline between

thestartandgoalstates.Notethattheagenthasstrayedoff of theoptimalpath,astypically happens

whenheuristicinformationis notperfect.In thiscase,minimizingcost-to-goalestimates,asLRTA*

does,maywastesearcheffort in areasthatdo not seemlikely to containanoptimalpath(because,
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a) Action-Selection Rule of LRTA*
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Actual Path

b) Proposed Action-Selection Rule

Figure 4: Two action-selectionrules for real-timesearch. Curves representiso-contoursfor a)
cost-to-goalestimatesandb) f-values.

24



despitehaving low cost-to-goalestimates,they alsohavehigh f-values).This is becausetheoptimal

pathfrom thecurrent stateto thegoalmayhave little overlapwith anoptimalpathfrom thestart

stateto thegoal. In suchcases,greedilyaimingfor thegoalmaynot serve thelong-termobjective

of �nding anoptimalpath. By embeddingthis learningobjective directly into theaction-selection

strategy, we expectto focusthe searchonto a narrower region of the searchspace.This reduced

numberof visited stateswill likely be accompaniedby a reductionin the total numberof actions

until convergence(includingrepeatedvisits to somestates).

In thenext section,we show thatkeepingtheaction-selectionrule of LRTA* but breakingties

in favor of stateswith smallerf-valuesalreadyreducesthenumberof actionsneededto converge. In

thefollowing section,wedemonstratethatdirectlyselectingactionsthatminimizef-valuesreduces

thisnumberevenmore.

2.5 Breaking tiesin favor of smallerf-values

LRTA* terminatesandeventually follows a shortestpathno matterhow its action-selectionrule

breakstiesamongsuccessors.In thissection,wedemonstrate,for the�rst time,thatthetie-breaking

criterioncrucially in�uencestheconvergencespeedof LRTA*. We presentanexperimentalstudy

thatshows thatLRTA* convergessigni�cantly fasterto a shortestpathwhenit breakstiestowards

successorswith smallestf-valuesratherthan,say, randomlyor towardssuccessorswith largestf-

values.Recallthat,in theA* searchmethod,�G%•:Y, is equalto thesumof �•”

%•:Œ, and �

%•:Y, , for all states

: . To implementour new tie-breakingcriterion,LRTA* doesnot have theg ” -valuesavailablebut

canapproximatethemwith g-values.It canupdatetheg-valuesin a way similar to how it updates

theh-values,exceptthat it usesthepredecessorsinsteadof thesuccessors.Note that theg-values

in our real-timesearchalgorithmsdo not have thesamesemanticsastheg-valuesin of�ine search.

Here,ag-valueis anunderestimateof thecostof aminimum-costpathfrom thestartto thestate,not

thecostof thebestpathfoundsofar. Figure5 shows TB-LRTA* (Tie-BreakingLRTA*), our real-

timesearchmethodthatmaintainsg- andh-valuesandbreakstiestowardssuccessorswith smallest

f-values,where �G%•:Œ,’–—�

�

%•:Y,

���

%•:Œ, for all states: . Remainingties can be broken arbitrarily

(but systematically).WecomparedTB-LRTA* againstversionsof LRTA* thatbreaktiesrandomly

or towardssuccessorswith largestf-values. We performedexperimentsin thirteencombinations
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4. If ( :ª�":<xcy ucz ) then stopsuccessfully
5. : := : D

6. Go to Line 2

Figure 5: TheTB-LRTA* algorithm

of standardsearchdomainsfrom thearti�cial intelligenceliteratureandheuristicvalues,averaged

over at leastonethousandrunseach. Section2.7 containsinformationon the domains,heuristic

values,andexperimentalsetup,includinghow we testedfor statisticalsigni�cance. Table3 shows

that in all casesbut one(Permute-7with thezero(Z) heuristic)3 breakingties towardssuccessors

with smallestf-values(statistically)signi�cantly spedup the convergenceof LRTA* in termsof

travel cost(actionexecutions).

2.6 FALCONS:Selectingactionsthat minimizef-values

In thissection,weshow thatturningf-valueminimizationinto theprimaryaction-selectioncriterion

is not trivial. Theobvious,naiveapproachleadsto non-terminationor convergenceto anon-optimal

path.We thenshow how to solve theseproblemsin our �nal versionof FALCONS.

2.6.1 FALCONS: A naive approach

We just showed that TB-LRTA* convergessigni�cantly fasterthanLRTA* becauseit breaksties

towardssuccessorswith smallestf-values. We thusexpect real-timesearchmethodsthat imple-

ment this principle more consequentlyand always move to successorswith smallestf-valuesto

converge even faster. Figure6 shows Naive FALCONS (FAst LearningandCONverging Search),

our real-timesearchmethodthatmaintainsg- andh-values,alwaysmovesto successorswith small-

estf-values,andbreaksties to minimizetheestimatedcost-to-goal.Remainingtiescanbebroken

3This exceptionwill disappearin our resultswith FALCONS.
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Table3: Travel costto convergencewith differenttie-breakingrules

domainand LRTA* thatbreaksties. . .
heuristic towards randomly towardsasmallest
values a largestf-value f-value(TB-LRTA*)

8-Puzzle M 64,746.47 45,979.19 18,332.39
T 911,934.40 881,315.71 848,814.91
Z 2,200,071.25 2,167,621.63 2,141,219.97

Gridworld N 116.50 97.32 82.08
Z 1,817.57 1,675.87 1,562.46

Permute-7 A 302.58 298.42 288.62
Z 16,346.56 16,853.69 16,996.51

Arrow F 1,755.42 1,621.26 1,518.27
Z 7,136.93 7,161.71 7,024.11

Towerof D 145,246.55 130,113.43 116,257.30
Hanoi Z 156,349.86 140,361.39 125,332.52

Words L 988.15 813.66 652.95
Z 16,207.19 16,137.67 15,929.81

arbitrarily (but systematically).To understandwhy tiesarebroken to minimizetheestimatedcost-

to-goal,considerg- andh-valuesthat areperfectlyinformed. In this case,all stateson a shortest

pathhave thesame(smallest)f-valuesandbreakingtiesto minimizetheestimatedcost-to-goalen-

suresthat Naive FALCONS movestowardsthe goal. (All real-timesearchmethodsdiscussedin

this chapterhave thepropertythat they follow a shortestpathright away if theg- andh-valuesare

perfectlyinformed.) To summarize,Naive FALCONS is identicalto TB-LRTA* but switchesthe

primary andsecondaryaction-selectioncriteria. Unfortunately, we show in the remainderof this

sectionthat Naive FALCONS doesnot necessarilyterminatenor converge to a shortestpath. In

both cases,this is dueto Naive FALCONS beingunableto increasemisleadingf-valuesof states

that it visits, becausethey dependon misleadingg- or h-valuesof statesthat it doesnot visit and

thuscannotincrease.

Naive FALCONS can cycle forever. Figure7 shows an exampleof a domainwhereNaive

FALCONSdoesnot terminatefor g- andh-valuesthatareadmissiblebut inconsistent.Naive FAL-

CONSfollows thecyclic path :YNŒ(c:{13(c:<5Œ(c:•»Y(c:<5Œ(c:•»Œ(QPQPQP without modifying theg- or h-valuesof any

state.For exampleduringthe�rst trial, NaiveFALCONSupdates�

%•:‘5<, to one(basedon �

%•:Y¼3, ) and

�

%•:•5<, to one(basedon �

%•:Œ½3, ), andthusdoesnot modify them. �

%•:{¼3, and �

%•:•½<, arebothzeroand
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4. If ( :ª�":<xcy ucz ) then stopsuccessfully
5. : := : D

6. Go to Line 2

Figure 6: NaiveFALCONS(initial, non-functionalversion)
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Figure 7: NaiveFALCONScyclesforever (Eachcircle representsastatewith its g-value/h-value)

thusstrictly underestimatethetruestartandgoaldistancesof their respective states.Unfortunately,

thesuccessorof state:
5 with thesmallestf-valueis state:

» . Thus,NaiveFALCONSmovesto state

:•» andnever increasesthemisleading�

%•:{¼3, and �

%•:•½<, values.Similarly, whenNaiveFALCONSis

in state:
» it movesbackto state:

5 , andthuscyclesforever.

Naive FALCONS can converge to sub-optimal paths. Figure8 shows an exampleof a do-

main whereNaive FALCONS terminatesbut convergesto a sub-optimalpatheven thoughthe g-

andh-valuesareconsistent.Naive FALCONS convergesto thesub-optimalpath :†NŒ(c:@13(c:•5Œ(c:<» , and

:<¿ . Thesuccessorof state:
5 with thesmallestf-valueis state:

» . �G%•:
»

, is two andthusclearlyun-

derestimates� ”

%•:•»<, . EventhoughNaiveFALCONSmovesto state:{» , it never increasesits f-value
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Figure 8: NaiveFALCONSconvergesto asub-optimalpath(Eachcircle representsastatewith its
g-value/h-value)
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Figure9: TheFALCONSalgorithm(�nal version)

becauseit updatesits g-valueto one(basedon �

%•:
½

, ) and �

%•:
»

, to one(basedon �

%•:•¿•, ), andthus

doesnot modify them. Naive FALCONS thenmovesto state :
¿ . Thus,the trial endsandNaive

FALCONShasfollowedasub-optimalpath.Sincenog- or h-valueschangedduringthetrial, Naive

FALCONShasconvergedto asub-optimalpath.

2.6.2 FALCONS: The �nal version

In theprevioussection,we showed thatNaive FALCONS doesnot necessarilyterminatenor con-

vergeto ashortestpath.Figure9 shows the�nal (improved)versionof FALCONSthatsolvesboth

problems.AppendixA containsproofsthatthefollowing theoremsholdunderourassumptions.

Theorem 1 Each trial of FALCONSterminates.
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Theorem 2 FALCONSeventuallyconvergesto a pathfromthestart to thegoal if it is resetto the

startwhenever it reachesthegoalandmaintainsits g- andh-valuesfromonetrial to thenext one.

Theorem 3 Thepathfromthestart to thegoal thatFALCONSeventuallyconvergesto is a shortest

path.

We now give someintuitionsbehindthenew value-updateandaction-selectionrulesandshow

that they solve theproblemsof Naive FALCONS for theexamplesintroducedin theprevioussec-

tion.

FALCONS terminates. Thenew value-updaterulesof FALCONS causeit to terminate.We

�rst derivethenew value-updaterulefor theh-values.It providesmoreinformedbut still admissible

estimatesof theh-valuesthantheold value-updaterule,by makingbetteruseof informationin the

neighborhoodof thecurrentstate.Thenew value-updaterulemakestheh-valueslocally consistent

and is similar to the pathmaxequationusedin conjunctionwith A* [121]. If the h-valuesare

consistent,thenthereis no differencebetweentheold andnew value-updaterules.To motivatethe

new value-updaterule,assumethattheh-valuesareadmissibleandFALCONSis currentlyin some

state: with :�œ �":•xcy
ucz

. Theold value-updateruleusedtwo lowerboundsonthegoaldistanceof state

: , namely �

%•:Œ, and Ÿ� ›¡

r'¢ ¢I£@r'¤<¥t¥w¦Xr¨§

%©=@%•:{(c:
D D

,

�Â�

%•:
D D

,4, . Thenew value-updaterule addsa third lower

bound,namelyŸ�¬Œ­

rt¢ ¢j£fRQv4¹¨º?¦Xr¨§

%

�

%•:3D D›,ÃÁ’=Y%•:<D D©(c:Œ,4, . To understandthethird lowerbound,notethatthe

goal distanceof any predecessor:
D D of state : is at least �

%•:
D D

, sincethe h-valuesareadmissible.

This implies that the goal distanceof state : is at least �

%•:@D D›,¶ÁÂ=@%•:3D D©(c:Œ, . Sincethis is true for all

predecessorsof state: , thegoaldistanceof state: is at leastŸ�¬Œ­

rt¢ ¢I£fR3vw¹¨º?¦Zr³§

%

�

%•:
D D

,)Á_=Y%•:
D D

(c:Y,4, . The

maximumof the threelower boundsthenis an admissibleestimateof thegoaldistanceof state:

andthusbecomesits new h-value. This explainsthenew value-updaterule for theh-values.The

new value-updaterule for theg-valuescanbederivedin asimilarway.

As anexample,weshow thatNaiveFALCONSwith thenew value-updaterulesnow terminates

in thedomainfrom Figure7. WhenNaiveFALCONSis in state:‘5 duringthe�rst trial, it increases

both �

%•:•5<, and �

%•:•5<, to two andthenmovesto state:Y» . Thesuccessorof state:Y» with thesmallest

f-valueis state:
¿
, andno longerstate:Œ5 , because�G%•:•5Q, wasincreasedto four. Thus,Naive FAL-

CONSnow movesto state:
¿ andbreaksthecycle. Unfortunately, thenew value-updaterulesare
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not suf�cient to guaranteethat Naive FALCONS convergesto a shortestpath. The domainfrom

Figure8 still providesacounterexample.

FALCONS convergesto a shortestpath. Thenew action-selectionrule of FALCONS causes

it to converge to a shortestpathby usingmore informedbut still admissibleestimatesof the f ” -

values. In the following, we assumethat the g- andh-valuesareadmissibleandwe presenttwo

lowerboundson �

”

%•:Y, . First, �

”

%•:Œ, is at least�

%•:Œ,

�Ä�

%•:Œ, , sincetheg- andh-valuesareadmissible.

Second,�

”

%•:Y, is at leastaslarge asthe costof a shortestpathfrom the start to the goal, a lower

boundof which is �

%•: r'sIucv¨s , , sincethe h-valuesareadmissible.The maximumof the two lower

boundsis an admissibleestimateof �

”

%•:Œ, andthusbecomesthe new f-valueof : . This explains

the new calculationof the f-valuesperformedby the action-selectionrule. The otherpartsof the

action-selectionrule remainunchanged.Thenew f-valueof state: , unfortunately, cannotbeused

to updateits g- or h-values,becauseit is unknown by how muchto updatetheg-valueandby how

muchto updatetheh-value.

As anexample,we show thatFALCONS now convergesto a shortestpathin thedomainfrom

Figure8. WhenFALCONSreachesstate:@5 in the�rst trial, �G%•:Œ»3, is now three.All threesuccessors

of state:
5 have thesamef-valueandFALCONS breaksties in favor of theonewith thesmallest

h-value,namelystate:ŒÅ . Thus,thetrial endsandFALCONShasfollowedashortestpath.Sinceno

g- or h-valueschanged,FALCONShasconvergedto ashortestpath.

2.7 Experimentalresults

In this section,we presentour empiricalevaluationof FALCONS,which we comparedto LRTA*

thatbreakstiesrandomlyandTB-LRTA*. Wedescribe,in turn,ourdomainsandheuristicfunctions,

ourperformancemeasures,ourempiricalsetup,and�nally our results.

2.7.1 Domainsand heuristics

For ourempiricalstudy, we usedthefollowing domainsfrom thearti�cial intelligenceliterature.

The 8-Puzzledomain[98] consistsof eight tiles (numberedonethrougheight) in a 3x3 grid,

leaving onepositionblank.A moveis performedby slidingoneof thetilesadjacentto theblankinto

theblankposition.Sincetilesarenotallowedto movediagonally, thenumberof possiblemovesin
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Table4: Travel costto convergencewith differentaction-selectionrules

domainand LRTA*
heuristic thatbreaks TB-LRTA* FALCONS
values tie randomly

8-Puzzle M 45,979.19 (100%) 18,332.39 18,332.39 (39.87%)
T 881,315.71 (100%) 848,814.91 709,416.75 (80.50%)
Z 2,167,621.63 (100%) 2,141,219.97 1,955,762.18 (90.23%)

Gridworld N 97.32 (100%) 82.08 57.40 (58.98%)
Z 1,675.87 (100%) 1,562.46 1,440.02 (85.93%)

Permute-7 A 298.42 (100%) 288.62 284.95 (95.49%)
Z 16,853.69 (100%) 16,996.51 16,334.67 (96.92%)

Arrow F 1,621.26 (100%) 1,518.27 1,372.62 (84.66%)
Z 7,161.71 (100%) 7,024.11 6,763.49 (94.44%)

Towerof D 130,113.43 (100%) 116,257.30 107,058.94 (82.28%)
Hanoi Z 140,361.39 (100%) 125,332.52 116,389.79 (82.92%)

Words L 813.66 (100%) 652.95 569.71 (70.02%)
Z 16,137.67 (100%) 15,929.81 15,530.42 (96.24%)

eachcon�guration is at mostfour: up, right, down or left. Thegoalstateis thecon�gurationwith

theblank in thecenterandthetiles positionedin increasingorder, startingat theupperleft corner

andproceedingin a clockwisefashion.We used1000randomlyselectedstartstatesamongthose

from which the goal is reachable.In this domain,we experimentedwith the Manhattandistance

(thesum,for all tiles,of theirhorizontalandverticaldistancesfrom their respective goalpositions),

abbreviatedM, andthe“Tiles Out Of Order” heuristic(thenumberof misplacedtiles),abbreviated

T.

For theGrid world domain[79], we useda setof 20x20grids in which 35 percentof the !Ym

5

grid cells were randomlyselectedas untraversableobstacles. For eachgrid, the start and goal

positionswerechosenrandomly, while makingsurethatthegoalwasreachablefrom thestart.Since

we allowedmovesto any of the traversableneighboringlocations(includingdiagonalmoves),we

modi�ed theManhattandistanceheuristicto bethesum,overall tiles,of themaximumof thetile's

horizontalandverticaldistancesto its goalposition.ThisheuristicwasabbreviatedN.

In thePermute-7 domain[68], a stateis a permutationof the integers1 through7. Therefore,

thestatespacehas ‡aÆH�

�

mYÇ{m states.Thereare È operators.EachoperatorÉ^[AÊ�%•Ë’�O!†(QPQPQP<(b‡@, is

applicablein all statesandreversestheorderof the�rst Ë integersin thestateit is executedin. For
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example,theexecutionof É^[ ¿ in state‡YÈ

�

Ç‘Ì@!ˆ� leadsto stateÇ

�

È{‡YÌ@!ˆ� . Thegoalstateis �3!@ÌŒÇ

�

È{‡ .

Theadjacencyheuristic(abbreviatedA) computesfor eachstate: thenumberof pairsof adjacent

digits in thegoalstatethatarenot adjacentin : . For instance,Í-%'‡YÌ@!ˆ�3ÈŒÇ

�

,Î�KÌ sinceexactly three

pairsareadjacentin thegoalbut not in : , namely %•Ì†(4Ça, , %

�

(cÈ{, and %•È†(b‡@, . Weexperimentedwith all

5040statesasstartstate.

Wealsousedaversionof theTower of Hanoi domain[68] with 7 disksand3 pegs. In thegoal

state,all disksareon thesamepeg, saypeg numberthree.We experimentedwith 1000randomly

chosenstartstates.TheD heuristicsimplycountsthenumberof disksthatarenoton thegoalpeg.

The Words domain[70] is a connectedgraphwhose4493nodesare5-letterEnglishwords

thatarepairwiseconnectedif they differ in exactly oneletter. Thegoalstateis theword “goals”.

We experimentedwith 1000randomlychosenstartstates.TheL heuristiccomputesthenumberof

positions(between1 and5) for which the letter is differentfrom the letterat thesamepositionin

thegoalstate.

In theArr ow domain[95], a stateis anorderedlist of 12 arrows. Eacharrow caneitherpoint

up or down. Thereare11 operatorsthatcaneachinvert a pair of adjacentarrows. Thegoalstate

hasall arrows pointingup. We experimentedwith 1000randomlychosenstartstatesamongthose

from which thegoal is reachable.TheF heuristicreturnsthe largestinteger that is not larger than

thenumberof arrows thatneedto be�ipped dividedby two.

In additionto theabovedomain-dependentheuristicvalues,wealsoexperimentedin all domains

with theconstantfunctionZero(Z). Notethatall of ourdomainssharethefollowing two properties:

(1) they areundirected,whichmeansthatfor everyactionleadingfrom state: to state:aD with cost = ,

thereis a reverseactionfrom :
D to : with cost = , and(2) they have uniformcosts,whichmeansthat

all actioncostsareone.Finally, all of thesedomainsandheuristicfunctionssatisfyourassumptions.

2.7.2 Performancemeasures

So far, we have motivatedour new action-selectionrule in termsof an expectedreductionin the

runtimeto convergence.In thissection,wediscussthisandotherrelevantperformancemeasures.

Number of actionsuntil convergence.Thenumberof expansionsis a commonway of mea-

suring the performanceof heuristicsearchalgorithmsin general[131, 96, 105]. Sincereal-time
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heuristicsearchwith lookaheadoneonly expandsthestatesit visits, thenumberof expansionsis

equalto thenumberof actionsit executes.Thenumberof actionsuntil convergence(alsoreferred

to as“travel cost to convergence”)is thereforeour primary performancemeasurein this chapter.

The reasonthis performancemeasureis usedin lieu of the runtimeitself is becausethe latter is

typically sensitive to both the implementationandthe architectureof the machineon which it is

run. In contrast,thenumberof actionsdependsonly onthealgorithmitself andthusmakesit easier

for different researchteamsto compareandreproduceempirical results. Nevertheless,sincethe

time neededfor eachactionselectionis boundedby a constant(in domainswith a �nite maximum

branchingfactor), the total runtimeof real-timesearchalgorithmsis equalto the productof this

constantandof ourprimaryperformancemeasure.A decreasein thelattermustbeweighedagainst

any increaseof theconstantitself.

Number of trials until convergence.Sincea real-timesearchagentis resetinto thestartstate

whenever it reachesthegoal, its behavior is episodic.We have calledeachepisodea trial. Sofar,

we have implicitly assumedthat the total time until convergenceis equalto the sumof the times

spentin all trials. This assumesthat the inter-trial time is negligible. However, therearedomains

(for example,whena robot is learningto juggle) in which resettingtheagentinto its initial stateis

time-consuming.In suchdomains,reducingthenumberof trials maysigni�cantly reducethetotal

learningtime in practice.In othercases,suchasrobotsimulations,inter-trial time is negligible. To

take this factorinto accountin a domain-independentway, we proposeto usethenumberof trials

until convergenceasanotherperformancemeasure.

Number of actionsin the �rst trial. In thelearningbehavior of real-timesearchagents,there

is a possibletrade-off betweenhow many timesthey reachthegoal (that is, the numberof trials)

andhow mucheffort they spendreachingthe goal (that is, the effort per trial). It is possiblethat

additionalexplorationof thestatespacewithin a trial will reducethetotal numberof trials needed

to converge.This is a trade-off betweenshort-term(gettingto thegoalasfastaspossible)andlong-

term (converging to an optimal solution)objectives. We thereforeproposeto measurethe effort

spentin the �rst trial asan indicationof how muchexplorationis performedat the beginning of

learning.Our lastperformancemeasurewill thusbethenumberof actionsin the�rst trial.
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2.7.3 Empirical setup

In order for FALCONS to converge to a uniquepath, the secondarytie-breakingcriterion must

be systematic(systematictie-breakingwasde�ned in Section2.3). We enforcedsystematicityby

(1) choosinganarbitraryorderingfor thesuccessorsof eachstateand(2) breakingremainingties

accordingto thatordering.Theorderingwasselectedrandomlyat thebeginningof a run anddid

not changeduringtherun.

An experimentrefersto a sequenceof � runsof an algorithmin onedomainwith a given set

of heuristicvalues.To attainstatisticalsigni�cance,we averagedour resultsover �Â�Ï�Qm@m@m runs,

exceptin the Permute-7domainfor which eachexperimentconsistedof ‡aÆ)�

�

mYÇ{m runs,onefor

eachpossiblestartstate.In general,the � runsof anexperimentonly differedfrom theotherrunsin

thesameexperimentin two respects:(1) thestartstate,and(2) therandomorderingselectedat the

beginningof eachrun to beusedfor systematictie-breaking.In addition,in theGridworld domain,

eachrunusedadifferentgrid andgoalstate.

Therearetwo advantagesto usingsystematictie-breaking.First, it ensuresthatFALCONSwill

converge to a uniquepath. If tie-breakingis not systematic,thenFALCONS maynot converge to

a uniquepath. Instead,it may converge to a setof shortestpathsandrandomlyswitch between

themaftertheheuristicvalueshave converged,just like LRTA* [98]. Systematictie-breakingthus

facilitatedthe detectionof convergence,which happenswhen no heuristicvalue changesin the

courseof a run.

Second,systematictie-breakingallowedusto carefullycontrolourexperimentalconditions.In

particular, we comparedpairsof experimentsthatonly differedin thealgorithmtested(for exam-

ple, FALCONS versusLRTA*). We only comparedpairsof experimentsin thesamedomainand

with thesameheuristicvalues.In addition,weusedthesame(random)orderingof successorstates

for systematictie-breakingin all pairsof runsto be compared.In otherwords,whencomparing

algorithm1 with algorithm2, run 1 of both experimentsusedthe sameordering,run 2 of both

experimentsusedthesameordering(but differentfrom thatof run 1), etc. Furthermore,eachpair

of correspondingrunsusedthesamestartstate(andthesamegrid andgoalstatein theGridworld

domain).Now, assumethatwewantedto comparethetravel costto convergenceof FALCONSin a
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Table5: Trials to convergencewith differentaction-selectionrules

domainand LRTA*
heuristic thatbreaks TB-LRTA* FALCONS
values tie randomly

8-Puzzle M 214.37 (100%) 58.30 58.30 (27.20%)
T 1,428.57 (100%) 1,214.63 797.26 (55.81%)
Z 1,428.59 (100%) 1,227.74 756.47 (52.95%)

Gridworld N 6.06 (100%) 5.01 2.90 (47.85%)
Z 32.02 (100%) 26.30 19.77 (61.74%)

Permute-7 A 26.91 (100%) 25.55 22.10 (82.13%)
Z 117.82 (100%) 92.63 75.22 (63.84%)

Arrow F 114.94 (100%) 110.60 89.01 (77.44%)
Z 171.50 (100%) 135.13 105.92 (61.76%)

Towerof D 214.47 (100%) 177.96 109.13 (50.88%)
Hanoi Z 216.77 (100%) 166.55 101.44 (46.80%)

Words L 32.82 (100%) 22.72 18.40 (56.06%)
Z 71.86 (100%) 55.77 50.10 (69.72%)

particulardomainandwith aparticularsetof heuristicvalues(experiment1) with thatof LRTA* in

thesamedomainandwith thesamesetof heuristicvalues(experiment2). Our experimentalsetup

guaranteedthattheonly differencebetweenrun V ( V)�F�Y(QPQPQP<(4� ) of experiment1 andrun V of exper-

iment2 wasthealgorithmtested,whereaseachrun wasmadeunderdifferentconditions(namely,

startstateandorderingof successorstates)from all of theotherrunsin thesameexperiment.This

setupenabledusto testour resultsfor statisticalsigni�canceusingthepaired-samplesZ test.

2.7.4 Results

Tables4, 5, and6 reportthetravel cost(actionexecutions)until convergence,thenumberof trials

until convergence,andthetravel costof the�rst trial, respectively.

Table4 shows that, in all cases,FALCONS convergedto a shortestpathwith a smallertravel

cost(actionexecutions)thanLRTA* thatbreakstiesrandomlyand,in all casesbut one,fasterthan

TB-LRTA*. Thepercentagesin thelastcolumncomparethetravel costof FALCONS with thatof

LRTA*. FALCONSconverged18.57percentfasteroverall thirteencasesandin onecaseeven60.13

percentfaster. All thecomparisonsstatedabove aresigni�cant at the� ve-percentcon�dencelevel.

Theheuristicvaluesfor eachdomainarelisted in orderof their decreasinginformedness(sumof
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Table6: Travel costof the�rst trial with differentaction-selectionrules

domainand LRTA*
heuristic thatbreaks TB-LRTA* FALCONS
values tie randomly

8-Puzzle M 311.18 (100%) 452.84 452.84 (145.52%)
T 1,342.75 (100%) 970.87 1,057.86 (78.78%)
Z 81,570.22 (100%) 81,585.44 81,526.34 (99.95%)

Gridworld N 12.15 (100%) 12.70 20.92 (172.18%)
Z 182.37 (100%) 182.55 183.13 (100.42%)

Permute-7 A 8.14 (100%) 7.75 8.13 (99.88%)
Z 2,637.86 (100%) 2,639.13 2,639.13 (100.05%)

Arrow F 15.85 (100%) 16.62 33.61 (212.05%)
Z 1,016.33 (100%) 1,016.83 1,016.83 (100.05%)

Towerof D 4,457.86 (100%) 3,654.80 3,910.46 (87.72%)
Hanoi Z 4,839.49 (100%) 4,803.81 4,801.84 (99.22%)

Words L 24.27 (100%) 27.79 37.80 (155.75%)
Z 2,899.73 (100%) 2,900.36 2,900.68 (100.03%)

theheuristicvaluesover all states).For example,the(completelyuninformed)zero(Z) heuristicis

listedlast.Table4 then,showsthatthespeedupof FALCONSoverLRTA* waspositively correlated

with theinformednessof theheuristicvalues.ThissuggeststhatFALCONSmakesbetteruseof the

given heuristicvalues. Notice that it cannotbe the casethat FALCONS convergesmorequickly

thanLRTA* becauseit looks at different (or more)statesthanLRTA* whenselectingsuccessor

states.FALCONS looksat boththepredecessorsandsuccessorsof thecurrentstatewhile LRTA*

looks only at the successors,but all of our domainsareundirectedandthusevery predecessoris

alsoasuccessor. This impliesthatFALCONSandLRTA* look atexactly thesamestates.

Table5 shows that,in all cases,FALCONSconvergedto a shortestpathwith a smallernumber

of trials thanLRTA* that breaksties randomlyand, in all casesbut one, fasterthanTB-LRTA*.

FALCONS converged 41.94percentfasterover all thirteencasesand in somecaseseven 72.80

percentfaster.

To summarize,Table4 andTable5 show thatFALCONSconvergesfasterthanLRTA* andeven

TB-LRTA*, bothin termsof travel costandtrials.

Weoriginally expectedthatFALCONSwould increasethetravel costduringthe�rst trial, since

theaction-selectionrule of LRTA* (minimize thecost-to-goal)hasexperimentallybeenshown to

37



Table 7: Travel cost to convergencewith differentaction-selectionrules,andwith or without g
updatesfor FALCONS

domainand FALCONS
heuristic LRTA* FALCONS without
values � updates

8-Puzzle M 45,979.19 (100%) 18,332.39 (39.87%) 19,222.08 (41.81%)
T 881,315.71 (100%) 709,416.75 (80.50%) 817,078.12 (92.71%)

Gridworld N 97.32 (100%) 57.40 (58.98%) 58.82 (60.44%)

Permute-7 A 298.42 (100%) 284.95 (95.49%) 263.00 (88.13%)

Arrow F 1,621.26 (100%) 1,372.62 (84.66%) 1,533.11 (94.56%)

T. of Hanoi D 130,113.43 (100%) 107,058.94 (82.28%) 128,987.97 (99.14%)

Words L 813.66 (100%) 569.71 (70.02%) 547.35 (67.27%)

result in a small travel costduring the �rst trial undervariousconditions. Table6 shows that, in

four of thethirteencases,the travel costof FALCONS duringthe �rst trial waslarger thanthatof

LRTA*; in sevencasesit wasapproximatelythesame(99percentto 101percent);andin two cases

it waslower. Thetravel costof FALCONSduringthe�rst trial was19.35percentlargerthanthatof

LRTA* over thethirteencases.Overall, thereis no systematicrelationshipbetweenthetravel cost

of FALCONSandLRTA* duringthe�rst trial, andthesumof planningandplan-executiontimesis

alwayssmallfor FALCONS,just like for LRTA*.

Sofar, our mainperformancemeasurehasbeenthetravel costto convergence.Onemaycom-

plain that thespeedupexhibitedby FALCONS over LRTA* comesat anextra computationalcost,

namelyanextra valueupdateperactionexecution.To decreasethetotal computationalcost(value

updates),FALCONSwouldhaveto cut thetravel costto convergenceat leastin half. However, it re-

ducesthetravel costby only 18.57percent.WealsocomparedFALCONSwith avariantof LRTA*

thatperformstwo valueupdatesperactionexecution.Thiscanbedonein variousways.Amongthe

oneswetried,ourbestresultswereobtainedwith avariantof LRTA* that�rst updates�

%•:†DI, (where

:
D is thesuccessorof thecurrentstate: with thesmallest=Y%•:‘(c:

D
,

�Ð�

%•:
D

, ), thenupdates�

%•:Œ, , and

�nally selectsthesuccessor:YD D of : with thesmallest=@%•:‘(c:•D D›,

�Ñ�

%•:<D D›, , whichmaybedifferentfrom

:
D . Empirically, thisalgorithmhadasmallertravel costto convergencethanFALCONS.

However, we can modify FALCONS so that it never updatesthe g-values,resultingin one

value-updateperactionexecution,just likeLRTA*. Table7 reportsexperimentalresultsthatclearly
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show thatFALCONSwithoutg updateshadasmallertravel costto convergencethanLRTA* (with

lookaheadone). Thespeedupwas22.28percenton average,andup to 58.19percent.Additional

resultsshow that thenumberof trials to convergencefor FALCONS without g updateswas25.97

percentlessthanfor LRTA* onaverage(andupto 68.71percentless),andthatFALCONSexecuted

anaverageof 57.51percentmoreactionsthanLRTA* in the�rst trial.3 Theseresultsareimportant

for two reasons.First, they supporttheclaim thattheaction-selectionruleof FALCONSspeedsup

convergenceby makingbetteruseof theavailableheuristicknowledgeandis ableto decreaseboth

the travel costandcomputationalcostto convergence.Second,they suggestthatFALCONS may

bene�t from anenhancedaction-selectionrule thatfocusesthesearchevenmoresharplyaroundan

optimalpathby speedingup thelearningof moreaccurateg-values,while still makingef�cient use

of theinitial heuristicknowledge.

2.8 Relatedwork

[79] presentsanoverview of real-timeheuristicsearchalgorithmsandtheir applicationto moving-

targetsearch[81, 76, 82, 152] andbidirectionalsearch[77, 78]. Multi-agentextensionsof real-time

searchhave alsobeendiscussed[89, 87, 171, 80]. We now focuson single-agentreal-timesearch

approachesthataremorecloselyrelatedto LRTA* andFALCONS.

HLRTA* [164] is representative of a classof methods(suchasELRTA* [164] andSLRTA*

[34]) that speedup the convergenceof LRTA* by usinga differentvalue-updaterule.4 This is in

contrastto FALCONS that usesa differentaction-selectionrule. Both improvementsto LRTA*

areorthogonalandguaranteethe optimality of the �nal (that is, converged)solution. In [51, 46],

we presentthe �rst thoroughempirical evaluationof HLRTA* and show that it and FALCONS

have complementarystrengthsthatcanbecombined.Wecall theresultingreal-timesearchmethod

eFALCONS (for EvenFAsterLearningandCONverging Search)andshow that it convergeswith

feweractionsto aminimum-costplanthanLRTA*, HLRTA*, andFALCONS,eventhoughit looks

3In domainswith uniform costs,with consistenth-values,andwith zero-initializedg-values,FALCONS without g
updatesreducesto LRTA*. Thus,Table7 doesnot show resultsfor completelyuninformedheuristicvaluesandour
averagesdo not includethem.

4We thank Stefan Edelkampfor introducingus to HLRTA* and RichardKorf for making Thorpe's thesisabout
HLRTA* availableto us.
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at the samestateswhen it selectssuccessorson undirectedgraphsand is not more knowledge-

intensive to implement.However, themaindrawbackof eFALCONS is that its runtimeoverhead

perstateexpansionis largerthanthatof its componentalgorithmssinceit maintainsmoreheuristic

valuesperstate.This overheadis typically larger thantheruntimesavingsdueto thereductionin

thenumberof actionsto convergence.
Ò

-searchis anothervariantof LRTA* thatusesa pruningmechanismto control its exploration

[153]. Thismechanismis orthogonalto theaforementionedimprovementsonLRTA*. Shimboetal.

show thatFALCONS convergesfasterthan
Ò

-searchin the8-Puzzleandgridworld domains.5 Fur-

thermore,their experimentsdemonstratethatFALCONS signi�cantly reducesspacerequirements

over LRTA*. This is importantsinceit providesempiricalevidencethat thespeedupexhibitedby

FALCONSis accompaniedby asharperfocusof thesearcharoundtheoptimalsolutionit converges

to. [153] alsointroducesanothervariantof LRTA* called Ó -searchthatspeedsup its convergence

while sacri�cing theoptimality of theconvergedsolutionby puttingmoreweighton theh-values

whencomputingtheestimatedcostto thegoal.Again,thisvariationis orthogonalto theaforemen-

tionedones.

Finally, thereexists a classof real-timesearchalgorithmsthatadda backtrackingmechanism

to LRTA* in order to speedup convergenceby propagatingvalueupdatesbackward. This class

includesSLA* [155], SLA*T [156], and Ô -Trap [17]. SLA* and Ô -Trapuseessentiallythesame

backtrackingstrategy but weredevelopedindependently. SLA*T, which extendsSLA* with anad-

ditional parameterto control theamountof backtrackingandthustheamountof exploration(and

therateof learning),wasappliedto projectschedulingproblemswith resourceconstraints(PSRC).

The ideaof backtrackingis orthogonalto the action-selectionrule usedby FALCONS. However,

all the backtrackingalgorithmsmake the extra assumptionthat all actionsin the domainare re-

versible(that is, thegraphis undirected).In contrast,FALCONS is applicableto bothundirected

anddirectedgraphs.

5Nevertheless,Õ -searchdoesconverge fasterthanLRTA*, even thoughthemotivation for it wasdifferent( Õ -search
wasdesignedto distributeandcontrolthelearningacrosstrials).
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2.9 Future work

Weenvision at leasttwo directionsfor futurework in real-timesearch.

First, the family of real-timesearchalgorithmshasgrown quite large. Thereis a needfor an

exhaustive empiricalcomparisonof thesealgorithms.Dueto thedifferentassumptionsthey make,

this empiricalstudywill requireawide varietyof benchmarkdomains6 in orderto discover amap-

pingbetweenclassesof domains(based,for example,onstructuralfeaturesof theirassociatedstate

spaces)andtheclassesof algorithmsthataremostef�cient on them. Not only is theef�ciency of

real-timesearchalgorithmsexpectedto bedomain-dependent,therearenumerouswaysto measure

performance(suchasthenumberof actionsto convergenceor pertrial, thenumberof trials to con-

vergence,the solutionquality asa function of learningor after convergence,the rateof learning,

the trade-off betweenexplorationandexploitation, etc.). Furthermore,mostof the foregoing en-

hancementsto LRTA* areorthogonal,includingchangesto the value-updaterule, changesto the

action-selectionrule, theincreasedweighton theh-values,theadditionof pruningrules,theuseof

a largerandevenvariablelookahead[17], etc.).Thenumberof algorithmsresultingfrom possible

combinationsis extremelylarge. Yet, it would be useful to know which combinationswork best

togetherandfor whattasks.[16] hasstartedsuchaninvestigation.

Second,a particularly interestingextensionof FALCONS is its applicationto domainsfrom

real-timecontrol. Thesedomainsrequirereal-timeaction selectionand convergenceto optimal

behaviors but, at the sametime, the setupfor eachtrial is expensive and thus it is importantto

keepthe numberof trials small. For learninghow to balancepolesor juggle devil-sticks [146],

for example,thepoleneedsto bepickedup andbroughtinto theinitial positionbeforeevery trial.

Domainsfrom real-timecontrol are typically directedandsometimesprobabilistic,andwe have

not yet appliedFALCONS to domainswith theseproperties.Of course,FALCONScanbeapplied

without modi�cation to directeddomainssinceall of our theoreticalresultscontinueto hold. The

maindif�culty of applyingFALCONSto probabilisticdomainsis to adaptthenotionof f-valuesto

suchdomains.Whentheeffectsof actionsareprobabilistic,theagentlearnsa policy thatonly has

a probability (typically smallerthanone)of visiting somestates.In this context, it is not obvious

6Notethatall thedomainsusedin ourevaluationof FALCONS happento beundirected.
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how to evende�ne theconceptof a minimumpathcostthrougha state(suchasan f-value)when

thepolicy is notguaranteedto visit thestate.

2.10 Contributions

Our researchonreal-timeheuristicsearchhasyieldedthefollowing contributions:

k We have extendedthescopeof applicabilityof A*' s principle for orderingstateexpansions

to thereal-timesearchsetting.We have shown that,by makingreal-timesearchlessgreedy

(namely, by moving towardsstateswith minimumf-valuesinsteadof h-values),we cansig-

ni�cantly reduceits numberof actionsto convergencein severaldomains.Furthermore,this

reductionin runtimecanbeaccompaniedby a reductionin thenumberof visitedstates,and

thereforein thespacerequirementsof real-timesearch,asresultsin [153] indicate.

k We designeda new action-selectionrule for online, dynamicprogrammingmethods. We

have shown how to implementit in the caseof deterministictaskdomains. This rule has

greatpotentialrelevanceto thereinforcement-learning community, sincethevastmajorityof

existing methodsin this areausethe greedyaction-selectionrule whenexploiting heuristic

information. Our resultssuggestthat signi�cantly fasterlearningcould result from a less

greedyexploitationrule.

k We successfullyimplementedFALCONS, a new algorithm for real-timeheuristicsearch.

FALCONS exhibits signi�cantly higherperformancethanstate-of-the-artreal-timeheuristic

searchmethods. More precisely, FALCONS reducesboth the numberof actionsand the

numberof trials it takesto converge. We resolvednon-trivial problemsin orderto guarantee

thatFALCONSterminatesandconvergesto ashortestpath.
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CHAPTER III

SCALING UP WA* WITH COMMITMENT AND DIVERSITY Š

3.1 Introduction

Adding greedinessis a standardway of scalingup A* searchto larger problemswhile sacri�cing

solutionquality. WeightedA* (or WA*) embodiesthis trade-off by varying the weight it putson

the heuristicvalues.Recently, two improved versionsof WA* have beenproposedto speedit up

andscaleit upto evenlargerdomains.Theserecentvariantsof WA* weredevelopedindependently

andhave never beencompared.In this chapter, we �rst comparethemempirically in threebench-

markdomains.Then,we demonstratetheadditionalbene�t of combiningthem,sincetheresulting

algorithmscalesup to largerproblems.Finally, we observe thestrongsimilarity betweenour new

algorithmandanexisting algorithmcalledbeamsearch. This fuller understandingof thebehavior

of beamsearchenablesusto proposepossiblevariationson thestandardbeamsearchalgorithm.

Thestartingpoint of this work is theexistenceof two separatelinesof researchthathave pro-

ducedtwo distinctvariantsof WA*. First,K-Best-FirstSearch(KBFS) introducesdiversityin WA*

(resultingin theKWA* algorithm[37]) in orderto avoid focusingtoo muchsearcheffort in areas

of the searchspacewherethe heuristicfunction is misleading.Second,Multi-StateCommitment

searchintroducescommitmentin WA* (resultingin theMSC-WA* algorithm[88]) in orderto give

it a strongerdepth-�rst component.While WA* only scalesup to the 24-Puzzlein our empirical

setup,eachof thesealgorithmsscalesup to the35-Puzzle.

Following anempiricalcomparisonof thesethreealgorithms,weproceedto show thattheideas

of commitmentanddiversitycanbecombinedandappliedto WA* (seeFigure10). Theresulting

algorithm,which we call MSC-KWA*, scalesup to the 48-Puzzle,while neitherMSC-WA* nor

KWA* doesin our empiricalsetup.Theseandsimilar empiricalresultswith our two otherbench-

mark domainssupportour hypothesisthat WA* solveslarger problemswhenit is enhancedwith

‹

This chapter�rst appearedas[48].
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A*
[Hart et al. 1968]

WA*
[Pohl 1970]

Add greediness

KWA*
[Felner et al. 2003]

Add diversity

MSC-WA*
[Kitamura et al. 1998]

Add commitment

MSC-KWA*
[This work]

Add commitment Add diversity

Figure10: Roadmapfor this research

bothdiversityandcommitment.

This chapteris structuredasfollows. Sections3.2, 3.3, and3.4 presenttheWA*, KWA* and

MSC-WA* algorithms,respectively. Section3.5 motivatesand describesthe new MSC-KWA*

algorithmthatresultsfrom addingbothdiversityandcommitmentto WA*. Section3.6 reportson

our empiricalevaluationof all four algorithmsin threebenchmarkdomains.Sections3.7 and3.8

discussrelatedandfuture work, respectively. Finally, Section3.9 concludesby summarizingour

contributions.

3.2 TheWA* algorithm

A* [59, 60] is a best-�rst searchalgorithmsinceit alwaysexpandsnext a mostpromisingstatein

the currentlist of candidates.This list, calledOPEN, containsall the generatedstatesthat have

not yet beenexpanded.Thepromiseof anopenstateis representedby anestimateof thecostof a

shortestpathfrom thestartvia theopenstateto agoalstate.This estimate,calledthef-valueof the

state,is thesumof thecostof theshortestpathfoundsofar from thestartto thestate(its g-value)
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1. procedureWA*( Ö3×©ØZÙtÚ'Ø , Û{ÜcÝ@Þ4ßXàwá0ß›â•ã'ähå , æ2ç , æGè ): solutioncost
2. éˆã0Ö ×©ØZÙtÚ'Ø å := ê ; ë•ã0Ö ×•ØZÙtÚ•Ø å := Û‘Ü+Ý@Þ4ßXà4á0ß›â<ã0Ö ×©ØZÙtÚ'Ø å ; ì í·îHï := ð?Ö ×©ØZÙtÚ'Ø³ñ ; ò•óGìAô{îHõ := ö

3. while ( ì·í îHïÏ÷

ø

ö ) do
4. à4á•ùQá•Ü := arg minú¨ûaüˆý‘þYÿŽðAæ2ç�� éˆã0Ö?å�� æ6è��lë>ãjÖ?å ñ

5. ì·í î ï := ì í·îHï��Œð•àwá•ùQá•Ü ñ

6. ò•óGìAô{îHõ := ò•ó2ì)ô@î õ��¸ð•àwá•ùQá•Ü ñ

7. é := éˆã'à4á©ù3á©Ü?å	��


8. for eachsuccessorÖ of à4á•ùQá•Ü do
9. if ( Ö

ø

Öbç
����� ) then return é

10. if ( Ö��

�

ì·í îHï��^ò•ó2ì)ô@îHõ ) then é ãjÖ?å := é ; ë>ãjÖ?å := Û‘Ü+Ý@Þ4ßXà4ájß›âŒã0Öfå ; ì·í î ï := ì í·îHï��)ðQÖ ñ

11. elseif ( é���é ãjÖ?å ) then
12. if ( Ö

�

ì·í îHï ) then ì í·îHï := ì·í îHï��ŒðQÖ ñ else òSóGì)ô@îHõ := ò•ó2ì)ô{îHõ��ŒðQÖ ñ

13. é ãjÖ?å := é ; ì·í î ï := ì·í î ï���ð?Ö ñ

14. end for
15. endwhile
16. return �

Figure11: TheWA* algorithm

andthecostof theremainingpathfrom thestateto a goal(its h-value).Sincea pathfrom anopen

stateto a goal is not yet known, its h-valueis computedusinga heuristicfunction. If this function

is admissible(thatis, no h-valueoverestimatesthetruecostof ashortestpathto a goal),thenA* is

complete,it returnsanoptimalsolution,andit is optimallyef�cient amongall admissiblebest-�rst

searchalgorithms[131].

Its exponentialspace-andtime-complexity preventsA* from solvinglargeproblems.Oneway

to scaleup A* is to make thesearchmoregreedyby puttinga largerweighton � thanon � when

addingthemup to computethe f-valueof eachstate[132, 52]. WA* usesthis new de�nition of

the f-value of a state : : �G%•:Y, ���
x

�ž�

%•:Y,

�

���

�_�

%•:Œ, , ���9~��
x

~�m . Equivalently, 
 is

de�ned asthe relative weighton theh-value,that is 
 � � �

�

±"!

�

�

. �G%•:Œ, canthenbe re-writtenas

%w�EÁÐ
�,

�

%•:Y,

�




�Ñ�

%•:Y, . When 
 � mˆP

� (equivalently �
x

�#���Ž| m ), WA* reducesto A*.

When 
 |CmˆP

� (equivalently �$� |%�
x ), WA* is moregreedythanA*. Increasing
 increases

thecostof thesolutionfoundby WA* (which is notadmissibleanymore)but it alsospeedsupWA*

by reducingthe numberof statesit generates.[24] shows that, in the worst case,the costof the

solutionreturnedby WA* exceedsthe optimal costby a factorequalto ���‘“&�
x . In practice,the

solutioncostreturnedby WA* is muchlower thanthisupperbound(see,for example,[99], aswell

asourexperimentalresultsreportedbelow).
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Figure11 containsthepseudo-codefor our implementationof WA*, which embodiesthe fol-

lowing assumptions:1) thereis asinglegoalstatedenoted:{xcy ucz
, and2) eachoperator(or action)has

a uniform costof, say, one. Theseassumptions,while not essentialto thebehavior of WA*, make

thepseudo-codemoreconcise.1 WA* takesasinput thestartstate(andimplicitly thedomainop-

erators),a heuristicfunction(which associatesanh-valuewith eachstate),andtheweightsapplied

to the g- andh-valuesin the f-valuecomputations(or, equivalently, a singleparameter
 ). The

OPENlist is initialized with thestartstate(Line 2). Eachgeneratedstateis storedin memorywith

its g- andh-value. Theformer is computedasstatesaregeneratedduringthesearch(Lines2&7),

while the latter is computedusingthe given heuristicfunction (Lines 2&10). The CLOSEDlist,

alsoinitialized on Line 2, containsthesetof expandedstates.Themain loop (Lines3-15) is exe-

cuteduntil the OPENlist is empty, in which casethereexists no solutionpath(Line 16), or until

thegoal is generatedfor the �rst time (Line 9). During eachiteration,thebeststateis selectedin

OPEN(Line 4). It is movedfrom OPENto CLOSED(Lines5&6), sinceit is aboutto beexpanded

(Lines8-14). If a successoris newly generated,it is insertedinto OPEN(Line 10). Otherwise,it

mustbein eitherOPENor CLOSED.In bothcases,if thenewly foundpathis shorterthanthebest

onefoundsofar(Line 11),thesuccessoris removedfrom its currentlocation(Line 12)andinserted

into OPENwith its new, reducedg-value(Line 13). Otherwise,thesuccessoris discarded.

The two extensionsof WA* describedin Sections3.3 & 3.4 arealternatives to the following

two characteristicsof WA*. First, WA* expandsonly onestateper iteration. In contrast,KWA*

expandsK ( � ~ � ) statesper iteration. Second,WA* keeps(in OPEN)all generatedstatesas

potentialcandidatesfor expansion.In contrast,MSC-WA* reducesthesizeof thesetof candidates

for expansionto a small constant. The next two sectionsdescribethesetwo variantsof WA*,

respectively.

3.3 TheKWA* algorithm: Introducing diversityin WA*

WA* is a greedyversionof A*. This hastwo implications. First, like A*, WA* is a best-�rst

searchalgorithmthatalwaysexpandsnext themostpromisingnode,namelyanopennodewith the

1Thepseudo-codealsoomitsthemanagementof back-pointersthatenabletherecovery of thesolutionpathwhenthe
searchterminatesat thegoalstate.
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smallestf-value.Second,sinceit is greedy, WA* putsmoreweightontheh-valuethanA* does,and

themoreso,thecloserto 1 thevalueof 
 . As a result,WA* is likely to get trappedin regionsof

thesearchspacein which theh-valuesaremisleading(namely, too low). This problemis common

amonggreedysearchalgorithms,whichareattractedto localminima.

K-best-�rst search(KBFS) is ananswerto thisproblem:it reducesthegreedinessof thesearch

by re-introducinga breadth-�rst componentinto best-�rst search[37]. The idea is to expand �

nodes( � ~�� ) ateachiterationof themainloop,insteadof justoneasin standardbest-�rst search.

Applied to WA*, this idearesultsin theKWA* algorithm.

Figure12containsthepseudo-codefor KWA*. Theonly differencewith WA* is thatLines4-6

in Figure11, in which a singlemostpromisingnodeis selectedfor expansion,arereplacedwith

Lines4-10 in Figure12, in which � mostpromisingnodesareselectedfor expansion.Later (see

Lines11-21in Figure12), thesenodesareexpandedin parallelsothatthesetof all theirsuccessors

is addedto OPENbeforethenext iterationbegins.Thisis thecrucialpointin orderto avoid focusing

thesearchgreedily(andoftenwastefully)arounda localminimum.

To illustratethis point, let us considerthe following example. Assumethe startstatehastwo

successorswith f-valuesequalto 10and20,respectively. Notethat,sinceweareinterestedin cases

with 
 | � , the f-valuesarenot monotonicallyincreasingwhengoing down the tree. Further

assumethat thegoal is only reachablevia thesecondsuccessor. Therefore,choosingthe�rst suc-

cessorto expandnext is a mistake for WA*. If the �rst successoris the root of a large sub-tree

whosestatesalsohave misleadingh- andthusf-values,WA* keepsexploring this sub-treeuntil all

f-valuesin theOPENlist becomelarger thanor equalto 20. This happensbecauseWA* focuses

thesearchon a singlesuccessorof thestartstate.In contrast,whenexpandingthe � bestnodesin

OPEN(for ���"! , say),KWA* expandsthestartstatein the�rst iteration.At thispoint,theOPEN

list containsthetwo successorsof thestartstate.KWA* expandsthembothin theseconditeration.

All their successorsareaddedto theOPENlist. Two of themarethenselectedfor expansion.The

differencenow is thatthereis a chancethatoneof them(or both)is in the`good' sub-tree,namely

the onerootedat the secondsuccessorof the startstate. This is a way of addingdiversity to the

search,asopposedto focusingon a singlesub-tree.Of course,this diversitymaybeadvantageous

at variouslevels in thesearchtree,not just at thestartstate.Generallyspeaking,thelarger � , the
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1. procedureKWA*( Ö3×©ØZÙtÚ'Ø , Û{ÜcÝ@Þ4ßXàwá0ß›â•ã'ähå , æ2ç , æ6è , ' ): solutioncost
2. é ãjÖ ×•ØZÙtÚ•Ø å := ê ; ë>ãjÖ ×•ØXÙtÚ'Ø å := Û{ÜcÝ@Þ4ßXà4ájß›âŒã0Ö ×•ØZÙtÚ•Ø å ; ì·í îHï := ðQÖ ×©ØZÙtÚ'Ø³ñ ; ò•ó2ì)ô{îHõ := ö

3. while ( ì·í îHï ÷

ø

ö ) do
4. ô@î�( := ö

5. while ( ( ì·í îHïÏ÷

ø

ö ) and ( )hô{î�(*)+�,' ) ) do
6. àwá•ùQá•Ü := arg minú¨ûaü ý{þYÿŽðbæ2ç�� é ãjÖ?å	� æ6è��lë>ãjÖ?å ñ

7. ô@î�( := ô{î�(-��ð•à4á©ù3á©Ü ñ

8. ì í·îHï := ì·í îHï��Yð<à4á©ù3á©Ü ñ

9. òSóGì)ô@îHõ := ò•ó2ì)ô{îHõ.��ð•à4á©ù3á©Ü ñ

10. endwhile
11. for each à4á©ù3á©Ü in ô{î�( do
12. é := é ã•à4á©ù3á©Ü?å���


13. for eachsuccessorÖ of àwá•ùQá•Ü do
14. if ( Ö

ø

Ö ç
�/�0� ) then return é

15. if ( Ö1�

�

ì·í îHï2��ò•ó2ì)ô@î õ ) then
16. é ãjÖ?å := é ; ë•ã0Öfå := Û{ÜcÝ@Þ4ßXàwá0ß›â•ãjÖ?å ; ì·í îHï := ì·í îHï2�¸ð?Ö ñ

17. elseif ( é��Jé ãjÖ?å ) then
18. if ( Ö

�

ì·í î ï ) then ì·í îHï := ì·í îHï��Yð?Ö
ñ else ò•ó2ì)ô@î õ := òSóGì)ô@îHõ��Yð?Ö

ñ

19. é ãjÖ?å := é ; ì·í îHï := ì·í îHï2��ðQÖ
ñ

20. end for
21. end for
22. endwhile
23. return �

Figure 12: TheKWA* algorithm

larger theprobability thata nodeon theoptimalpathwill beselectedduringthenext iteration. In

the extremecase,when � �™q , KWA* reducesto breadth-�rstsearchsincethenall nodesat a

given level in thesearchtreeareexpandedin parallel. Theprobabilityof oneof thembeingon an

optimalpathis equalto 1. Thepriceto payfor this increaseddiversityis therisk of generatingmuch

morenodesat eachiterationthanis necessary, asis clearin theextremecasewhenKWA* reduces

to uninformedsearch.

3.4 TheMSC-WA* algorithm: Introducing commitmentin WA*

As a greedyversionof A*, WA* putsmoreweighton theh-valuethanA* does.Therefore,WA*

with 
 |}mˆP

� expandsearly on somenodeswith low h-valueseven whentheir g-value is high

enoughfor A* to delay their expansion. As a result,WA* searchexhibits a strongerdepth-�rst

characteristicthanA* search.ThisenablesWA* to solve largerproblemsthanis possiblewith WA*

(at the expenseof solutionquality). For example,becauseits memoryconsumptionis reduced,

WA* cansolve any randominstancesof the 15-Puzzle,while A* often runsout of memory. To

summarize,WA* increasesgreedinessin orderto scaleup A*.

48



Anotherway to scaleup A* with a depth-�rst component,is to focusthe searchon a sub-set

of nodesin the OPENlist. This is the ideabehindMulti-StateCommitment(MSC) search[88].

Applied to WA*, this idearesultsin theMSC-WA* algorithm.

WA* keepsin OPENthe endpoints(that is, nodes)of all pathscurrentlyunderconstruction.

SoWA* doesnot committo any region of thesearchspace:basedon thelowestf-value,WA* can

expandnext any nodein OPEN,evenif it is verydistant(in thesearchspace)from themostrecently

expandednode. WA* canjump aroundthe statespaceindiscriminatelyamongopennodes.This

is bene�cial sinceit allows WA* 1) to stopexploring a promisingregion of thesearchspacewhen

laterexpansionsrevealthatits h-valuesaremisleadingand2) to restartexplorationfrom adifferent

nodein OPEN.Unfortunately, this “insurance”againstmistakes comesat the costof growing a

wide searchfront. In this sense,WA* doesnot make any commitment:any nodein OPENcanbe

expandednext if its f-valuewarrantsit. In short,lack of commitmentleadsto a wide searchfront,

which in turn resultsin large memoryrequirementsandthuspoorscaling(asdemonstratedby the

performanceof WA* in the35-Puzzle,seeTable9).

To addressthis problem,[88] introducesthe notion of commitment, accordingto which only

a sub-setof the OPENnodesarecurrentlyactive andstoredin the COMMIT list. Only oneof

themcanbeexpandednext. Theothernodesin OPENareon theRESERVE list. They areusedto

re�ll theCOMMIT list whenit becomessmallerthanits prede�nedsize � . Decreasing� means

sharpeningthefocusof thesearchto a smallersub-setof theopennodes.In turn, this introducesa

strongerdepth-�rst searchcomponentin orderto scaleup thesearchto largerproblems.Applied to

WA* this idearesultsin MSC-WA*.

The �rst differencewith WA* is that theOPENlist is split into theCOMMIT andRESERVE

lists. While the former plays the role of a smallerOPEN list, the latter is usedas storagefor

generatednodesthatarenot currentlycommittedto but thatthesearchmayreturnto lateron. This

is usefulbecauseof the seconddifferencewith WA*, namelythe fact that MSC-WA* never re-

expandsa node,even if a shorterpathto it is later found (the designersof MSC-WA* madethat

designchoicebecausethey weremoreinterestedin �nding solutionsquickly thanin the solution

cost[88]). As a result,theCOMMIT list maynotbe�lled to capacityor mayevenbecomeempty.

Figure13 containsthepseudo-codefor MSC-WA*. Thealgorithmtakesonemoreparameter
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1. procedure MSC-WA*( :436587�9:5 , ;=<?>A@CBED"F6B:G‘%¨P—, , � x , ��� , � ): solutioncost
2. �

%•:H365I7
9:5¨, := m ; �

%•:H365I7
9:5¨, := ;A<J>K@"BED"F6B:G‘%•:H365I7
9:5t, ; L*MONPNRQTS := M•:H36587�9:54T ;
3. U�VXW=VOU�YZV := [ ; L]\�MXWAVO^ := [

4. while ( L*MONPNRQTS œ�_[ ) do
5. D?Fa`TFb< := arg minr4£dc	eKf*fXg�h Mi� x

�8�

%•:Y,

�

���

���

%•:Y,2T

6. L*MONRNPQTS := L*MONPNPQTS�j‘MTD"Fa`TFb<aT

7. L]\�MXWAVO^ := L]\iMXW=VO^lk’MTD"Fa`TFb<‘T

8. for eachsuccessor: of D"Fa`TFb< do
9. if ( :š�
:<xcy

ucz
) then return �

10. if ( :8“ 7�L*MONPNPQTSmknU�VXW=VOU�YZVokpL]\iMXWAVq^ ) then
11. �

%•:Œ, := �

%�D"Fa`HFb<@,

�

� ; �

%•:Y, := ;A<J>K@"BED"F6B:Ga%•:Y, ; L*MONRNPQTS := L*MONRNPQTSrk�M•:@T

12. end for
13. while ( s6L*MONRNPQTS�s†|�� ) do
14. D"Fa`TFb< := arg maxr+£�c�eKfXfXg
hJM*�

x

�8�

%•:Y,

�

���

���

%•:Œ,6T

15. L*MONPNRQTS := L*MONRNPQTS�j‘MTD?Fa`TFb<‘T

16. U�VXW=VOU�YZV := U�VXW=VOU�YZVok’MTD"Fa`TFb<‘T

17. endwhile
18. while ( ( s6L*MONRNPQTS�san�� ) and ( stU�VXW=VOU�YZV�sˆ|om ) ) do
19. D"Fa`TFb< := arg minr+£Tu�vKw?vAuZxyv Mi�

x

�8�

%•:Y,

�

���

���

%•:Y,2T

20. U�VXW=VOU�YZV := U�VXW=VOU�YZV�j‘MTD?Fa`TFb<‘T

21. L*MONPNRQTS := L*MONRNPQTS�k�MTD?Fa`TFb<‘T

22. endwhile
23. endwhile
24. return q

Figure13: TheMSC-WA* algorithm
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thanWA*, namelythe size � of the COMMIT list. The COMMIT list is initialized to the start

state,while theRESERVE andCLOSEDlists areinitially empty(Lines2&3). Thenthemainloop

(Lines4-23) is executeduntil COMMIT is empty(in which casethereis no solution,Line 24) or

until thegoal is generatedfor the �rst time (Line 9). At eachiteration,thebestnodein COMMIT

is selectedfor expansionandmovedto theCLOSEDlist (Lines5-7). Every newly generatednode

is addedto theCOMMIT list (Lines10-11). If theCOMMIT list is too large, the leastpromising

nodesaremoved to the RESERVE list (Lines 13-17). but if the COMMIT list not full, the most

promisingnodesin theRESERVE (if any) areusedto �ll it up (Lines18-22).

To illustratethe behavior of MSC-WA*, we now considertwo extremecases.When �™��� ,

MSC-WA* performsa greedysearch.Startingwith the startnode,the currentnodeis repeatedly

removed from COMMIT (which is now empty)andexpanded.All its successorsareaddedinto

COMMIT. All but themostpromisingonesareimmediatelymovedto theRESERVE. At theendof

eachiteration,theCOMMIT list only containsthebestsuccessorof thecurrentnode.This depth-

�rst searchstopswhenthegoalis reachedor whenadead-endis reached(eitherbecausethereexists

a dead-endin thesearchspaceor becauseno new stateis reachablefrom thecurrentone). In the

lattercase,thesearchis restartedfrom thebeststatein theRESERVE.

When �™�™q , the COMMIT list never �lls up andthe RESERVE list remainsempty. As a

result,COMMIT behaveslike theoriginalOPENlist. In this case,MSC-WA* reducesto a version

of WA* thatnever re-expandsa node.When � rangesfrom 2 to in�nity , MSC-WA* becomesless

andlessfocusedandresemblesmoreandmorebest-�rst searchwith no commitment.MSC-WA*

grows a searchtreein which at most � leavesareactive at any time. Somechildrenof the just-

expandednodemaybepreferredover nodesin theRESERVE with smallerf-values.This sharper

focusexplainshow MSC-WA* is ableto scaleup greedybest-�rst searchto larger domainsthan

WA* canhandle.

3.5 TheMSC-KWA* algorithm: Combiningdiversityandcommitment

In this section,we �rst contrastthe effects of diversity and commitmenton the performanceof

best-�rst search.Sincetheseideasareorthogonal,we thenshow how to combinetheminto a new

algorithm(MSC-KWA*) thatscalesup to largerproblemsthanis possiblewith diversity (KWA*)
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or commitment(MSC-WA*) alone.

3.5.1 Comparing the behaviors of KWA* and MSC-WA*

Whenassessingthebehavior of our heuristicsearchalgorithms,we usefour standardperformance

measures,namelymemoryconsumption,solutioncost,searcheffort, andruntime. Sinceour pri-

maryobjective is to scaleup best-�rst searchto largerdomains,andsincethememoryusageis the

mainobstaclein this respect,the memoryconsumptionis our primary focus. Whentheavailable

memoryis enoughfor analgorithmto terminatesuccessfullyon all instances,thesolutioncostis

our secondaryperformancemeasure.This preference(over searcheffort andruntime)is justi�ed

by thefactsthat:

k The searcheffort (that is, the numberof generatednodes)is strongly correlatedwith the

memoryconsumption,asourempiricalresultshavedemonstratedfor all thealgorithmsunder

consideration.

k Theruntimeis on theorderof secondssincethememorytypically availableon currentPC's

is quickly �lled upby best-�rst searchalgorithmssuchasvariantsof WA*. 2

In summary, our comparisonfocusesprimarily on thefunctionalrelationshipbetweenthememory

consumptionandthesolutioncost.

In this sub-section,we usea preview of our empiricalresultsin the
�

-puzzleto comparethe

behaviors of KWA* andMSC-WA*. Sinceeachof theKWA* andMSC-WA* algorithmshastwo

parameters(namely, 
 andeither � or � ), our full empiricalresultsarestructuredastwo setsof

memory-costfunctionsparameterizedon eachparameter(seeSection3.6). Here in contrast,we

abstractaway the in�uence of theseparametersandusegraphsthat associatewith eachsolution

costtheminimummemoryconsumptionoverall settingsof theparameters.Wethusobtainasingle

curve peralgorithm. In essence,we consideran idealizedsituationin which anoracletells us the

parametersettingsthatminimizethememoryconsumptionfor a givensolutioncost.Theresulting

curvesareshown in Figure14 for the
�

-Puzzlewith
�

�_z†(3�

�

(c!ŒÇ (cÌ

� .

Weobserve thefollowing trends:

2In this chapter, we do not considermemory-boundedalgorithms(e.g.,[96, 19, 143, 86, 177]) because,eventhough
they do not runoutof memory, they exhibit unacceptablylargeruntimesdueto their node-regenerationoverhead.
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Figure 14: Performancecomparison:WA*, KWA*, andMSC-WA* in the
�

-Puzzle

k Thelarger thedomain,themoreKWA* reducesthememoryconsumption(for a givensolu-

tion cost)overWA*. While thereis nosigni�cant improvementin the8-Puzzle,thereduction

is signi�cant in the15-Puzzleandevenlarger(aboutanorderof magnitude)in the24-Puzzle.

Becauseof this effect, KWA* is ableto �nd shortersolutionsthanWA* in both the15- and

24-Puzzlewithin theavailablememory. In otherwords,KWA* enlargestherangeof reach-

ablesolutioncoststowardthesmallend(thatis, towardtheleft in the�gures) while reducing

the memoryconsumption(that is, a shift toward the bottomin the �gures). Becauseof its

reducedmemoryconsumption,KWA*, unlike WA*, is ableto solve the35-Puzzle.

k While MSC-WA* doesnot improveoverthememoryconsumptionof WA* (over therangeof

solutioncostsobtainableby WA*), its mainadvantage,from ourperspective, is thatit enlarges
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this rangetoward the large end(that is, toward the right in the �gures) while reducingits

memoryconsumption(thatis, towardthebottomin the�gures). Unfortunately, themagnitude

of this effect seemsto decreaseas
�

increases.Nevertheless,MSC-WA* cansolve the35-

Puzzle,whichWA* cannot.

k As a result,KWA* andMSC-WA* improve over WA* in two differentways. Becauseof

its strongerbreadth-�rstsearchcomponent,KWA* improvessolutionqualitysothatit moves

(andextends)theWA* curvetowardtheleft. Becauseof itsstrongerdepth-�rstsearchcompo-

nent,MSC-WA* improvesits memoryconsumptionsothatit extendstheWA* curve toward

thebottom(andtheright).

Table8: Comparisonof WA*, KWA*, andMSC-WA* in the
�

-Puzzle
�

Perf. WA* KWA* MSC-WA*
Measure Value 
 Best Value 
 � Best Value 
 � Best

8

Min Cost 21.85 0.50 { 21.85 0.50 2 { 22.01 0.50 800
Min Sto. 452 0.86 464 0.86 2 292 0.80 2 {

Min Gen. 514 0.86 519 0.99 4 296 0.80 2 {

Min Time

15

Min Cost 63.51 0.67 53.85 0.67 50K { 56.29 0.60 80K
Min Sto. 6,050 0.99 6,028 0.99 8 4,113 0.95 20 {

Min Gen. 6,972 0.99 6,704 0.99 8 4,191 0.95 20 {

Min Time 0.003 0.99 0.003 0.99 5 0.002 0.99 6 {

24

Min Cost 165.16 0.75 113.56 0.99 20K { 164.56 0.75 90K
Min Sto. 44,097 0.99 32,567 0.99 5 { 36,907 0.99 300
Min Gen. 56,070 0.99 43,578 0.99 4 37,832 0.99 300 {

Min Time 0.027 0.99 0.021 0.99 4 { 0.021 0.99 50K {

35

Min Cost 236.50 0.99 7K { 472.10 0.90 3K
Min Sto. 417,675 0.95 20 { 456,777 0.99 90
Min Gen. 652,100 0.95 500 467,586 0.99 90 {

Min Time 0.377 0.95 500 0.297 0.99 90 {

48

Min Cost
Min Sto.
Min Gen.
Min Time

Table 8 provides a different view of the empirical comparisonof WA*, KWA*, and MSC-

WA* — one that moves from curves to singlepoints, andone that encompassesall four of our

performancemeasures.Eachrow (onefor eachsize
�

of thepuzzleandeachperformancemeasure)

reportstheminimumvalueobtainedby eachalgorithmfor thisperformancemeasure.Eachrow also
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reports,for eachalgorithm,oneparametersettingwith which thealgorithmreachestheminimum

valueof this performancemeasure.Finally, a checkmarkindicatesthatthealgorithmis within one

percentof theminimumvaluereportedin therow. A checkmarkthusmeansthatthis algorithmis

thebestaccordingto theperformancemeasureandfor this puzzlesize. Emptycells indicatethat

thealgorithmdoesnot solve all instancesof this
�

-Puzzle(exceptfor the8-Puzzle,in which case

runtimesarenot reportedbecausethey areinsigni�cant).

First, bothKWA* andMSC-WA* improve on WA* sinceonly they cansolve all instancesof

the 35-Puzzle.Second,becauseof its breadth-�rst searchcomponent,KWA* is always the best

algorithmaccordingto solutionquality. Third,becauseof its depth-�rst (greedy)component,MSC-

WA* is alwaysthebestalgorithmaccordingto thesearcheffort (numberof generatednodes)and

theruntime.Fourth,bothKWA* andMSC-WA* beatWA* accordingto thememoryconsumption

(numberof storednodes).However, no algorithmconsistentlybeatsthe other in this dimension.

Finally, noneof thealgorithmsis ableto solve all instancesof the48-Puzzlein ourempiricalsetup.

3.5.2 The MSC-KWA* algorithm

Ourpreview of resultsin the
�

-PuzzlesuggeststhatKWA* andMSC-WA* havedistinctadvantages

over WA*. It is naturalto wonderwhethertheseadvantagescanbe cumulatedby combiningthe

conceptsof diversity and commitmentin order to scaleup to even larger domains,suchas the

48-Puzzle.Wenow turn to thisquestion.

By forcing the searchto commit to a sub-setof the OPEN list (namelythe COMMIT list),

MSC-WA* usesCOMMIT in therole of OPEN(while RESERVE is only usedto re�ll COMMIT

whennecessary).As a result,MSC-WA* is morefocusedthanWA* andis thusaslikely (or even

more)to beled by misleadingheuristicvaluesinto goal-freeregionsof thesearchspace.Oneway

to alleviate this problemis to adddiversity to theMSC-WA* search.We proposeto introduceinto

MSC-WA* themechanismusedby KWA*: insteadof expandingthebestnodein COMMIT ateach

iteration,we proposeto expanda sub-setof thebest� �"� nodesin COMMIT in parallelat each

iteration.Wecall theresultingalgorithmMSC-KWA*.

Figure15 containsthepseudo-codefor MSC-KWA*. It takesthreeparameters,namely 
 , � ,

and � . After initializing theCOMMIT andRESERVE lists identicallyto MSC-WA* (Lines2 & 3),
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1. procedure MSC-KWA*( :436587�9:5 , ;A<?>A@"B|D?F6B6Ga%¨P—, , � x , ��� , � , �ª�o� �9� ): solutioncost
2. �

%•:H365I7
9:5¨, := m ; �

%•:H365I7
9:5¨, := ;A<J>K@"BED"F6B:G‘%•:H365I7
9:5t, ; L*MONPNRQTS := M•:H36587�9:54T ;
3. U�VXW=VOU�YZV := [ ; L]\�MXWAVO^ := [

4. while ( L*MONPNRQTS œ�_[ ) do
5. W=V�S := [

6. while ( ( L*MONRNPQTS�œ �2[ ) and ( s}W=V�S~sano� ) ) do
7. D"Fa`HFb< := arg minr+£�c�eKfXfXg
hJM•� x

�8�

%•:Y,

�

���

���

%•:Y,cT

8. WAV1S := W=V�Smk�MTD?Fa`TFb<aT

9. L*MONPNRQTS := L*MONRNPQTS�j‘MTD?Fa`TFb<‘T

10. L]\iMXWAVq^ := L]\�MXWAVO^€k�MTD"Fa`HFb<‘T

11. endwhile
12. for each D"Fa`TFb< in WAV1S do
13. � := �

%�D"Fa`TFb<{,

�

�

14. for eachsuccessor: of D?Fa`TFb< do
15. if ( :À�":•xcy

ucz
) then return �

16. if ( : “7oL*MONRNPQTSmk•U�VXWAVqU�YZV‚k.L]\�MXWAVO^ ) then
17. �

%•:Y, := �

%�D"Fa`TFb<@,

�

� ; �

%•:Y, := ;A<J>A@CBED"F6B:G‘%•:Y, ; L*MONPNPQTS := L*MONPNRQTS�k¾M•:{T

18. end for
19. end for
20. while ( s6L*MONRNPQTS�s†|�� ) do
21. D"Fa`TFb< := arg maxr+£�c�eKfXfXg
hJM*�

x

�8�

%•:Y,

�

���

���

%•:Œ,6T

22. L*MONPNRQTS := L*MONRNPQTS�j‘MTD?Fa`TFb<‘T

23. U�VXW=VOU�YZV := U�VXW=VOU�YZVok’MTD"Fa`TFb<‘T

24. endwhile
25. while ( ( s6L*MONRNPQTS�san�� ) and ( stU�VXW=VOU�YZV�sˆ|om ) ) do
26. D"Fa`TFb< := arg minr+£Tu�vKw?vAuZxyv

Mi�

x

�8�

%•:Y,

�

���

���

%•:Y,2T

27. U�VXW=VOU�YZV := U�VXW=VOU�YZV�j‘MTD?Fa`TFb<‘T

28. L*MONPNRQTS := L*MONRNPQTS�k�MTD?Fa`TFb<‘T

29. endwhile
30. endwhile
31. return q

Figure 15: TheMSC-KWA* algorithm
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Figure 16: The15-Puzzle

themainloop(Lines4-30)is executeduntil theCOMMIT list is empty, in whichcasethereexistsno

solutionpath(Line 31),or until thegoalis generatedfor the�rst time (Line 15). At eachiteration,

the best � nodesin COMMIT areselectedfor expansion(Lines 5-11) and all newly generated

nodesareaddedinto COMMIT (Lines12-19).Finally, eitherexcessnodesin COMMIT aremoved

into RESERVE (Lines 20-24),or COMMIT is re�lled usingRESERVE nodes(Lines 25-29), if

necessaryandpossible.

3.6 Empirical evaluation

We have testedWA*, KWA*, MSC-WA* andMSC-KWA* in threestandardbenchmarkdomains.

First,we introducethesedomains.Then,we describeour empiricalsetup.Finally, we presentand

discussour results.

3.6.1 The
�

-Puzzledomain

The
�

-Puzzleis a famoussliding-tilepuzzle[84] thathasoftenbeenusedasa single-agentsearch

benchmarkdomainby the heuristicsearchcommunity(e.g., [30, 131, 96, 98, 99, 108, 42, 105]).

When
�

��Ë

5

Á�� (for ËK��Ì†(4Ç (

�

(QPQPQP ), the
�

-Puzzleis a Ë

�

Ë squareboardthat contains
�

numberedsquaretiles andan emptylocationcalledthe `blank' (seeFigure16 for a pictureof

the 15-Puzzlesold by Thinkfun, formerly Binary Arts). The goal of the puzzleis to repeatedly

slidea tile adjacentto theblank into its locationuntil a randominitial con�guration of thepuzzle

is transformedinto a given goal con�guration. While it is relatively easyto �nd a solution by

hand,theheuristicsearchcommunityhastypically focusedon �nding (near-)optimal solutionsto

thepuzzle.An optimalsolutionminimizesthecostof thesolution,wherea solutionis a sequence

of tile movementsthat transformthe start con�guration into the goal and its cost is the number

of movementsin thesequence.The
�

-Puzzlehasbeenanalyzedbothempirically [147, 138] and
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theoretically[137]. The latter referencecontainsa proof that optimally solving the
�

-Puzzleis

NP-hard.

In general,thesizeof thestatespacefor the
�

-Puzzle,that is thenumberof statesreachable

from thestartstate,is equalto %

�

�

�<,bÆ—“Y! . For the8-Puzzle,thissizeis relatively smallsothatthe

wholestatespacecan�t intomemoryandnon-heuristicsearchtechniques(e.g.,breadth-�rstsearch)

cansolveit optimallyin notime. The15-Puzzlewas�rst solvedoptimallyusingtheIDA* algorithm

[96] (a linear-spaceheuristicsearchalgorithm)with theManhattandistanceheuristicfunction.The

Manhattandistanceis the sum,over all tiles, of the tile's distancefrom its currentlocationto its

goal locationin boththehorizontalandverticaldirections.Sinceeachtile mustmove at leastthat

many timesto reachits goal positionandeachsliding actiononly movesonetile, the Manhattan

distance(henceforthreferredto as`MD') is anadmissibleheuristicfor the
�

-Puzzle.Thisheuristic

wasalsousedto solve largerversionsof thepuzzle(thatis, Ë |ÂÇ ) with real-timesearchalgorithms

[98].

An enhancementto MD calledthe linear con�ict heuristic(LC) increasesthe pruningpower

of MD andreducesthenumberof generatedstatesby a factorof 8 in the15-Puzzle[58]. Due to

theadditionaloverheadinvolvedin computingtheheuristicvaluefor eachnode,LC yieldsa5-fold

runtimespeedupover MD [108]. However, only whenLC wasextendedto a moregeneralway

of generatingadmissibleheuristics(calledpatterndatabases[22, 23]) was the 24-Puzzlesolved

optimally for the�rst time [108]. In a laterpaper[105], it is estimated(basedon analyticalresults

developedin [107]) thatoptimallysolvingarandominstanceof the24-Puzzlewith MD would take

onaverageabout50,000years.In contrast,theaveragesolvingtimewith patterndatabasesis 2 days

(with a ratherlargevariance).

Despiteimpressive recentimprovementsin thepatterndatabasetechnology(e.g.,[69, 36,38]),

the performanceof admissiblesearchin the 35-Puzzlecanonly be predicted(e.g.,[36]) andit is

expectedthatthispuzzlewill notbesolvedoptimally in thenearfuture.For thisreason,andbecause

it is oftenpreferableto obtainsuboptimalsolutionsfastthanto wait too long for an optimal one,

suboptimalsearchis anactiveareaof research.In thiscontext also,the
�

-Puzzleis oftenusedboth

for testingdomain-dependentsearchandlearningalgorithms[42] andasa benchmarkfor domain-

independentsuboptimalsearch[136, 98, 88, 37].
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Figure17: The4-peg Towersof Hanoi

In short, the
�

-Puzzlehasbeenandremainsa standardtool for measuringprogressin both

optimalandsuboptimalheuristicsearchalgorithms(andheuristicfunctions).In this work, we use

it to measurethe performanceof WA* andsomeof its recentvariants. In our experimentsusing

MD, WA* canonly solve all randominstancesof the
�

-puzzlefor
�

up to andincluding24. Both

KWA* andMSC-WA* scaleup to the35-Puzzlebut runoutof memoryon somerandominstances

of the48-Puzzle.Finally, thecombinationof KWA* andMSC-WA* (MSC-KWA*) doesscaleup

to the48-Puzzle.

3.6.2 The 4-pegTowersof Hanoi domain

The Towers of Hanoi problem is an old and famous problem [118, 32, 45, 160] that has

been used and studied by mathematicians,and cognitive and computerscientistsalike (e.g.,

[157, 62, 168, 127, 9, 8, 141, 117, 26, 64, 5, 145, 36]). In additionto beinga worthwhileobjectof

mathematicalstudyin its own right, theTowersof Hanoiproblemis ausefultool for demonstrating

thebehavior of recursive algorithms,aswell asa benchmarktaskfor thestudy(bothphysiological

andcomputational)of cognitive processes.

A probleminstanceis characterizedby thenumber[�~ÐÌ of pegs(or towers),thenumberƒ ~K�

of disks,andthe initial location(that is, peg) of eachdisk. No two diskshave thesamediameter.

Onepeg is identi�ed asthedestinationpeg. Theobjective is to �nd a sequenceof movesthatgets

all of thedisksstacked on thedestinationpeg. A move consistsin moving a singledisk from the

top of a stackon any peg ontoany otherpeg. Theonly constraintis thata largerdisk cannever lie

on topof asmallerdisk.

Computationalstudiesof the Towers of Hanoi problemtypically focus on the length of the

solutionsequence.The most commonlystudiedclassof instanceshas [��‰Ì . In this case,the

optimal solutioncost(that is, the lengthof a shortestsequence)is exponentialin ƒ in the worst
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case.Thisclassof problemsis consideredsolvedsincethereis aknown algorithmthatis guaranteed

to �nd optimalsolutions.In contrast,thecase[ž��Ç (calledReve's puzzle) is still open. Existing

algorithmsareonly conjecturedto beoptimal[9, 8, 145]. SinceReve'spuzzleis becomingpopular

in the heuristicsearchcommunity[103, 104, 38, 36], we useit as one of our benchmarks(see

Figure17 for a pictureof a4-peg Towersof Hanoiset).

Sinceeachof the ƒ diskscanbe on any of the four pegs andthereis only oneway to stack

a given set of disks on a peg, the ƒ -disk Reve's puzzlecontains Ç�„ distinct states. A simple

memorylessheuristicfor this puzzleis thenumberof misplaceddisks,wherea disk is misplaced

whenit is noton thedestinationpeg. Thisheuristicis clearlyadmissiblesinceeachmisplaceddisk

mustmove at leastonce. A slightly moreinformedandstill admissibleheuristicis the so-called

in�nite-peg heuristic[36]. It is obtainedby solvingoptimally a relaxed versionof Reve's puzzle,

namelyonein which therearein�nitely many pegs (or equivalently ƒ

�

Ç pegs). Unfortunately,

both of theseheuristicsare ratherpoorly informed. Therefore,we usea patterndatabaseasour

heuristicfunction. In [103, 104, 38, 36], a patterndatabasefor a Towersof Hanoi problemwith

ƒ disksis a lookup tableof the minimum costsof solving all possiblecon�gurationsof
•

�…ƒ

disks.This heuristicis clearlyadmissibleandtakesinto accountsomeof thedisk interactionsthat

memorylessheuristicsignore. The larger
•

, themoreinteractionsareaccountedfor andthemore

informedtheheuristic.In theextremecase,where
•

�€ƒ , theheuristicis perfectlyinformed.The

largestinstancessolved optimally by heuristicsearchwith patterndatabaseshave ƒ…���•z [38] 3.

We set ƒ‰�O!@! and
•

� �3Ì . The �rst valuewaschosenin orderto demonstratetheadvantageof

suboptimalsearchesfor scalingup. Thesecondwaschosenbasedon our availablememory:Our

13-diskpatterndatabaseuses64Mbytesof memory. The restof the availablememoryis usedto

storesearchnodes.

3In [38], suchlarge instancesof theTowersof Hanoi aresolved with enhancementsto the simpleideaof a pattern
databases,namelyadditive patterndatabasesandcompressedpatterndatabases.Ourheuristicdoesnot take advantageof
theseenhancements.Notethat [104] solvesoptimally oneinstancewith †ˆ‡,‰c• usingbreadth-�rstsearchandexternal
memory.
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Figure 18: TheRubik's Cube

3.6.3 The Rubik' sCubedomain

Inventedby ErnoRubik in 1974,the Rubik's Cubeis a very popularpuzzlesincemorethan100

millions units have beensold worldwide. In addition to its appealto puzzle-lovers and mathe-

maticians,the Rubik's Cubehasbeenusedby many in the arti�cial intelligencecommunityin

the context of path-planning[31], machinelearning[97, 41, 133], andespeciallyheuristicsearch

[162, 15, 35, 106, 142, 63, 69].

Thesix-facecubeis madeupof twentysmaller, movablecubies,namelyeightcornercubiesand

twelve edgecubies(thesix face-centercubiesandtheonecube-centercubiearenotmovable).The

cubiesaregroupedinto threelayersof ninecubieseach,bothhorizontallyandvertically. Eachmove

rotatesonefull layerby 90,180or 270degrees.Startingfrom arandompositionandorientationof

thetwentymovablecubies,theobjective is to �nd a sequenceof movesthatputsthecubiesinto a

pre-de�nedgoalcon�guration(e.g.,onein which eachfaceof thecubeis uniformly colored).See

Figure18 for a pictureof theRubik's CubeR
Š , a registeredtrademarkof SevenTownsLimited.

Thesearchspacefor theRubik's Cubeis an instanceof a permutationgroupthatcontainsap-

proximately Ç P Ì

�

�Qm

1b‹ distinctstates.It is believed thatany cubecon�guration canbesolved in

no morethantwentymoves[101]. OnecrucialdifferencebetweentheRubik's Cubeandour other

two domainsis thateachmove displacesseveralcubies.In contrast,eachmove in the
�

-Puzzleor

Reve's puzzledisplacesonly onetile or disk at a time, respectively. This explainswhy it is com-

paratively harderto �nd good,admissibleheuristicfunctionsfor theRubik's Cube.Becausesimple

memorylessheuristicsarenot informedenoughto makesearchef�cient onrandominstances,[101]

appliestheideaof patterndatabasesto thisdomainand,for the�rst time, �nds optimalsolutionsto

randominstancesusingasheuristicfunctionthemaximumof threepatterndatabases.At thetime
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of publication,theaverageruntimewasontheorderof two days(with a largevariance).As thesize

of RAM increases,largerpatterndatabasescanbeused,yieldingmoreinformedheuristicfunctions

and reducedruntimes. In our experiments,we useKorf's heuristicfunction, andany additional

availableRAM is usedto storethegeneratednodesneededby ourvariantsof WA*.

3.6.4 Empirical setup

Problem instances.In the
�

-Puzzle,wevary Ë from 3 to 7 (recallthat
�

�
Ë

5

Á®� ). In eachcase,

thegoalstateis thepuzzlecon�guration in which theblankis in theupperleft cornerof theboard

and the tiles arepositionedin increasingorderof their number(1 through
�

) from left to right

within a row, from the top row down. Startstatesarerandomlyselectedamongthesetthe states

reachablefrom the goal. Due to timing considerations,we choosea randomnumberof problem

instances(eachcharacterizedonly by thestartstate)equalto 1000and100for the8- and15-Puzzle,

respectively.4 For largerpuzzles,weuse50 randominstancesin eachcase(
�

�

�

(cÈ†(b‡ ).5

In the4-peg Towersof Hanoiproblem,we set ƒ equalto 22 and
•

equalto 13. Thegoalstate

hasall disksstackedup on anarbitrarypeg. Fifty initial statesareselectedby randomlyselectinga

peg asthestartingpositionfor eachdisk.

In theRubik'sCubeproblem,thegoalstateis theoriginalcon�gurationof thecube.Fifty initial

statesareobtainedby performing500-longsequencesof randommovesstartingin thegoalstate.

Implementation details. Our implementationsof theWA* variantsdescribedin this chaptershare

thefollowing features.6

k They all usethesamedatastructuresfor packedstatesandthesamehashingschemein each

domain.

k They all usethesamesuccessor-generator functionwhich determinesthesystematic(that is,

non-random)orderin whichapplicablemovesareconsideredduringexpansion.

k They all prune(thatis, do notgenerate)thesuccessorof a nodethatis identicalto theparent

of the nodein the searchtree. This simply eliminatescyclesof lengthequalto two whose

4The100randominstancesusedin the15-Puzzlearethestandardset�rst usedin [96].
5The50 randominstancesusedin the24-Puzzlearethe�rst 50 instancesin the100-longset�rst usedin [37].
6Ourcodefor all variantsof WA* resultsfrom modi�cationsto theWA* codegraciouslysentto usby RichardKorf.
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existenceresultsfrom the fact that eachmove in the puzzleis reversible(that is, the state-

spaceis really an undirectedgraph). In addition, the samedisk (layer) cannotbe moved

twice in a row in theTowersof Hanoiproblem(Rubik's Cube)sincethestateresultingfrom

the sequenceof two suchmovescanbe reachedin a singlemove. Finally in the Rubik's

Cube,oppositefacesarearbitrarilyordered(pairwise)andsuccessivemovesof oppositefaces

areforcedto follow this orderso that redundant,commutative sequencesof two movesare

avoided. Theseconstraintsappliedduring nodeexpansionarestandard,domain-dependent

waysof reducingthebranchingfactorsof eachdomainto makesearchasef�cient aspossible.

k They sharethe sameterminationcondition,sincethey all stopassoonasthe goal stateis

generatedfor the�rst time.

Ourexperimentsin the
�

-Puzzle(in theRubik'sCubeandTowersof Hanoi,respectively) were

performedon a Pentium-IVPC clocked at a 2.2 GHz (on a Pentium-III PC clocked at 1.4 GHz,

respectively) andwith enoughmemoryto storea few million nodes.Thisnumberof storednodesis

thesizeof our hashtable.Thetimingsreportedbelow alwaysexcludethetimingsof initializations

(of thehashtable,OPENlists,etc.) sincetheseareidenticalacrossinstancesandvariantsof WA*.

Runtimesarealwaysfor thesearchphaseitself.

Performancemeasures.All algorithmsareevaluatedaccordingto thefollowing performancemea-

sures:

k Thecost(thatis, thepathlength)of thesolutionfound,

k thenumberof nodesgenerated,which is amachine-independent measureof thesearcheffort,

k theactualruntime(in seconds)of thesearch,and

k thenumberof nodesstored,which is ameasureof memoryconsumption.

Thereareonly two reasonswhyanalgorithmterminates:eitherit hasgeneratedthegoalor it hasrun

out of memory. Exceptwherenoted,all of our averagesarecomputedfor experimentalconditions

in whichall instancesaresolvedwithin thememoryconstraints.
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3.6.5 Empirical resultsin the
�

-Puzzledomain

3.6.5.1 Empiricalevaluationof WA* in the
�

-Puzzle

Figure 19 summarizesthe performanceof WA* on the 8-, 15-, and 24-Puzzle. It containssix

sub-�gures. Eachof the �rst four sub-�gures(a throughd) plotsoneof our selectedperformance

measuresagainstvaluesof 
 . We usethe following valuesof 
 ; 0.50,0.56, 0.60,0.67,0.75,

0.80,0,86,0.90,0.95,0.99.7 Only for the 8-Puzzledo we omit the runtimeplot sinceWA* (and

all of its variants)aretoo fast for the runtimesto be signi�cant. The last two sub-�gures(e & f)

plot the memoryusageandruntimeasa functionof the solutioncost,respectively. Note that the

plot of thesearcheffort asa functionof thesolutioncostis omittedsince,in all cases,it would be

very similar to sub-�gure f (because,assub-�guresb & d demonstrate,theactualruntimeis very

stronglycorrelatedwith thesearcheffort asmeasuredby thenumberof generatednodes).

Our resultswith WA* donotcontainany surprisesandreproducethetrendsexhibitedby earlier

studies(e.g.,[99] and[37] for the15-Puzzleand24-Puzzle,respectively). Sincetheperformance

of WA* constitutesour baselinefor this research,we have decidedto includetheseresults,which

wenow brie�y describe.Weobserve thefollowing generaltrends:

k Thesolutioncostincreaseswith 
 (sub-�gure a). As expected,makingWA* moregreedy

leadsto a degradationin solutionquality. Furthermore,asobserved in earlierstudies,the

degradedsolutionquality, measuredasa multiplicative factorof the optimal solutioncost,

is muchsmallerthanthetheoreticalupperboundof 
 [24]. For examplein the15-Puzzle,

wherethe known averageoptimal cost is 53.05[96], WA* degradessolutionquality by a

factor smallerthan3 when �
�

�

±

�•ŒTŒ (the averagesolutioncostcorrespondingto the top-

rightmostpointof the15-Puzzlecurve in Figure19ais 145.27).

k Thesearcheffort decreasesas 
 increases(sub-�guresb & d). As expected,makingWA*

moregreedyleadsto a signi�cant speedup.For examplein the 15-Puzzle,we observe an

orderof magnitudespeedupbetweenthetop-leftmostandbottom-rightmostendsof thecurve

7Thesevaluesof Ž werechosen1) to be approximatelyevenly distributedover the [0.5, 1] interval and2) to cor-
respondto small, relatively prime integer valuesof •

± and •

�

. Thesevalues,listed in Table9, area strict sub-setof
thoseusedin [99, 37]. Theonly reasonfor not usingall of their valuesfor Ž wastheconsiderablecumulatedruntimes
involved(on theorderof days)in runningall variantsof WA* on 50 to 1000instanceswith variousvaluesfor • , Ž as
well asvaluesfor ‘ (seeKBFS)andthesizeof thecommitmentlist (seeMSC-WA*).
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in Figure19b. As a multiplicative factor, this speedupis thuslarger thanthedegradationin

solutionquality.8 This con�rms thatWA* is aneffective way to tradeoff solutionquality for

runtime(or, equivalently, searcheffort). This trade-off is plottedin sub-�guree.

k Thememoryusagedecreasesas 
 increases(sub-�gurec). This is crucialfrom ourpointof

view, sincewe areinterestedin scalingup thesealgorithmsto larger problems.Again, this

is not surprising: the memoryconsumptionis proportionalto the numberof storednodes,

which itself is stronglycorrelatedwith thenumberof generatednodes(sincethey arestored).

The resultingtrade-off betweensolutioncostandmemoryusageis plottedin sub-�gure e.

Furthermore,while WA* doesregeneratesomenodes(seeLines11through13 in Figure11),

theserepresentasmallpercentageof thetotalnumberof nodegenerations,ascanbeseenby

comparingsub-�guresc andd. Eachcurve in sub-�gure c is similarly shaped,but slightly

lower, thanthatin sub-�gured.

Finally, as
�

increases,therangeof 
 valuesfor whichWA* solvesall instancesshrinks(and

thecurvesareincreasinglytruncatedon their left sidein Figure19). The35-Puzzleis thesmallest

puzzlefor which WA* cannotsolve all randominstances,evenwith valuesof 
 closeto 1. Since

WA* solvesa differentsub-setof the testinstancesfor differentvaluesof 
 , assuggestedby the

lastcolumnin Table9, it is not meaningfulto usetheothernumbersin thetablein orderto study

thetrade-offs observedin thesmallerpuzzles.

3.6.5.2 Empiricalevaluationof KWA* in the
�

-Puzzle

Figures89 through94 (seeAppendixB.1) show theperformanceof KWA* in the8-, 15-, and24-

Puzzledomains.Figures20 and21 summarizetheperformanceof KWA* in the35-Puzzledomain

(these�gures demonstratethebetterscalingof KWA* over WA* andarethusincludedin themain

text below).

SinceKWA* addsonemoreparameter(namely � ) to 
 alreadyusedby WA*, we vary each

8Furthermore,notethat the top-leftmostpoint in the �gure doesnot correspondto WA*. The curve is truncatedto
the left because,for smallervaluesof Ž including Ž’‡ •”“ •b• , WA* runsout of memory. A* (equivalently, WA* with

Ž’‡Ä••“ •c• ) would in factbemuchslower. For a suggestive comparison,thecurve is truncatedat Ž’‡Ä••“ –?— wherethe
numberof nodesgeneratedis equalto 78,870(seeFigure19d). IDA*, on theotherhand,generates363,028,090nodesin
orderto guaranteeoptimalsolutions[99]. Evenallowing for theduplicatedeffort incurredby IDA* over WA*, this is at
least4 ordersof magnitudeworsethanthe6,972nodesgeneratedby WA* when Ž…‡ •”“ ˜"˜ (seeFigure19d).
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Table9: Performanceof WA* in the35-Puzzlewith varying 



 � x “&��� Solution Generated Stored Time Percent
Cost Nodes Nodes (Seconds) Solved

0.50 1/1 N/A N/A N/A N/A 0
0.56 4/5 N/A N/A N/A N/A 0
0.60 2/3 N/A N/A N/A N/A 0
0.67 1/2 N/A N/A N/A N/A 0
0.75 1/3 304.39 2,696,266 2,105,719 1.840 36
0.80 1/4 341.82 2,416,819 1,688,718 1.635 66
0.86 1/6 393.00 1,474,970 922,542 0.984 88
0.90 1/9 459.41 1,936,818 1,055,140 1.280 98
0.95 1/19 531.81 1,241,877 670,980 0.749 96
0.99 1/99 628.26 2,281,228 944,441 1.451 94

parameterseparately. Thevaluesusedfor 
 arethesameasthoseusedfor WA*. In addition,we

usethe following valuesfor � : �Y(c!†(cÌ†(QPQPQPY(3�Qmˆ(c!Ymˆ(cÌYmˆ(QPQPQP@(3�Qm@mˆ(QPQPQPY(3�Qm@m@m through100,000.Each

curve in the�gures correspondsto eithervarying 
 while �xing � , or varying � while �xing 
 ,

dependingon the�gure.

Our resultsare in agreementwith thosereportedin [37] for the 15- and 24-puzzle(seethe

detaileddiscussionof our resultsbelow). In addition,our resultsdemonstratethat:

k KWA* doesnot signi�cantly improve on WA* in the 8-Puzzle(seeFigure89e). For small

valuesof � (say, � �K�Qm ), thereis no signi�cant gain,asthedecreasein thesolutioncostis

approximatelycompensatedby thenode-generationoverheadof KWA*. For largervaluesof

� , theaddedbreadth-�rstcomponentcausesanoverwhelmingnode-generationoverhead.

k KWA* doesimprove on WA* in the 35-Puzzle:KWA* cansolve all instancesof the 35-

Puzzlefor severalvaluesfor 
 and � (seeFigures20 & 21), while thereis no valueof 


for which WA* cansolve all instancesof the35-Puzzle(seeTable9).9 However, thesetof

parametervaluesfor whichKWA* solvesall instancesis relatively smallandno trendcanbe

seenin the �gures. In fact, in smaller
�

-Puzzleproblems,thereis no decreasein memory

9In [37], theauthorsreportthat their implementationof KWA* still cannotsolve all instancesof the35-Puzzleeven
thoughtheir memorycould storeup to nine million nodes(comparedto our six million nodes). The reasonfor this
discrepancy is thattheir managementof theOPENandCLOSEDlistswaslessspace-ef�cient thanourssinceit allowed
for thesamestateto bestoredin multiple nodes(personalcommunicationwith Ariel Felner, November2003).
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consumptionas � increases.For example,thecurvesfor the24-Puzzlein Figure94c(Ap-

pendixB) areessentiallyhorizontal(or have a positive slopefor large valuesof � ). Only

noisydatapointsallow KWA* to reducememoryconsumption.In conclusion,while increas-

ing � doesnot reducethememoryconsumptionof KWA*, KWA* doesreducethememory

consumptionof WA* for a givensolutioncostbut only with appropriatevaluesfor both �

and 
 .

In the8-, 15-,and24-Puzzledomains,weobserve thefollowing trends:

k Thesolutioncostincreaseswith 
 anddecreaseswith � (sub-�gurea). As expected,making

KWA* moregreedy, eitherby increasing
 or decreasing� , or both,leadsto adegradation

in solutionquality.

k The search effort remains more or less constant for small values of � (see sub-

�gures 90c, 92d, and94d). However, when � is large enough,the searcheffort increases

(and the valueof 
 matterslessand less)as � increases.Furthermore,the demarcation

point betweenthe�at andinclinedportionsof thecurve shifts to theright (that is, thecorre-

sponding� valueincreases)as
�

increases.It is approximatelyequalto 10,100,and1,000

for the8-, 15-,and24-Puzzle,respectively.

k The searcheffort decreasesas 
 increases,for all valuesof � exceptlarge ones(seesub-

�gures 89c,91d,and93d).

k Thememoryusagefollows thesametrendasthesearcheffort, sincelikeWA*, KWA* stores

all thenodesit generates.Furthermore,thenumberof storednodesis only slightly smaller

thanthenumberof generatednodes,whichindicatesthatrelatively few nodesarere-generated

(comparesub-�guresb andc for the 8-Puzzle,andsub-�guresc andd for the 15- and24-

Puzzle).

k The runtimefollows the sametrendasthe searcheffort (seesub-�gure b in the 8- and15-

Puzzle).Sincethereis no additionaloverheadpernodegenerationfor KWA*, theruntimeis

essentiallyproportionalto thenumberof nodegenerations,like in WA*.
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Figure20: Performanceof KWA* in the35-Puzzlewith varying 
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Figure 21: Performanceof KWA* in the35-Puzzlewith varying �
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Themainmotivationfor thedevelopmentof KWA* wastomakeWA* lessgreedy(by increasing

� , andthusthe role of the breadth-�rstcomponent)so that it avoids uselessnodegenerationsin

areasof thesearchspacewheretheheuristicfunctionis misleading.In all domainslarger thanthe

8-Puzzle,theadvantageof KWA* over WA* is obviousin termsof bothsearcheffort andmemory

usagefor agivensolutioncost.For examplein Figure91f, KWA* with K=50 is abouttwiceasfast

asWA* to generatea solutionwith a costof 80. In the 24-Puzzle(seeFigure93f), KWA* with

K=100is aboutanorderof magnitudefasterthanWA* to generateasolutionwith acostof 165.

With respectto our goalof scalingup WA* to largerdomains,theimprovementof KWA* over

WA* in termsof memoryusageis of thesamemagnitude.Thisis becauseits runtimeis proportional

to the numberof nodegenerationsandthe latter is stronglycorrelatedwith the numberof stored

nodes.Sucha reductionin thememoryusageexplainswhy KWA* cansolve all instancesof the

35-Puzzlewhile WA* cannot.However, aswe have alreadynoted,theimprovedscalingof KWA*

is probablydueto noisydatapointssincesimply increasing� while keeping
 constantdoesnot

leadto asteadyreductionin memoryrequirements.

Finally, Table10 containsthe performancedatafor KWA* in the 48-Puzzlefor experimental

conditionsin which at leasttwo-third of the instancesaresolved. KWA* never solvesmorethan

76 percentof them.We reportthesedataasa baselinefor futurecomparisonwith othervariantsof

WA*.

3.6.5.3 Empiricalevaluationof MSC-WA* in the
�

-Puzzle

Theempiricalstudyin [88] evaluatesMSC-WA* in the
�

-Puzzleandgridworld domains.While

their resultsdo notshow any improvementof MSC-WA* over WA* in gridworlds,they do demon-

stratea scale-upin the
�

-puzzle. With this study, we con�rm the latter trend. In addition,we

improve on their studyby varyingboth 
 and � over their rangeof values.In contrast,theempir-

ical evaluationin [88] keeps
 constant(andequalto 1) andvaries � from 1 to 6 only. Here,we

reportresultsfor valuesof
�

equalto 8, 15,24,35,and48. Later, we experimentwith MSC-WA*

in two additionaldomains.

Themainresultof this studyis thatMSC-WA* scalesup to the35-Puzzle,while WA* cannot
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Figure 22: Performanceof MSC-WA* in the35-Puzzlewith varying 
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Figure 23: Performanceof MSC-WA* in the35-Puzzlewith varying �
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Table10: Performanceof KWA* in the48-Puzzlewhensolvingat leasttwo thirdsof theinstances
� 
 Solution Generated Stored Time Percent

Cost Nodes Nodes (Seconds) Solved
2 0.95 860.97 2,931,245 1,712,080 2.120 68
4 0.90 731.35 3,165,464 2,101,378 2.314 68
4 0.95 834.23 3,083,273 1,778,545 2.209 70
6 0.90 691.63 3,461,305 2,208,772 2.582 70
9 0.95 773.18 2,578,358 1,462,580 1.861 76
50 0.95 655.47 3,354,891 2,007,508 2.449 76
200 0.95 563.03 2,857,603 1,775,200 2.074 70
300 0.90 512.83 2,781,818 1,935,235 2.033 70
500 0.90 493.59 2,643,401 2,054,547 1.936 68
600 0.95 518.65 2,552,990 1,829,689 1.857 74
700 0.90 471.12 2,223,390 1,835,408 1.621 68
700 0.95 507.91 3,076,285 2,195,437 2.401 68
800 0.95 515.89 3,266,025 2,304,743 2.574 72

3,000 0.95 440.54 3,430,356 3,262,424 2.797 70
3,000 0.99 444.09 3,273,160 3,182,089 2.647 70
4,000 0.90 425.24 4,274,189 4,149,173 3.799 68
4,000 0.99 434.06 4,203,531 4,112,240 3.762 70

solve all randominstancesgiventhesameamountof memory(seeTable9). This is becauseMSC-

WA* focusesthesearchmoresharply, leadingto a degradationin solutionquality while reducing

thesearcheffort andthememoryconsumption(seeFigures22and23 below for the35-Puzzle,and

Figures95 through100in AppendixB.2 for thesmaller
�

-Puzzles).

Weobserve thefollowing trends:

k Thesolutioncostincreaseswith 
 . It alsoincreasesas � decreases,thatis asthedepth-�rst

componentbecomesstronger. This secondtrendis lessclearfor small valuesof � in large

puzzles.

k Thesearcheffort (bothin termsof nodegenerationsandruntime)andthememoryconsump-

tion bothdecreaseas 
 increases.In the8-Puzzle,both increasewith � . In the15-Puzzle,

bothdecreaseandthenincreaseas � increases,with a minimumaround�O�Ï�Qm . However

in the24-and35-Puzzle,bothdecreaseandthenstabilizeas � increases.

k For all valuesof
�

, thereis atrade-off betweensolutionqualityononehandandsearcheffort

andmemoryconsumptionontheother, whenincreasing
 . In the8- and15-puzzle,asimilar
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Table 11: Performanceof MSC-WA* in the 48-Puzzlewhen solving at least two thirds of the
instances

� 
 Solution Generated Stored Time Percent
Cost Nodes Nodes (Seconds) Solved

60 0.99 1,861.61 2,239,906 2,190,618 1.735 72
90 0.99 1,763.03 2,412,524 2,353,818 1.983 72
200 0.99 1,540.26 1,998,260 1,947,644 1.526 76
400 0.99 1,292.91 2,304,667 2,243,993 1.781 68
900 0.99 1,273.15 2,581,034 2,507,904 2.049 78

30,000 0.95 878.29 2,256,880 2,201,531 1.747 68

trade-off existswhendecreasing� (thetrendis clearerfor smallvaluesof 
 andlargevalues

of � ). In the24-and35-puzzle,thetrendis reversedsinceincreasing� reducesthesolution

cost,thesearcheffort, andthememoryconsumption(exceptfor smallvaluesof 
 andlarge

valuesof � ).

The resultsin large domainsindicatethat a large 
 is crucial to reducingthe memorycon-

sumption. After �xing 
 closeto 1, � shouldprobablybe increasedasmuchaspossibleuntil

memoryrunsout, sinceincreasing� reducesboththesolutioncostandthememoryconsumption,

up to acertainpoint. Indeed,this is con�rmed in the48-Puzzle(seeTable11). Thehighestsuccess

ratesareachievedfor highvaluesof 
 . Additionally, largervaluesof � seemto decreasethesolu-

tion costwhile maintainingthememoryconsumptionapproximatelyconstant,up to a point which

unfortunatelyis not suf�cient for MSC-WA* to solve all randominstancesof the48-Puzzle.

3.6.5.4 Empiricalevaluationof MSC-KWA* in the
�

-Puzzle

MSC-KWA* hasthreeparameters.These,whencrossedwith thedifferentvaluesfor
�

, generate

a large numberof experimentalconditions.Sofor now, we eliminateoneparameterby making �

equalto � . This sectionreportsresultsfor this specialcase. The generalcase(where � varies

between1 and � ) is discussedin Section3.8.

AppendixB.3 containsall of the resultsof this study. We summarizethemhereby including

a representative sub-setof the�gures pertainingto the35-Puzzle(seeFigures24 through28). We

observe thefollowing trends:

k MSC-KWA* shareswith WA*, KWA* andMSC-WA* thepropertythatits searcheffort (that

is, the numberof generatednodes),runtime (in seconds),andmemoryconsumption(that
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is, the numberof storednodes)areso stronglycorrelatedthat their performancecurvesare

hardlydistinguishable.Again,we focuson thememoryconsumption.

k In contrastto KWA* andMSC-WA*, the valueof 
 hasa muchsmallereffect on perfor-

mancethanthe otherparameters.In fact, in contrastto WA*, KWA* andMSC-WA*, the

valueof 
 hashardly any effect on performance(seeFigures24 & 25), except for small

valuesof � � � . This is advantageoussinceit reducesthe effort neededto determinean

optimal parametersettingby effectively eliminatingoneof the parameters(we recommend

to usea valueof 
 closeto 1). 
 's lack of effect canbe explainedasfollows. Assume

that � is largeenoughthatCOMMIT never needsre�lling (that is, Lines25-29in Figure15

arenever executed).At every iteration,the � � � nodesin COMMIT areremoved from

COMMIT (Line 9), which is now empty. Sinceonly newly generatednodesareaddedinto

COMMIT (Line 17) andtheir g-valueis onemorethanthatof their parent(Line 17), it fol-

lows that,at eachiteration,all nodesin COMMIT have thesameg-value(simpleinduction

basedon the fact that the initial COMMIT list hasonly onenode,namelythe startnode).

Therefore,changingtheconstantweighton theh-valuesdoesnotaltertheirordering,nor the

behavior of MSC-KWA*. When 
 doeshave aneffect, it is because� is smallenoughthat

nodesin RESERVE (whichdohavedifferentg-valuessincethey wereaddedduringdifferent

iterations)areusedto re�ll COMMIT. Thelatternow containsnodeswith differentg-values

and 
 hasaneffecton theirordering.

k The costof solutionsfound by MSC-KWA* decreaseswhen � increases,exceptfor small

valuesof � (seeFigure26). This is a consequenceof thestrongbreadth-�rstcomponentof

thealgorithm.

k For thesamereason,thememoryconsumptionincreaseswith � , when� is largeenough(see

Figure27). But for smallenoughvalues,increasing� doesreducethememoryconsumption

(aswell asthesearcheffort andruntime).Thisis diversityin action:becauseit doesnotfocus

exclusively onthebestnodein COMMIT, MSC-KWA* avoidsgettingtrappedinto exploring

(and storing) irrelevant partsof the searchspace. When � getstoo large, the bene�t of

diversity is tradedoff with the additionaloverheadof parallel expansions.This overhead
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Figure 25: Memoryusageversus
 for MSC-KWA* ( ���
� ) in the35-Puzzle

increaseswith � andit cancelsout thebene�t of diversityfor very largevaluesof � .

k Figure28 illustratesthetrade-off exhibitedby MSC-KWA* betweensolutioncostandmem-

ory requirements:decreasing� (upto apoint)sacri�cessolutionquality for areducedmem-

ory consumption.The reasonwhy eachcurve in the �gure (exceptfor small valuesof � )

reducesto a point is that thecurve representsperformancevariationscausedby varying 
 ;

andwe explainedearlierwhy varying 
 haslittle effect.
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Figure 26: Solutioncostversus� for MSC-KWA* ( ���
� ) in the35-Puzzle
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Figure 27: Memoryusageversus� for MSC-KWA* ( �/��� ) in the35-Puzzle
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Figure29: Performancecomparison:WA*, KWA*, MSC-WA*, andMSC-KWA* in the
�

-Puzzle
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3.6.5.5 Empiricalcomparisonof WA*, KWA*, MSC-WA*, andMSC-KWA* in the
�

-Puzzle

In ordertoobtainamoresyntheticview of thebehavior of MSC-KWA*, weperformthesamecurve-

minimizationprocessdescribedin Section3.5.1to representtheperformanceof MSC-KWA* with

asinglecurve. Weplot thiscurve againstthecorrespondingonesfor WA*, KWA*, andMSC-WA*

for differentvaluesof
�

. Figure29 shows that:

k MSC-KWA* approximatesthebehavior of KWA* for large valuesof � , yielding solutions

of highquality.

k MSC-KWA* approximates,andevensigni�cantly improveson, thebehavior of MSC-WA*

for smallervaluesof � , yieldinga low memoryconsumption.

k Theimprovementof MSC-KWA* overbothKWA* andMSC-WA* in termsof memorycon-

sumptiongrows larger when the problemgetslarger. For
�

�™z , thereis no signi�cant

improvementover MSC-WA*. For
�

���

� through Ì

� , the reductionin the memorycon-

sumptionboth increasesin amplitudeandstartswith larger andlarger valuesof � (that is,

more andmore toward the left of the �gure). Finally, MSC-KWA* is the only algorithm

amongthefour testedthatcansolve all instancesof the48-Puzzle.

Toconclude,Table12buildsonTable8 by addingtheperformanceof MSC-KWA*. Weobserve

that MSC-KWA* dominatesall otheralgorithmsin termsof memoryconsumption,searcheffort,

and runtime (when using eachalgorithm's ideal settingsfor eachperformancemeasure)for all

testedsizesof the
�

-Puzzle.Furthermore,MSC-KWA* dominatesWA* andMSC-WA* in terms

of solutionquality for all sizesof the
�

-Puzzle.Finally, MSC-KWA* is alwayswithin aboutthree

percentof thebestalgorithm(namelyKWA*) in termsof solutionquality.

3.6.6 Empirical resultsin the 4-pegTowers of Hanoi domain

We have testedthe variantsof WA* in the 4-peg Towersof Hanoi domain. Table13 shows the

parametersettings(and resultingperformancedata)for which eachalgorithm solves the largest

percentageof instances(andwith thesmallestaveragesolutioncost)with up to onemillion nodes

in memory. Noneof theWA*, KWA*, andMSC-WA* algorithmscansolve all of our �fty random

instances.Nevertheless,both MSC-WA* andKWA* scaleup slightly betterthanWA*. Finally,
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Table12: Comparisonof WA*, KWA*, MSC-WA*, andMSC-KWA* in the
�

-Puzzle
• Perf. WA* KWA* MSC-WA* MSC-KWA*

Measure Value Ž Best Value Ž ‘ Best Value Ž š Best Value Ž ‘ Best

8

Min Cost 21.85 0.50 ƒ 21.85 0.50 2 ƒ 22.01 0.50 800 ƒ 21.85 0.99 600 ƒ

Min Sto. 452 0.86 464 0.86 2 292 0.80 2 ƒ 290 0.95 2 ƒ

Min Gen. 514 0.86 519 0.99 4 296 0.80 2 ƒ 294 0.95 2 ƒ

Min Time

15

Min Cost 63.51 0.67 53.85 0.67 50K ƒ 56.29 0.60 80K 53.89 0.99 50K ƒ

Min Sto. 6,050 0.99 6,028 0.99 8 4,113 0.95 20 3,223 0.99 5 ƒ

Min Gen. 6,972 0.99 6,704 0.99 8 4,191 0.95 20 3,259 0.99 5 ƒ

Min Time 0.003 0.99 0.003 0.99 5 0.002 0.99 6 0.001 0.95 3 ƒ

24

Min Cost 165.16 0.75 113.56 0.99 20K ƒ 164.56 0.75 90K 116.32 0.99 20K
Min Sto. 44,097 0.99 32,567 0.99 5 36,907 0.99 300 16,178 0.99 6 ƒ

Min Gen. 56,070 0.99 43,578 0.99 4 37,832 0.99 300 16,331 0.99 6 ƒ

Min Time 0.027 0.99 0.021 0.99 4 0.021 0.99 50K 0.007 0.99 6 ƒ

35

Min Cost 236.50 0.99 7K ƒ 472.10 0.90 3K 244.14 0.99 7K
Min Sto. 417,6750.95 20 456,7770.99 90 56,807 0.99 5 ƒ

Min Gen. 652,1000.95 500 467,5860.99 90 57,291 0.99 5 ƒ

Min Time 0.377 0.95 500 0.297 0.99 90 0.033 0.99 5 ƒ

48

Min Cost 18,379.320.60 5 ƒ

Min Sto. 275,2930.80 4 ƒ

Min Gen. 277,2820.80 4 ƒ

Min Time 0.181 0.80 4 ƒ

Table13: Bestperformanceof all algorithmsin theTowersof Hanoidomain(memory= 1 million
nodes)

Algorithm � � 
 Solution GeneratedStored Time Percent
Cost Nodes Nodes (Seconds)Solved

WA* q 1 0.99 629.88 2,323,424762,638 1.582 84
KWA* N/A 3 0.99 629.68 2,278,109749,782 1.551 88
MSC-WA* 600 N/A 0.99 672.66 2,059,218750,125 1.587 94
MSC-KWA* 100 100 1.00 3,762.331,431,303675,450 0.976 72
MSC-KWA* 40,000 177 1.00 2,261.761,664,383750,326 1.139 100
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Table 14: Performanceof MSC-KWA* in theTowersof Hanoidomainwhensolvingall instances
(memory= 1 million nodes)

� � 
 Solution GeneratedStored Time Percent
Cost Nodes Nodes (Seconds)Solved

20,000 93 1.00 3,877.661,516,603727,983 1.058 100
20,000117 1.00 2,949.941,540,506709,424 1.095 100
20,000120 1.00 2,922.561,664,459755,601 1.193 100
30,000 75 1.00 4,261.121,529,075723,398 1.120 100
30,000 96 1.00 3,492.081,450,032688,717 0.991 100
30,000111 1.00 3,387.041,671,093766,913 1.167 100
30,000129 1.00 2,576.001,506,882693,956 1.056 100
40,000132 1.00 2,866.261,621,793748,193 1.117 100
40,000177 1.00 2,261.761,664,383750,326 1.139 100
50,000111 1.00 3,406.301,639,262763,766 1.254 100
50,000135 1.00 2,742.021,619,731744,240 1.212 100

MSC-KWA* is theonly oneof ourcontendersthatcansolveall of our randominstanceswithin the

samememorybound.Thenext-to-lastline in thetablereportsthebestperformanceof MSC-KWA*

when �/��� .

Table14shows parametersettings(andtheresultingperformancedata)for whichMSC-KWA*

is completeoverourfull setof randominstances.Weobservethefollowing trends.First,therelative

weighton theh-valuesis alwaysmaximum(namelyequalto 1). Second,thelevel of commitment

is relatively low (i.e., � is relatively large,on theorderof a few tensof thousands)but still higher

thanthatof WA* (for which � ��q ). Third, thelevel of diversityis relatively small(in particular,

��nC� ) but still two ordersof magnitudelarger thanfor WA* (namely, � is on theorderof 100

versus1 for WA*). In conclusion,in ourempiricalsetupfor thisdomain,MSC-KWA* scalesup to

larger(namely, 22-disk)problemsthanany of theothertestedalgorithms.Therefore,theright mix

of commitmentanddiversitybooststheperformanceof WA* signi�cantly in thisdomain.

3.6.7 Empirical resultsin the Rubik' sCubedomain

Table15 shows theparametersettings(andresultingperformancedata)for which eachalgorithm

solvesthelargestpercentageof instancesin theRubik's Cubedomainwith up to two million nodes

in memory. No algorithm solves all instances. However, eachvariant of WA* improves upon

it. MSC-KWA* solvesmoreinstancesthanMSC-WA*, which in turn solvesmoreinstancesthan

KWA*. Note that the bestscalingbehavior of MSC-KWA* is obtainedfor differentvaluesof �
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Table 15: Bestperformanceof all algorithmsin the Rubik's Cubedomain(memory= 2 million
nodes)

Algorithm � � 
 Solution GeneratedStored Time Percent
Cost Nodes Nodes (Seconds)Solved

WA* q 1 1.00 4,649.891,227,880898,748 2.561 38
KWA* N/A 70 1.00 570.67 951,451893,778 2.002 66
MSC-WA* 50 N/A 1.00 2,388.951,291,810989,394 2.618 80
MSC-KWA* 90 90 1.00 591.03 705,449703,566 1.529 64
MSC-KWA* 30 3 0.99 2,593.11 740,982738,952 1.591 90

and � , namely �F� ÌYm and � � Ì (seethelast line in thetable).Thenext-to-lastline in thetable

reportsthebestperformanceof MSC-KWA* when ���
� .

Thisdomaindiffersfrom theprevioustwo in thatits searchtreeis quitewideandshallow since

its branchingfactoris approximatelyequalto 13andits maximumdepthis estimatedat20 [101].10

As aresulttherangeof possiblevaluesof theheuristicfunctionis quiterestricted.11 Thenumberof

ties is thuslarge. This meansthatWA* grows a wide searchfront with ratherpoordiscrimination

amongits frontiernodes.MSC-WA* signi�cantly improvesonWA* by restrictingthewidth of this

front. Ontheotherhand,onebene�t of increaseddiversity(thatis, of astrongerbreadth-�rstsearch

component)is that KWA* andMSC-KWA* (with � �/� ) exhibit lower solutioncoststhanthe

othertwo algorithms.But whencomparingtheaveragesolutioncostsof KWA* andMSC-KWA*,

the increasein solutioncost is probablythe resultof introducingcommitment(that is, a stronger

depth-�rst searchcomponent)into thesearch.

3.7 Relatedwork

In this section,we describetwo relatedapproaches.First, MSC-RTA* appliesthe ideaof varying

levelsof commitmentto theRTA* algorithm(asopposedto WA*). Second,beamsearchis a close

relative of MSC-KWA*.

10In contrast,both the • -Puzzleand4-peg Towersof Hanoidomainsearchtreeshave branchingfactorssmallerthan
5, andtheir averagesolutionlength(for largeenoughvaluesof • and † ) areseveraltimeslargerthan20

11Ourheuristicfunctionhasvaluesbetween0 and11 andaveragesaround9 [101].
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1. procedure RTA*( :›36587�9:5 , ;=<?>A@CBED"F6B:G‘%¨P—, ): solutioncost
2. �

%•: 3œ587�9:5 , := m ; �

%•: 3œ587�9:5 , := ;A<?>A@"B|D?F6B6Ga%•: 3œ587�9:5 ,

3. D"Fa`TFb< := :H36587�9:5

4. •ž<"D?F|Ÿ := q ; D•<
Gž T¡d¢”£¤<"D?F|Ÿ := q ; •ž<"D?FœW := ¥

5. for eachsuccessor: of D"Fa`TFb< do
6. if ( :À�":<xcy ucz ) then return �

%�D?Fa`TFb<{,

�

�

7. if ( : is newly generated) then
8. �

%•:Y, := �

%�D?Fa`TFb<@,

�

� ; �

%•:Y, := ;A<J>A@CBED"F6B:Ga%•:Y,

9. if ( �

%•:Œ,¶�¦•C<"D?F|Ÿ ) then DJ<žGž +¡d¢&£§<?D"F|Ÿ := •C<"D"F|Ÿ ; •ž<"D?F|Ÿ := �

%•:Y, ; •C<"D"FœW := :

10. elseif ( �

%•:Y,¾n_DJ<žGž +¡ ¢”£¤<"D"F|Ÿ ) then DJ<
GC +¡d¢”£¤<?D"F|Ÿ := �

%•:Y,

11. end for
12. �

%�D"Fa`TFb<‘, := max( �

%�D?Fa`TFb<{, , �

�

DJ<žGž +¡ ¢”£¤<"D"F|Ÿ )
13. if ( •C<"D?FœWŽ�¨¥ ) then return q

14. else D"Fa`TFb< := •ž<"D?FœW

15. go to Line 4

Figure 30: TheRTA* algorithm

3.7.1 Multi-state commitment applied to RTA* search

In [88], theideaof multi-statecommitmentis applied,not only to WA*, but alsoto RTA* [98]. In

thissection,we describetheRTA* andresultingMSC-RTA* algorithms.

3.7.1.1 TheRTA* algorithm

TheRTA* algorithmis avariantof theLRTA* algorithm[98]. Theonly differencebetweenLRTA*

and RTA* is the way they updatethe h-value of the currentstate. While LRTA* setsit to the

estimatedcostof a shortestpathfrom thestateto a goal,RTA* setsit to thesecondbestestimate.

Themotivationfor RTA* is that,sincethealgorithmalwaysmovesto asuccessorthatminimizesthe

estimatedcostto a goal, re-visitingthestateis only worth it if oneof its othersuccessorbecomes

themostpromising(sincethebestonewasjust visited). Therearetwo importantconsequencesof

this changein thevalue-updaterule. First,RTA* typically �nds shortersolutionsthatLRTA* [98].

Second,even if theinitial h-valuesareadmissible,theupdatedonesmaynot be. Therefore,RTA*

(unlike LRTA*) is not guaranteedto converge to anoptimalpathafterrepeatedtrials. In this work

(like in [88]), we useRTA* asan approximationalgorithmto the shortest-pathproblem,not asa

real-timesearchalgorithm(that is, onethat interleavesplanningandplanexecution).We areonly

interestedin the�rst trial of RTA*, namelyuntil it reachesa goalstatefor the�rst time.
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Figure30 containsthe pseudo-codefor RTA*. As always in this chapter, 1) we assumethat

thereis asinglegoal,2) weassumethatall actionshaveunit cost,and3) weomit thedescriptionof

themechanism(thatis, themanagementof back-pointers)usedto reconstructthesolutionfound.

3.7.1.2 TheMSC-RTA* algorithm

[88] pointsout thatWA* andRTA* arethetwo extremesof aspectrumcharacterizedby thenotion

of commitment.WA* doesnot make any commitmentsinceany opennodecanbeexpandednext.

In contrast,RTA* is maximally committedsincethenext nodeto be expandedis alwaysselected

amongthesuccessorsof a singlenode,namelythe latestnodeexpanded.Multi-statecommitment

searchis amiddlegroundbetweenRTA* andWA*, sincethesetof candidatenodesfor expansions

is kept constantbetweenoneand the size of the OPEN list. [88] describestwo approachesfor

multi-statecommitmentsearch.First, addingcommitmentto WA* resultsin MSC-WA*. Second,

decreasingcommitmentin RTA* resultsin MSC-RTA*, whichwe focuson in thissection.

Figure31 containsthepseudo-codefor MSC-RTA*. Like MSC-WA*, MSC-RTA* maintainsa

COMMIT list (of �x edmaximumsize � ) amongwhich it choosesthenext nodeto expand.Nodes

in COMMIT areorderedaccordingto increasingh-values.Thelist is initializedwith thestartstate

(Line 2). During eachiteration(Lines3-32), thebeststateis selectedasthecurrentstate(Line 4)

andremoved from COMMIT (Line 5), andits successorsareaddedinto COMMIT (Lines 6-26).

Then,theh-valueof thecurrentstateis updated,like in RTA* (Line 27). Finally, theworstnodesin

COMMIT areprunedif necessaryto keepits sizeno greaterthan � (Lines28-31). Thealgorithm

terminateswhenthegoalstateis generatedfor the �rst time (Line 8) or whenCOMMIT becomes

empty(Line 3).

In our versionof MSC-RTA* (thesedetailsarenot providedin [88]), a successoris only added

into COMMIT if either the list is not full (Lines 11&19) or the h-value of the successoris less

thanthatof theworstnodein COMMIT (Lines13&21), in which casethis worstnodeis replaced

with the successor(Lines 14-15& 22-23). Only nodesthat have beenin COMMIT arestoredin

memory. Theothergeneratedsuccessorsarenotstored.WhereasRTA* only storesthesuccessorof

thecurrentstateit movesto, MSC-RTA* storesapercentage(between0 and100percentincluded)

of thesuccessorsof thecurrentstate,dependingon thedistribution of their h-valuesandthoseof

85



1. procedure MSC-RTA*( :4365I7
9:5 , ;A<?>A@"B|D?F6B6Ga%¨P—, , � ): solutioncost
2. �

%•:H3œ587�9:5¨, := m ; �

%•:H3œ587�9:5¨, := ;A<?>A@"B|D?F6B6Ga%•:H3œ587�9:5¨, ; L*MONPNRQTS := M•:H36587�9:54T

3. while ( L*MONPNPQTS�œ �_[ ) do
4. D?Fa`TFb< := arg minr4£dc	eKf*fqg
hJM

�

%•:Y,2T

5. L*MONRNPQTS := L*MONPNPQTS�j‘MTD"Fa`TFb<‘T

6. •C<"D"F|Ÿ := q ; DJ<žGž +¡d¢&£§<?D"F|Ÿ := q

7. for eachsuccessor: of D?Fa`TFb< do
8. if ( :À��:•xcy ucz ) then return �

%�D"Fa`TFb<‘,

�

�

9. if ( : is newly generated) then
10. �

%•:Y, := �

%�D"Fa`TFb<@,

�

� ; �

%•:Œ, := ;A<?>A@"B|D?F6B6G†%•:Y,

11. if ( s6L*MONRNPQTS�san�� ) then L*MONRNPQTS := L*MONPNPQTSrk�M•:@T

12. else ©O +@CD"F := arg maxr+£�c�eKfXfXg
h
M

�

%•:Y,2T

13. if ( �

%•:Œ,^n

�

%/©O +@CD"Ff, ) then
14. L*MONPNRQTS := L*MONRNPQTS�j‘MH©O +@CD"FQT

15. L*MONPNRQTS := L*MONRNPQTS�k�M•:{T

16. else
17. �

%•:Y, := min( �

%•:Œ,b(

�

%�D"Fa`TFb<a,

�

� )
18. if ( :8“ 7oL*MONPNRQTS ) then
19. if ( s6L*MONRNPQTS�sˆn9� ) then L*MONRNPQTS := L*MONPNRQTS�k�M•:{T

20. else ©O +@CD"F := arg maxr+£�c�eKfXfXg
hJM

�

%•:Y,2T

21. if ( �

%•:Œ,^n

�

%/©O +@CD"Ff, ) then
22. L*MONPNRQTS := L*MONRNPQTS�j‘MH©O T@žD?F?T

23. L*MONPNRQTS := L*MONRNPQTS�k’M•:@T

24. if ( �

%•:Y,¾�¦•C<"D"F|Ÿ ) then D•<
GC +¡d¢”£¤<"D?F|Ÿ := •ž<?D"F|Ÿ ; •ž<?D"F|Ÿ := �

%•:Y,

25. elseif ( �

%•:Œ,¾n¨DJ<
GC +¡d¢”£¤<?D"F|Ÿ ) then D•<
Gž T¡d¢”£¤<"D?F|Ÿ := �

%•:Y,

26. end for
27. �

%�D?Fa`TFb<{, := max( �

%�D"Fa`HFb<@, , �

�

DJ<
GC +¡d¢”£¤<?D"F|Ÿ )
28. while ( s6L*MONPNRQTS�s†|9� ) do
29. D"Fa`TFb< := arg maxr+£�c	eKf*fXg�h�M

�

%•:Œ,GT

30. L*MONPNPQTS := L*MONPNRQTS�j‘MTD"Fa`HFb<‘T

31. endwhile
32. endwhile
33. return q

Figure 31: TheMSC-RTA* algorithm
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nodescurrentlyin COMMIT. In contrast,WA* storesall generatednodes(in OPENor CLOSED).

This is anotherdimensionalongwhichMSC-RTA* liesbetweenRTA* andWA*.

When �‰� � , MSC-RTA* startsandendseachiteration(except the last one)with only one

nodein COMMIT. During the iteration,the currentstateis removed from COMMIT andsucces-

sively replacedwith (a sub-setof) its successorsin decreasingorderof their h-valuesuntil thebest

successorremainsin COMMIT at the endof the iteration. Sincethis nodeis selectedascurrent

nodeat the beginning of the next iteration,MSC-RTA* with �}��� is functionally equivalent to

RTA* (but with theadditionaloverheadof maintainingtheCOMMIT list).

When � ��q , the COMMIT list never �lls up. All generatednodesare thus addedinto

COMMIT (andstoredin memory).In thiscase,MSC-RTA* grows a full searchfrontier, likeWA*.

ThemaindifferencesarethatMSC-RTA* canre-expandssomenodesandthatit updatestheh-value

of theexpandednode.

MSC-RTA* is to RTA* asMSC-WA* is to WA*: both multi-statecommitmentsearchalgo-

rithmsvary thelevel of commitmentof thebasicalgorithmthey modify. Furthermore,MSC-RTA*,

like MSC-WA*, only expandsonenodeat eachiteration.Studyingtheeffect of introducingdiver-

sity into MSC-RTA is aninterestingdirectionfor futureresearch(seeSection3.8.3).

3.7.2 Beamsearch

Beamsearchis anotheralgorithmthattakesadvantageof astrongcommitmentto scaleupheuristic

searchto largerproblems[7, 170]. Beamsearchis typically a variantof best-�rst searchin which

only a �x ednumber(calledthewidth of thebeam)of nodesareconsideredfor expansionat each

iteration. Thebeamwidth is thusequivalentto thesizeof thecommitmentlist in MSC-WA* and

MSC-KWA*.

Furthermore,beamsearchtypically expandsall the nodesunderconsiderationin parallel [7,

170]. In otherwords,beamsearchusesa full measureof diversitysimilarly to MSC-KWA* with

���
� .

Therefore,onecontribution of this work is theobservation thatbeamsearchcanbe construed

asthe combinationof two distinctprinciples(namelycommitmentanddiversity) appliedto best-

�rst search.In contrast,thestandardview of beamsearchconsidersits strongcommitmentasthe
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only factorin its improved scalingbehavior. Our researchsuggestsotherwise,with diversity (that

is, parallelexpansion)asanothercontributing factor, asdemonstratedby our experimentsin the
�

-Puzzle,the Rubik's Cube,andto a smallerdegreein the 4-peg Towersof Hanoi domain. The

isolationof thesetwo separatefactorsraisesthefollowing questions:

k Whataretherelativecontributionsof thesetwo factors,andhow dothey varyacrossdomains

andwith differentvaluesof � ?

k Are thereany bene�tsto usingdifferentlevelsof commitmentanddiversity(namelydifferent

valuesfor � and � )? (seeSection3.8.2for preliminaryresultsin the
�

-puzzle)

Finally, oneimportantdifferencebetweenbeamsearchandMSC-KWA* is that, while MSC-

KWA* keepsall discardednodesin memory(in theRESERVE list), beamsearchneverstoresthem

at all. Sowhenthebeambecomesempty, beamsearchhasno reserved nodesavailableto re�ll it

andit muststop.On theotherhand,whenthebeamis wide enoughthatit never emptiesout,beam

searchwastesno memoryon theRESERVE list. Thereis thusa continuumof algorithmsbetween

beamsearchandMSC-KWA*. They arecharacterizedby thesize ª of theRESERVE list. As ª

increasesfrom 0 (beamsearch)to in�nity (MSC-KWA*), the risk of terminatingwithout a goal

becauseof anemptybeamdecreases,whereasthe risk of runningout of memorybeforea goal is

foundincreases.Thetrade-off betweentheserisksdependsonboththestructureof thesearchgraph

(e.g.,its averagebranchingfactor)andthevalueof � (or beamwidth). Theempiricalevaluationof

thesevariantsof beamsearch,aswell astheir comparisonagainstthevariantsof WA* discussedin

thischapter, constituteanotherinterestingavenueof research.

3.8 Future work

In this section,we discusspossibledirectionsfor futurework andpresentpreliminaryresultswhen

available.

3.8.1 Domain-dependentbehaviors of MSC-KWA*

The relative performanceof heuristicsearchalgorithmstypically variesfrom domainto domain.

This andpreviousresearchhave shown thatdomain-dependenteffectson therelative performance
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of our variantsof WA* do exist. [88] suggeststhat MSC-WA* may not signi�cantly improve on

WA* in thegridworld domain.Our researchshows thattheclearimprovementsexhibitedby MSC-

KWA* over WA* and its other variantsin the
�

-Puzzleand Towers of Hanoi domainsdo not

carry over to the Rubik's Cubedomain. Furtherwork remainsto be doneto understandwhich

characteristicsof the domain(e.g.,its averagebranchingfactor, the depthof the shallowestgoal,

the distribution of goal statesin the searchtree,etc.) or the heuristicfunction (e.g.,how well it

discriminatesamongstates,how many ties it createswhenorderingnodesfor expansion,etc.) can

predict the performanceof thesevariantsof WA*. Our empirical study only usesone heuristic

functionperdomain.It wouldbeinterestingto study, within eachdomain,theeffectsof varyingthe

level of informednessof theheuristicfunctionon therelative performanceof thesealgorithms.

3.8.2 MSC-KWA* versusbeamsearch

As notedearlier, MSC-KWA* is a closerelative of beamsearch[7, 170], sincethey only differ in

whetherto usesomeof theavailablememoryfor a reserve list of nodes.[47] presentstheresultsof

our empiricalcomparisonof beamsearchandMSC-KWA* in thesamethreedomainsusedin this

study. Furtherwork is alsoneededto studythe continuumof methodsidenti�ed earlierbetween

thesetwo searchalgorithmswhenvaryingthesizeof thereserve list (seeSection3.7.2).

Furthermore,our descriptionof both MSC-KWA* andbeamsearchascommittedanddiver-

si�ed variantsof best-�rst searchsuggeststhe possibility of teasingout the effectsof thesetwo

distinctprinciplesontheoverallbehavior. In particular, wehavesofaronly consideredthesituation

wherethelevelsof commitmentanddiversityareequal,which is thecasebothin MSC-KWA* with

� = � andin beamsearch.But could different levels of diversity andcommitmentleadto better

performance?Webrie�y addressthis issuefor MSC-KWA* in thefollowing sub-section.

3.8.2.1 Preliminarystudyof MSC-KWA* with �E�Â� �9� in the
�

-Puzzle

SinceMSC-KWA* makesit possibleto �ne-tune therelativecontributionsof commitment(through

� ) anddiversity (through � ), we vary both � and � (in additionto 
 ) andrun MSC-KWA* in

the48-Puzzle.Our goal is to determineempiricallywhethersomecombinationsof distinctvalues

for � and � improve thebehavior of MSC-KWA*.
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Table 16: Performanceof MSC-KWA* with varying � and � in the48-Puzzlewhensolvingall
instanceswith anaveragesolutioncostof lessthan10,000


 � � Solution Generated Stored Time
Cost Nodes Nodes (Seconds)

0.56 30 10 9,331.20 619,561 610,862 0.413
0.56 30 16 9,903.56 683,113 672,019 0.462
0.60 30 6 9,357.16 641,944 633,731 0.428
0.67 8 3 8,959.04 992,811 983,515 0.721
0.67 9 3 7,519.12 964,381 955,302 0.677
0.67 20 3 3,603.201,647,0911,629,928 1.235
0.67 20 4 9,178.16 898,218 887,005 0.623
0.67 30 4 6,619.721,274,8791,257,713 0.912
0.75 9 3 9,177.56 811,015 803,034 0.569
0.75 20 3 4,415.60 710,776 702,688 0.492
0.75 30 5 9,449.52 640,595 631,162 0.428
0.80 20 3 4,867.72 769,685 759,838 0.533
0.80 30 4 8,755.00 911,618 897,308 0.631
0.86 20 3 6,136.64 858,298 847,044 0.612

Table16containstheperformancedatafor MSC-KWA* in the48-Puzzlefor experimentalcon-

ditions in which MSC-KWA* solves all test instanceswith an averagesolution cost inferior to

10,000.This additionalconstraintwasimposedbecause1) it keepsthetablesmall(therearemuch

morecombinationsof valuesfor 
 , � and � for whichMSC-KWA* is completein the48-Puzzle),

and2) thisvalueis signi�cantly lower thantheminimumsolutionqualityachievedby MSC-KWA*

with ���
� (namely18,379.32).

While thelargenumberof parametersandthe(relatively) smallamountof testing(sincewe do

not vary
�

) makesit hardto detectgeneraltrends,we canstill make thefollowing observationsin

the48-Puzzle.

k For all parametersettingsin the table, � is signi�cantly larger than1 (the mostcommitted

or depth-�rst setting)and � is lessthanor equalto abouthalf the valueof � . This seems

to indicatethata smallamountof diversitywithin a somewhat largerwidth of commitment

(but still much smallerthan the length of the full OPEN list) is enoughfor good scaling

performance.A largervalueof � or � makesthesearchtoo unfocused,whereasa smaller

valueof � or � makesthesearchrely toomuchontheh-valuesof theveryfew bestnodes.In

bothcases,theexcessive memoryconsumptionpreventssuccessfulterminationbecausethe
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RTA*
[Korf 1990]

MSC-RTA*
[Kitamura et al. 1998]

Decrease
commitment

MSC-KRTA*
[This and future work]

Add diversity

Figure32: Proposedevolutionof RTA*

searchfront growstoowideor toodeep(in thewrongdirection),respectively. It is notclearat

this point how to �nd (near-)optimalsettingsfor theseparameters,otherthanempiricallyon

a domain-by-domainbasis.The tableshows that �nding the right combinationof (possibly

distinct)valuesfor � and � canresultin asigni�cant improvementin solutionquality (� ve-

fold in thiscase,from about18,000down to 3,600).

k Eventhoughourresultsdonotexhibit acleartrendin theeffectof 
 , thefactthatthereexists

suchan effect is worth commentingupon. Recall that the bestscalingbehavior of MSC-

KWA* with � ��� is obtainedfor valuesof 
 thatarecloseto one. When �„œ ��� , only

a sub-setof theCOMMIT list is expandedin parallel. Therefore,in contrastto thesituation

in which �„� � discussedabove, nodeswith differentg-valuescohabitin COMMIT and

therelative weighton their h-valuesdoesin�uence their ordering.This is why thebehavior

of MSC-KWA* is affectedby the value of 
 in this case. The effect canbe signi�cant.

For example,theperformancereportedasthe�rst row in Table16 is degradedsigni�cantly

whenincreasingthevalueof 
 . With 
„��mˆP}zYm , theaveragesolutioncostis approximately

doubledto about18,000. With 
 � mˆP}ŒTŒ , MSC-KWA* only solves92 percentof the test

instances.
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3.8.3 Intr oducing diversity in MSC-RTA*

Section3.7.1describeshow [88] variesthe level of commitmentin RTA*, thustransformingthe

real-timesearchalgorithminto a best-�rst searchalgorithmcalledMulti-StateCommitmentRTA*

(MSC-RTA*). Our researchnaturally suggestsa direction for future work, namelyto study the

effectsof introducingdiversityinto MSC-RTA*. MSC-KRTA*, theresultingalgorithm,is to MSC-

RTA* as MSC-KWA* is to MSC-WA*. The proposedevolution of RTA* into MSC-KRTA* is

depictedin Figure32. In thenext sub-section,wedescribeMSC-KRTA* andreportonapreliminary

empiricalevaluation.

3.8.3.1 TheMSC-KRTA* algorithm

MSC-RTA* is lesscommittedthanRTA*: as � increases,its depth-�rst componentweakensandits

best-�rstcomponentstrengthens.LikeWA* andRTA*, MSC-RTA* cantemporarilyandwastefully

get trappedin goal-freeregionsof the searchspacedueto misleadingh-values. To addressthis

problem,we proposeto add diversity in the MSC-RTA* searchby expandingseveral nodesin

parallelat eachiteration.

Figure33 containsthepseudo-codefor MSC-KRTA*. Theonly changefrom MSC-RTA* are

Lines4-9 where � nodesin COMMIT areselectedfor parallelexpansion(in Lines1-33). When

����� , MSC-RTA* reducesto MSC-RTA*. When ���
� , all nodesin COMMIT areexpandedin

parallel.

MSC-KRTA* addsoneparameter(namely� ) to theonly parameter(namely� ) of MSC-RTA*.

As with MSC-KWA*, weeliminateoneparameterby making � equalto � andwerunMSC-RTA*

andMSC-KRTA* in the
�

-Puzzle.Figure34comparestheperformanceof all algorithms.

Overall, bothMSC-RTA* andMSC-KRTA* seemto performat leastaswell asMSC-KWA*.

In fact,asthedomaingetslarger, they bothseemto improve on MSC-KWA* in termsof memory

consumptionfor large valuesof � . Somuchsothatbothalgorithmsexhibit a signi�cantly better

memory-solutionquality trade-off in the48-Puzzle.SinceoneimportantdifferencebetweenMSC-

KWA* andMSC-KRTA* is thatthelatterrevisits nodesandcanlearnbetterinformedh-valuesfor

them,thesepreliminaryresultssuggestasaninterestingdirectionfor futurework thestudyof how
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1. procedure MSC-KRTA*( :436587�9:5 , ;A<J>K@"BED"F6B:G‘%¨P—, , � , ���o� �9� ): solutioncost
2. �

%•:H3œ587�9:5¨, := m ; �

%•:H3œ587�9:5¨, := ;A<?>A@"B|D?F6B6Ga%•:H3œ587�9:5¨, ; L*MONPNRQTS := M•:H36587�9:54T

3. while ( L*MONPNPQTS�œ �_[ ) do
4. WAV1S := [

5. while ( ( L*MONPNRQTS�œ �_[ ) and ( s}WAV1S1sanÐ� ) ) do
6. D"Fa`TFb< := arg minr+£�c	eKf*fXg�h M

�

%•:Œ,GT

7. WAV�S := WAV1Smk�MTD?Fa`TFb<‘T

8. L*MONPNRQTS := L*MONRNPQTS�j‘MTD?Fa`TFb<‘T

9. endwhile
10. for each D"Fa`TFb< in WAV1S do
11. •ž<"D?F|Ÿ := q ; D•<
GC +¡d¢”£¤<"D?F|Ÿ := q

12. for eachsuccessor: of D"Fa`HFb< do
13. if ( :ª�":<xby

ubz
) then return �

%�D?Fa`TFb<{,

�

�

14. if ( : is newly generated) then
15. �

%•:Y, := �

%�D?Fa`TFb<@,

�

� ; �

%•:Y, := ;=<?>A@CBED"F6B:G†%•:Œ,

16. if ( s6L*MONPNRQTS�s†n9� ) then L*MONPNRQTS := L*MONRNPQTSmk�M•:{T

17. else ©O T@žD?F := arg maxr+£�c	eKf*fXg�h�M

�

%•:Œ,GT

18. if ( �

%•:Y,¾n

�

%/©O +@CD"Fb, ) then
19. L*MONPNPQTS := L*MONPNRQTS�j‘MH©O +@CD"F?T

20. L*MONPNPQTS := L*MONPNRQTS�k�M•:{T

21. else
22. �

%•:Y, := min( �

%•:Y,b(

�

%�D?Fa`TFb<‘,

�

� )
23. if ( :8“ 7‚L*MONPNRQTS ) then
24. if ( s6L*MONPNRQTS�s†n9� ) then L*MONRNPQTS := L*MONRNPQTS�k’M•:@T

25. else ©O T@žD?F := arg maxr+£�c	eKf*fXg�h�M

�

%•:Œ,6T

26. if ( �

%•:Œ,¾n

�

%/©O +@CD"Fb, ) then
27. L*MONPNPQTS := L*MONPNRQTS�j‘MH©O +@CD"F?T

28. L*MONPNPQTS := L*MONPNRQTS�k�M•:{T

29. if ( �

%•:Œ,^�¦•ž<?D"F|Ÿ ) then DJ<žGž +¡ ¢”£¤<"D"F|Ÿ := •C<"D?F|Ÿ ; •ž<"D?F|Ÿ := �

%•:Y,

30. elseif ( �

%•:Y,¾n_D•<
Gž T¡d¢”£¤<"D?F|Ÿ ) then DJ<žGž +¡d¢&£§<?D"F|Ÿ := �

%•:Œ,

31. end for
32. �

%�D"Fa`HFb<{, := max( �

%�D"Fa`TFb<@, , �

�

D•<
Gž T¡d¢”£¤<"D?F|Ÿ )
33. end for
34. while ( s6L*MONPNRQTS�s†|9� ) do
35. D"Fa`TFb< := arg maxr+£�c	eKf*fXg�h�M

�

%•:Œ,GT

36. L*MONPNPQTS := L*MONPNRQTS�j‘MTD"Fa`HFb<‘T

37. endwhile
38. endwhile
39. return q

Figure 33: TheMSC-KRTA* algorithm
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Figure 35: Performancecomparison:MSC-KWA*, MSC-RTA*, and MSC-KRTA* in the 48-
Puzzle

andwhenthis learningmechanismimprovesperformancewhencombinedwith diversityandmulti-

statecommitmentin best-�rst search.Furthermore,thefactthatMSC-KRTA* performsbetterthan

MSC-RTA* in largeinstancesof thisdomainprovidesadditionalsupportfor ourclaimthatdiversity

andcommitmentcanbecombinedwith bene�cial effects.

Finally, asis thecasewith MSC-KWA* (Section3.8.2.1),apotentialadvantageof MSC-KRTA*

is the possibility of usingdifferent levels of commitmentanddiversity by setting � to a strictly

smallervaluethan � . Preliminaryresultsin the48-Puzzlereportedin Figure35 suggestthatdoing

so may improve the scalingbehavior of MSC-KRTA*. Thoughthe effect seemssmallerthanfor

MSC-KWA*, furtherempiricalevaluationremainsto bedone.

3.9 Conclusions

Theresearchdescribedin thischaptermakesthefollowing contributions.

k It providesstrongerempiricalsupportfor the improvedscalingbehavior of MSC-WA* over

WA* by 1) measuringits searcheffort, solutionqualityandmemoryconsumptionwhile vary-

ing boththesizeof thecommitmentlist andtherelative weighton theh-values(theoriginal

studykeptthisweight�x ed),andby 2) testingit in two additionaldomains.

k It providesstrongerempiricalsupportfor boththespeedupandreducedmemoryconsumption
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(for agivensolutioncost)of KWA* overWA* by1)usingaslightly improvedimplementation

of KWA* thatdoesscaleit up to the35-Puzzle(theoriginal implementationdid not) and2)

by testingit in two additionaldomains.

k It providesthe �rst comparisonbetweentwo existing algorithmsthat weredevelopedinde-

pendently. Ourempiricalcomparisonhighlightsthedifferentwaysin which they improve on

WA*. In the
�

-Puzzlefor example,we show that1) KWA* takesadvantageof its stronger

breadth-�rstsearchcomponentto improve thesolutionquality, but that2) MSC-WA* takes

advantageof its strongerdepth-�rst searchcomponentto reducememoryconsumption.

k It shows how to combinethe orthogonalideasof commitmentanddiversity into a new al-

gorithmcalledMSC-KWA* that,in two of our benchmarkdomains,scalesup to evenlarger

problemsthaneitherKWA* or MSC-WA* takenindividually.

k It underscoresthestrongsimilarity betweenMSC-KWA* andbeamsearch.Thisobservation

in turn providesa new view of beamsearchastheresultof applyingboth commitmentand

diversityto best-�rst search.
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CHAPTER IV

LIMITED DISCREPANCY BEAM SEARCH Š

4.1 Introduction

In Chapter3, we appliedthe ideasof commitmentanddiversity to the WA* algorithm,resulting

in the MSC-KWA* algorithmandwe showed that 1) MSC-KWA* scalesup betterthanexisting

variantsof WA* and 2) MSC-KWA* is functionally similar to beamsearch. In fact, thesetwo

featuresof MSC-KWA* andbeamsearchareessentialto scaling: commitmentinvolves explicit

controlover thewidth of thesearchtreein orderto eliminateits exponentialgrowth; anddiversity

(i.e., theexpansionof eachfull level in parallel)reducestherisk of beingledastrayby theheuristic

function.Theseobservationsmotivateour interestin beamsearch.

Beamsearchis a well-known solutionto theproblemof theexponentialmemoryrequirements

of best-�rst search.Beamsearchsacri�cessolutionquality for reducedmemoryconsumptionby

pruningnodesthatarerankedworsethanthebest	 nodescurrentlyunderconsideration.	 , called

thebandwidthor simplythewidthof thebeam,1 is aconstantparameterthatis setatthebeginningof

thesearch.Thesmaller	 , thatis themorepruningoccursateachstepof thesearch,thelessmemory

beamsearchconsumesat eachlevel of thesearchtreeandthe larger the probleminstancesbeam

searchis ableto solve. Unfortunately, morepruningtypically increasestheprobabilityof discarding

goodnodesandthusoftenreducesthesolutionquality. Excessivepruningcanevenrenderthesearch

incomplete.Therefore,thechoiceof agood 	 value(or equivalentlyanappropriatepruningpower)

dependson theamountof availablememory, theoptimalpathcost(or alternatively theminimum

depthof thegoalin thesearchtree)andthequalityof theheuristicfunction(which ranksthenodes

beforepruningoccurs).

In this chapter, we review severalexisting beamsearchalgorithmsbut we focuson its standard

‹

This chapter�rst appearedas[47].
1Dependingon thecontext, beamdenoteseitherthe completesetof storednodesat all levels of the searchtree(in

mostof this chapter),or only thesubsetof storednodesat a given level of thesearchtree(in thepseudo-codeof beam
searchvariantsandits discussionin themaintext).
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applicationto breadth-�rst search. Breadth-�rst-basedbeamsearchonly keeps	 nodesat each

level of thesearchtreewhich is built in abreadth-�rstmanner. Therefore,thememoryconsumption

of beamsearchis proportionalto 	 timesthemaximumsearchdepth.Now, theavailablememory

andthegoal's depthin thesearchtreeareusually�x edby themachinecon�gurationandthesearch

problem,respectively. Tuningthebehavior of beamsearchthusrequireschangingthevalueof 	 .

Assumingthat thesearchtime is only a secondaryconcern,2 thebestvalueof 	 is oftenonethat

returnsthehighestsolutionqualitywithoutexhaustingtheavailablememory.3

The researchpresentedin this chapteris basedon the observation that, even in somelarge

problems,beamsearchcansolve mostinstancesusinga large 	 andthereforewith agoodsolution

quality. For example,in our experimentalsetup,beamsearchwith a large beam( 	…�$�Qmˆ(+m@m@m )

solves abouteighty percentof randominstancesin the 48-Puzzle. In this domain,the solution

quality it outputsis on averageaboutanorderof magnitudehigherthanthatoutputby thevariants

of WA* studiedin Chapter3. The researchproblemaddressedin this chapteris how to solve the

remainingtwentypercentof instancesfor which beamsearchrunsout of memory. Assumingthe

valueof 	 andtheavailablememorymake it possiblefor thebeamto reachdeepenough(namely

to thegoal's depth)into thesearchspace,its failureto �nd thegoalmustbeattributedto misguided

pruning. In otherwords,theheuristicfunction is to blamefor wrong rankingsof nodesat oneor

morelevels. In orderto correcttheseheuristicfailures,we proposeto usebacktracking.Themain

contribution of this chapteris to combinetheideasof beamsearchandbacktracking.Theresultis

amemory-boundedalgorithmthat1) behaveslike beamsearchuntil memoryrunsoutand2) keeps

searchingafter memoryrunsout by retractingprevious node-rankingdecisionsandsearchingin

new directions.Having thussolved thememory-consumptionproblemof beamsearchwith large

beams,ourresearchissuebecomesthatof �nding anef�cient backtrackingstrategy in orderto solve

hardinstancesin a reasonableamountof time.

We�rst introducethebreadth-�rst-basedbeamsearchalgorithm.Weextendit into adepth-�rst

beam(DB) searchalgorithmusingchronologicalbacktracking.Then,wedescribeanotherexisting

2This is usuallythecasebecausebeamsearch(like breadth-�rstsearchandmoregenerallybest-�rst search)runsout
of memoryin a matterof secondsor minuteson standardbenchmarks.

3We assumethat �nding any solutionregardlessof its quality is theprimaryobjective of thesearch.In otherwords,
terminatingwithouta solutionis equivalentto reachinga solutionquality of minusin�nity .
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Figure36: Roadmapfor this research

backtrackingstrategy basedon limited discrepancy searchandcombineit with beamsearch.The

resultingalgorithm,calledBULB (for BeamsearchUsingLimited discrepancy Backtracking),not

only scalesupto largedomains,just likebeamsearch,it also�nds solutionsof muchhigherquality

thanthebestalgorithmsin Chapter3 withoutrunningoutof memoryandwithin reasonableamounts

of time. Therefore,ourempiricalstudyof BULB supportsourhypothesisthatbeamsearchquickly

solveslargerproblemswhenit is enhancedwith backtrackingbasedon limited discrepancy search.

Theroadmapfor this researchis depictedin Figure36.

4.2 Beamsearch

Popularearlyapplicationsof beamsearcharenumerousandincludespeechrecognition[4, 126],

job-shopscheduling[44], andlearning[28]. In fact,therearemany variantsof beamsearchin the

literature.[7] providesthis generalde�nition: beamsearchis any technique“in whichanumberof

[...] alternatives(thebeam)areexaminedin parallel. [It] is a heuristictechniquebecauseheuristic

rulesareusedto discardnon-promisingalternativesin orderto keepthesizeof thebeamassmallas

possible.” Thetwo de�ning characteristicsin this de�nition arethat1) a setof nodesareexpanded

in paralleland2) pruningrulesareusedto discardsomenodes.In theextremecase(that is, when
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all candidatesareexpandedin parallelandnopruningrulesapply),beamsearchreducesto breadth-

�rst search.An evenmoregeneralde�nition of beamsearchhasbeenproposedthatdropsthe�rst

characteristic[173]. In this case,any node-orderingstrategy (beit breadth-,depth-,or best-�rst) is

acceptable,providedthatpruningrulesareapplied.In this chapter, it is helpful to distinguishthree

levels of searchstrategiesasdepictedin Figure37. The node-orderingstrategy just mentionedis

the base-level searchstrategy. Standardbeamsearchsimply addspruningrulesandoccupiesthe

next, higherlevel. Sincebreadth-�rst-basedbeamsearchis quitecommon[7, 43, 170, 151, 180],

we focus on it in this chapter. Note that the node-orderingstrategy usedin beamsearchis the

sameasthebase-level one,namelybreadth-�rst.Finally, themaincontribution of thischapteris to

introduceanew level de�nedby abacktrackingstrategy ontopof beamsearch.At thishigherlevel,

wediscussbothdepth-�rst andlimited discrepancy searchstrategies.

4.2.1 The beamsearch algorithm

Themainmotivationfor beamsearchis to reducethespacecomplexity of breadth-�rstsearchfrom

exponentialto linearin thesearchdepth.4 This is achievedby keeping(atmost)a constantnumber

4Thesamemotivationappliesfor best-�rst-basedbeamsearchin general[20, 140, 129]. However, whenthebase-level
searchstrategy is depth-�rst, beamsearchis aimedat speedingup thesearch(becausepruningavoidsvisiting goal-free
sub-trees)[173].
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	 of nodesat eachlevel in the searchtree and pruning all additionalnodes. 	 is the size (or

bandwidth)of the beam. Prunednodesarethosein excessof 	 with the worst heuristicvalues.

Thanksto this pruningmechanism,thespacecomplexity of beamsearchis É�%©	

•

, , where
•

is the

maximumsearchdepth.Figure38 illustratesthememoryrequirements(shadedareas)of breadth-

�rst search(a)andbeamsearch(b). In the�gure, thesearchtreeis built from thetopdown, starting

in thestartstate.In breadth-�rstsearch,eachlayeris fully generatedandstoredin memorybefore

theonebelow it. Thus,in theworstcase,thefull searchtreeis storeddown to thedepthof thegoal

state. The spacecomplexity of breadth-�rst searchis É�%:«

º

, , where « is the branchingfactor. In

beamsearch,eachlayer is split into slicescontainingat most 	 nodes.During thesearch,theset

of nodesat thecurrentlevel is limited to a singleslice. Thenext layer is generated,that is theset

of successornodesof thecurrentslice (not thewhole layer). Thenthenodesin thenext layerare

orderedaccordingto increasingheuristicvalues(from left to right in the�gure) andthelayeris split

into slices.Only thebest(i.e., leftmostslice)is storedin memoryandbecomesthecurrentlayerat

thenext level.

Figure39 containsthepseudo-codefor beamsearch.Beamsearchtakes 	 asaninput param-

eter. First, it initializesthehashtableandthebeamwith thestartstate(Lines2-3). Thenit iterates

on the main loop (Lines 4-22) until 1) the beamis empty, in which caseno solutionwas found

(Line 23), 2) a goal is generatedfor the �rst time (Line 8), or 3) the memoryis full (Line 20).

At eachiteration,the setof all successorsof statesin the beamis built (Lines 5-11), the beamis

reinitialized(Line 12) andthesearchdepthis incrementedby one(Line 13). Finally, thebeamis

�lled up at thenext (deeper)searchlevel (Line 14-21):Until thebeamis �lled to capacityor there

areno moresuccessorsto add(Line 14), thebestsuccessoris selected(Line 15),removedfrom the

setof successors(Line 16),andaddedto thehashtable(Line 18)andthebeam(Line 19),provided

it is not alreadyin thehashtable(Line 17). In effect, beamsearchexpandsall of thenodesin the

beam,ordersthemaccordingto increasingheuristicvalues,andaddsthenew onesin orderinto the

next-level beam.

Finally, we examinethebehavior of beamsearchundertwo extremeconditionsde�ned by the

boundingvaluesfor 	 .

When 	$� � , beamsearchreducesto greedysearchsinceit alwaysexpandsnext the newly

102



1. procedure Beam(:›36587�9:5 , ;A<J>K@"BED"F6B:G‘%¨P—, , 	 ): solutioncost
2. � := m ; ;K`yDž;¬S�`›•J­8< := M•:H36587�9:54T

3. £XVq®$N := M•:H365I7
9:5¨T

4. while ( £*Vq®$N œ�¨[ ) do
5. WAV1S := [

6. for each D"Fa`TFb< in £*VO®§N do
7. for eachsuccessor: of D"Fa`HFb< do
8. if ( :ª�":<xcy

ubz
) then return �ª�

�

9. W=V�S := WAV�Sˆk M•:@T

10. end for
11. end for
12. £*VO®§N := [

13. � := �ª�

�

14. while ( ( WAV1S�œ �_[ ) and ( st£*VO®§N%sano	 ) ) do
15. D"Fa`TFb< := arg minr+£Tw?v¯hJM§;A<?>A@"B|D?F6B6Ga%•:Œ,GT

16. WAV�S := WAV�S$j‘MTD"Fa`TFb<†T

17. if ( D"Fa`TFb< “7°;A`yDž;ZSd`›•J­8< ) then
18. ;K`+Dž;ZSd`›•?­±< := ;A`yDž;ZSd`›•J­8<¤k MTD"Fa`TFb<‘T

19. £*VO®§N := £*Vq®$N²kŽMTD"Fa`TFb<‘T

20. if ( ;K`+Dž;ZSd`›•?­±< is full ) then return q

21. endwhile
22. endwhile
23. return q

Figure 39: Thebeamsearchalgorithm
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generatedsuccessorof thecurrentnodewith thesmallestheuristicvalue.Greedysearchmayexhibit

poorsolutionqualitywhentheheuristicfunctionis misleading.It mayevenbecomestuckin adead-

endwherethecurrentnodehasno new successor.

When 	‰�™q , beamsearchbehaves like breadth-�rstsearchsincethe beam,aslarge asthe

largestlayer, containsall newly generatednodesat thenext level. Breadth-�rstsearchis guaranteed

to �nd a minimum-costpath(assumingthatall edgecostsin thesearchspaceareequal,which we

assumethroughoutthis chapter).Unfortunately, dueto its exponentialspacerequirements,it may

runoutof memorybeforedoingso.

4.2.2 Moti vation for backtracking beamsearch

The foregoing descriptionof beamsearchnaturallycreatesthe following expectationsconcerning

its behavior.

k For small valuesof 	 , beamsearchmay terminatewithout a solution becausethe beam

becomesemptywhenthecurrentnodehasno new successors.

k As 	 increases,beamsearch�nds solutionsof higherquality but alsousesmoreandmore

time andmemory.

k As 	 increasesevenmore,beamsearchmay terminatewithout a solutionbecausememory

�lls up beforeagoalis found.

Table17containstheperformancedatafor beamsearchaveragedover the50randominstances

of the48-Puzzleusedin Chapter3. Thesedataessentiallyexhibit theexpectedtrends.For small

valuesof 	 (namely1 and2), beamsearchsolves noneof the instances(seelast column). For

largervaluesof 	 (up to 10,000),beamsearchsolvesat leastsomeinstances,andthesolutioncost

generallydecreasesas 	 increases,while thespaceusageandtheruntimefollow anoppositetrend.

Finally, when 	 is larger than10, beamsearchbecomesincomplete(that is, it doesnot solve 100

percentof our instances)againdueto memoryshortages.

In additionto con�rming our expectations,the dataunderscoretwo somewhat surprisingand

complementaryfeatures.First,thesolutionqualityexhibitedby beamsearchfor largevaluesof 	 is

quitehighsincetheaveragesolutioncostoversolvedinstancesis ontheorderof 400.This is about
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Table17: Performanceof beamsearchin the48-Puzzle
	 Solution Generated Stored Time Percent

Cost Nodes Nodes (Seconds)Solved
1 N/A N/A N/A N/A 0
2 N/A N/A N/A N/A 0
3 121,766.68 938,369 365,298 0.615 100
4 24,518.68 247,744 98,071 0.161 100
5 11,737.12 147,239 58,680 0.090 100
6 22,019.68 323,566 132,110 0.208 100
7 22,085.92 387,919 154,591 0.250 100
8 19,463.92 391,254 155,699 0.264 100
9 21,804.96 483,132 196,229 0.309 100
10 36,281.64 904,632 362,799 0.601 100
20 32,879.92 1,655,928 657,549 1.136 96
30 33,732.74 2,561,7031,011,897 1.879 94
40 24,936.02 2,524,773 997,315 1.944 94
50 25,341.44 3,211,2441,266,902 2.495 86
60 24,635.84 3,743,0411,477,936 2.995 90
70 19,537.37 3,469,9591,367,356 2.727 92
80 11,908.16 2,411,950 952,341 1.843 86
90 12,978.54 2,966,3221,167,713 2.220 92
100 12,129.88 3,079,5941,212,579 2.296 86
200 6,266.98 3,176,8211,252,423 2.349 82
300 3,469.15 2,625,0671,039,169 1.890 82
400 3,906.33 3,950,6651,560,311 3.156 78
500 2,302.86 2,899,7651,148,559 2.205 74
600 2,161.64 3,263,7741,293,419 2.524 78
700 1,747.58 3,070,2221,219,046 2.537 90
800 1,527.50 3,059,0381,216,990 2.484 72
900 1,448.03 3,261,1731,297,485 2.747 76

1,000 1,337.95 3,346,0041,331,451 2.822 84
2,000 747.02 3,676,7191,479,593 3.448 94
3,000 612.42 4,491,4791,814,334 4.314 86
4,000 527.88 5,131,1802,079,790 4.746 80
5,000 481.30 5,814,0612,365,603 5.500 86
6,000 466.49 6,750,7752,748,609 6.591 82
7,000 449.67 7,588,7573,087,861 7.662 86
8,000 438.52 8,437,5263,438,717 8.660 80
9,000 443.27 9,588,4203,910,897 10.132 88
10,000 440.0710,569,8164,312,007 11.307 80
20,000 N/A N/A N/A N/A 0
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an orderof magnitudesmallerthanthe solutioncostoutputby the bestalgorithmsin Chapter3.

Second,andeven moresurprisingly, the successrate (seelast column) remainshigh (around80

percent)even for theselarge valuesof 	 . This meansthat beamsearchwith a relatively large 	

valuesolvesa majority of instanceswith a high solutionquality andonly runsout of memoryin a

smallnumberof cases.This observation is themotivationfor our researchquestion:how to make

beamsearchcompletefor large valuesof 	 ? In this chapter, we consideronepossibleanswer,

namelybacktrackingsearch.

4.3 Backtracking beamsearch

Theforegoingdiscussionshows that,at leastin onelargedomain,beamsearchcanusea relatively

wide beamto �nd high quality solutionsin mostinstances.Assumingthatthebeamis not solarge

that it cannotreachthegoaldepth,thereasonbeamsearchfails to �nd a goal in a few instancesis

thattheheuristicvaluesaremisleading.For examplein Figure38(b),thegoalis mistakenlyordered

in the third sliceof theseventhlayer. Sincebeamsearchonly visits the �rst sliceof eachlayer, it

missesthe goal.5 Figure38(c) illustratesonepossiblesolutionto this problem: if the goal is not

foundwhenthesearchbottomsout, why not backtrackto a previouschoicepoint wheretheslices

mayhave beenmistakenly ordered?

In this section,we describetwo new algorithms. First, we introducea depth-�rst extension

of beamsearchcalledDB. Thenwe describean existing, alternative backtrackingstrategy called

limiteddiscrepancysearch whichweusein ournew BULB algorithm.

4.3.1 The depth-�rst beamsearch (DB) algorithm

The DB algorithmis an extensionof beamsearchthat continuesthe searchwhenit bottomsout

becausethememoryis full. Beforemoving backto anearlierchoicepoint in thesearchtreein order

to explore,for example,thesecondslicein thenext layer, someemptyspacemustberecoveredin

memory(sinceit is now full). Theeasiestway to do this is to purgeonesliceandto replaceit with

the new one. Whenit comesto choosingwhich storedslice to purge, thereareasmany options

astherearelevels in the currentpaththroughthesearchtree. This sectiondiscussesthe simplest

5Sincebeamsearchstopswhen a goal is generated, this exampleassumesthat the third slice of layer 7 is not a
successorlayerof the�rst sliceof layer6.
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choice,namelypurging the lastly insertedslice. This strategy is calledchronologicalbacktracking

andresultsin adepth-�rstextensionof beamsearchwhichwecallDB (for Depth-�rst Beamsearch).

Notethatheuristicsearchalgorithmsthatrepeatedly�ll up andthenpurgememoryareoftenquite

complicated[19, 143, 86, 177].6 In contrast,because1) DB usesa depth-�rst searchstrategy, 2)

DB alwayspurgescontiguousregionsof memoryand3) DB doesnot needto ensureoptimality of

thesolution,its implementationis (relatively) easy. Wenow describeDB in detail.

Figure40 containsthepseudo-codefor thedepth-�rst beamsearch(DB) algorithm. Thecode

containsfour functions:thetop-level DB() functionandthreecomponentfunctions.We�rst discuss

thecomponentfunctionsin abottom-uporder, andthenthetop-level function.

ThegenerateNewSuccessors() function(Lines30-38)takesasinputasetof statesandaheuristic

function. It returnsanarrayof all thesuccessorsof theinput statesin orderof increasingheuristic

values.Theoutputarrayonly containsnewly generatedstates(i.e.,statesthatarenotalreadyin the

hashtable).Notethattheoutputarraymaycontainduplicatestatessincetwo (or more)statesin the

input setmayshareanewly generatedsuccessor. This functiondoesnothave any sideeffects.

ThenextSlice()function(Lines14-29)takesasinput thecurrentsearchdepthandthe index of

theneededsliceat thenext level (aswell asa heuristicfunctionandthevalueof 	 ). It is assumed

that the (non-empty)slice at the currentlevel is alreadyin thehashtable. This function calls the

precedingoneto generateall of thesuccessorsof thecurrentslice(Line 16)andit locatestheneeded

slicewithin thecompletesetof successors(Lines19-28)andreturnsit (Line 29). As a sideeffect,

theslice is insertedonesuccessornodeat a time into thehashtable(Line 23) beforethe function

returns.Themain loop of this function(Lines19-28)�lls up theslice: Startingat startIndex with

an emptyslice (Line 19), it iteratesover the index into the arraySUCCSof successors(Line 27)

until theendof thelayeris reachedor thesliceis �lled to capacity, thatis 	 (Line 20). Eachnewly

generatedsuccessor(Line 21) is insertedinto the slice (Line 22) andthehashtable(Line 23). If

the hashtablehappensto �ll up during the processingof the slice (Line 24), the function aborts

(Line 26),but only afterhaving clearedthehashtableof theincompleteslice(Line 25).7

6Thedif�culty liesmainly in theneedto maintain1) thenetwork of datastructures(includingfor exampleanarrayof
statesfor thehashtableandoneor morelinkedlists of statesfor bucketsandotherorderedlists) in a coherentstate,and
2) a setof countersfor insuringthatthesearchis admissible.

7Thismustbedonesincethecallingfunction(namelyDBprobe()) assumesthateitherthesearchmustcontinueandthe
full sliceat thenext level is in memoryor thatthesearchmustbacktrackandthememorywasnotchangedin nextSlice().
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1. procedureDB( Ö ×©ØZÙtÚ'Ø , Û‘Ü+Ý@Þ4ßXà4á0ß›â<ãtä å , ³ ): solutioncost

2. é ãjÖ ×•ØXÙtÚ'Ø å := ê ; Û{ùQà³Û�(aù”´žµ—Ü := ð?Ö ×•ØXÙtÚ'Ø¨ñ

3. return DBprobe(0, Û{ÜcÝ@Þ4ßXàwá0ß›â•ã'ähå , ³ )

4. procedureDBprobe(¶<Ü:·†áIÛ , Û{ÜcÝ@Þ4ßXàwá0ß›â•ã'ähå , ³ ): solutioncost

5. à4á•ùQÞ4á8¸�¹K¶•Ü�º := ê

6. while ( ájÞ4Ý‘Ü ) do

7. »•ô{ó	¸Qò•î½¼ž¾QùJµ Ý‘Ü&¼+à4á•ùQÞ4á8¸�¹A¶<Ü/ºK¿ := nextSlice(¶<Ü:·†áIÛ , à4á•ùQÞ4á8¸�¹A¶<Ü/º , Û{ÜcÝ@Þ4ßXàwá0ß›â•ã'ähå , ³ )

8. if ( ¾?ù•µ Ý‘Ü�À�ê ) then return ¾QùJµ Ý‘Ü

9. if ( ô@ó�¸Qò•î

ø

ö ) then continue

10. â0Á?à4á := DBprobe(¶<Ü:·†áIÛ���
 , Û‘Ü+Ý@Þ4ßXà4á0ß›â<ãtä å , ³ )

11. for each Ö in ô@ó	¸3ò•î do Û{ù?à³Ûd(‘ù&´
µ—Ü := Û{ù?à³Ûd(‘ù&´
µ—Ü&�Œð?Ö ñ end for

12. if ( â/ÁQà4áÂ�°� ) then return â0Á?à4á

13. endwhile

14. procedurenextSlice(¶•Ü6·ˆáZÛ , à4á•ùQÞ4á8¸�¹K¶•Ü�º , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå , ³ ): » arrayof states, integer, integer ¿

15. âcÝ@Þ4Þ³Üž¹‘áIó•ù•Ã<Ü+Þ := ð?Ö

�

Û{ùQà³Û�(aù”´žµ—Ü$)cé ãjÖ?å

ø

¶•Ü6·ˆáZÛ
ñ

16. ôÅÄAò2ò•ô := generateNewSuccessors(â+Ý@Þ4Þ³Üž¹‘áIó>ùJÃ<ÜcÞ , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå )

17. if ( ( ô¯ÄAò2ò•ô

ø

ö ) or ( àwá•ùQÞ4á8¸�¹A¶<Ü/º

ø

)hôÅÄAò2ò•ôÂ) ) ) then return »jöT¼��°¼CÆi
"¿

18. if ( Ö?ÇžÈ
ÙbÉ

�

ô¯ÄAò2ò•ô ) return »jöT¼?¶<Ü:·†áIÛ$��
”¼CÆi
"¿

19. ô{ó	¸Qò•î := ö ; Ê := àwá•ùQÞ4á8¸�¹A¶<Ü/º

20. while ( ( Ê]�ˆ) ô¯ÄAò2ò•ôË) ) and ( ) ô@ó	¸3ò•î½)+�,³ ) ) do

21. if ( ô¯ÄAò2ò•ôÂÌ ÊœÍÂ�

�

Û{ù?à³Ûd(‘ù&´
µ—Ü ) then

22. é ã•ôÅÄAò2ò•ôÂÌ ÊœÍZå := ¶•Ü6·ˆáZÛ ; ô@ó�¸Qò•î := ô@ó�¸Qò•îÎ�¸ð<ô¯Ä)ò2ò>ôËÌ ÊœÍ
ñ

23. Û‘ù?à³Û�(aù”´žµ—Ü := Û‘ù?à³Û�(aù”´žµ—ÜÏ��ð<ôÅÄAò2ò•ôÂÌ ÊEÍ
ñ

24. if ( Û‘ù?à³Û�(aù”´žµ—Ü is full ) then

25. for each Ö in ô@ó�¸Qò•î do Û{ùQàtÛd(‘ù&´
µ Ü := Û{ùQàtÛd(‘ù&´
µ Ü”�ŒðQÖ
ñ

end for

26. return »0öT¼��°¼CÆi
"¿

27. Ê := Ê=�°


28. endwhile

29. return »'ô@ó�¸Qò•î¤¼CÆi
”¼bÊa¿

30. proceduregenerateNewSuccessors(à4á•ùQá•Ü4ô Ü+á , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå ): arrayof states

31. ß8¹A¶<Ü/º := ê

32. for each à4á•ùQá•Ü in à4á•ùQá•Ü4ô Ü+á do

33. for eachsuccessorÖ of àwá•ùQá•Ü do

34. if ( Ö��

�

Û‘ù?à³Û�(aù”´žµ—Ü ) then ô¯Ä)ò)ò•ôÅÌ—ß8¹K¶•Ü�º4Í := Ö ; ß8¹A¶<Ü/º := ß8¹A¶<Ü/º§��


35. end for

36. end for

37. Sortstatesin ôÅÄAò2ò•ô in orderof increasingÛ{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå -values

38. return ô¯Ä)ò2ò>ô

Figure 40: Thedepth-�rst beamsearch(DB) algorithm
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This function returnsa 3-tuplecontainingthe outputslice, a �ag value,andthe index of the

following slice to be processedin the next layer. In the normalcase(i.e., whenthe searchmust

continuedown thetreefrom theslice),the�ag valueequalsnegative one.However, therearefour

situationsunderwhich this function terminateswith a positively-valued�ag. All indicatethat the

searchneednotcontinuedown thetreebelow theslice,namely:

k Whenthesetof successorsis empty8 (Line 17);

k Whenthesliceindex hasgonebeyondthelastslice9 (Line 17);

k Whenthegoalis foundin thesetof successors(Line 18);or

k Whenthehashtableis full (Lines24-26).

In all four cases,the returned�ag is setto a positive value,that is eitherthe solutioncost(in the

third case)or in�nity (in thethreeothercases).In addition,thereturnedsliceindex is irrelevant in

all four casessowe arbitrarilysetit to negative one.

TheDBprobe()function(Lines4-13)takesasinput thecurrentsearchdepth(aswell asaheuris-

tic functionandthevalueof 	 ). It repeatedlycallstheprecedingfunctionto generateanew sliceat

thenext level andthenrecursively calls itself to searchthesub-treebelow theslice. This is where

thechronologicalbacktrackingoccurs.This functionreturnsapositivevalue,namelyeitherthecost

of thesolutionfoundin thesub-treerootedat thecurrentslice,or in�nity .

This functionassumesthatthesliceat thecurrentsearchdepthis alreadyin thehashtableand

it iteratesover theslicesat thenext layer(Lines5-13). It callsthepreviousfunctionto loadthenext

slice into memory(Line 7). If the returned�ag valueis positive, thesearchhasbottomedout. It

returnseitherthesolutioncostor in�nity (Line 8). Otherwise(i.e., thevalueof the�ag is negative

one),the searchproceedsdown the tree,unlessthe returnedslice turnsout to be empty(Line 9).

If not, the slice wasloadedinto memoryby nextSlice()andDBprobe()recursively calls itself on

this sliceat thenext level (Line 10). Uponreturn,theslice is purgedfrom memory(Line 11) and

8This caseariseswhenall of thesuccessorsof thecurrentslicearealreadyin thehashtable. This is a dead-endfor
thesearch,

9This is thenormalterminationconditionwhenthesub-treeunderthecurrentslicehasbeenfully searched.
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thesearchproceedswith thesibling sliceat thecurrentlevel, unlessthegoalwasfoundunderthe

currentone(Line 12).

Finally, DB() is the top-level function. It takesas input the startstate(aswell asa heuristic

function and the value of 	 ) and returnsthe cost of a solution (or in�nity if nonewas found).

After initializing thehashtablewith thestartstate(Line 2), it simply callsDBprobe()at depthzero

(Line 3).

4.3.2 Limited discrepancysearch

While usingbacktrackingto transformbeamsearchinto a memory-boundedalgorithmsolvesthe

memoryconsumptionproblemon large instances,is chronologicalbacktrackingthemostef�cient

way to do it in termsof runtimes?[61] observesthatthechronologicalbacktrackingusedin depth-

�rst searchalways revisits its most recentdecisions(at the bottomof the tree)beforeit revisits

earlierdecisions(at thetop of thetree).Sincethenumberof alternativesis exponentiallylargerat

thebottomthanat thetopof thetree,it takesa longtimebeforeit comesbackonanearlydecision.

In effect,chronologicalbacktrackingputsmoretrust(orweight)in its earlydecisionsthanin its later

ones.This is unfortunatebecauseheuristicevaluationsareusuallymoreaccuratein theproximity

of the goal, that is, they aremorelikely to be inaccurateat the top of the searchtree. So, if the

algorithmmakesa wrong decisionat the top of the treeandchoosesto explore a large, goal-free

sub-tree,depth-�rst searchwill wastea lot of time in this sub-treebeforeit switchesto another

sub-tree.Our experimentswith DB con�rm this analysis(seeSection4.4): DB only improveson

thesolutionqualityof beamsearchat thecostof unacceptableruntimes.In thissection,wepropose

to useanexistingalternative backtrackingstrategy calledlimited discrepancy searchwhichwe �rst

describein its originalversionandthengeneralizeto graphs.

4.3.2.1 Original limiteddiscrepancysearch

[61] proposesa new backtrackingalgorithmthatweighsequallydecisionsat all depthsof thetree.

Limited discrepancy search(LDS) assumesthattheheuristicorderingof successorsis right mostof

thetime. First,LDS searchesthetreegreedily(thatis, with no discrepancy). If no goal is found,it

is because(a presumablysmallnumberof) wrongturnsweremade.ThusLDS iteratively searches

the treewith an increasingnumberof allowed wrong turns(or discrepancies).Figure41 depicts
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Figure41: Behavior of original limited discrepancy search(LDS) onabalanced,binarytree
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1. procedure LDS(:43œ587�9:5 , ;A<?>A@"B|D?F6B6Ga%¨P—, ): solutioncost
2. Ð1¢+BED?G•@�</ÑA`+¡dG•B:<?D := m

3. while ( F6@">�< ) do
4. Gž +D"F := LDSprobe(:›36587�9:5 , 0, Ð1¢+B|DJGJ@
<�ÑA`T¡dGJBa<"D , ;A<?>A@"B|D?F6B6Ga%¨P—, )
5. if ( Gž +D"F¾n9q ) then return Gž yD?F

6. Ð1¢+B|DJGJ@
<�ÑA`T¡dGJBa<"D := Ð�¢TB|DJGJ@
<�ÑA`+¡ GJBa<"D

�

�

7. endwhile

8. procedure LDSprobe(D"Fa`TFb< , ¢›<�Ñ Fœ; , Ð1¢+BED?GJ@
<�Ñ=`+¡dGJBa<"D , ;=<?>A@CBED"F6B:G‘%¨P—, ): solutioncost
9. if ( D?Fa`TFb< is a leaf ) then return q

10. else Ò
•ž<"D?F?(?DJ<žGž +¡d¢ Ó := generateSuccessors(D?Fa`HFb< )
11. if ( ( •ž<?D"F �":+Ô
Õ 7�Ö ) or ( DJ<žGž +¡d¢8��:yÔžÕ 7�Ö ) ) then return ¢4<�Ñ Fœ;

�

�

12. if ( Ð1¢+BED?GJ@
<�Ñ=`+¡dGJBa<"D���m ) then return LDSprobe(•ž<?D"F , ¢›</Ñ Fœ;

�

� , m , ;A<J>K@"BED"F6B:G‘%¨P—, )
13. else
14. Gž yD?F := LDSprobe(D•<
Gž T¡d¢ , ¢4<�Ñ Fœ;

�

� , Ð1¢+BED?G•@�</ÑA`+¡dG•B:<?D Áo� , ;A<J>A@CBED"F6B:G‘%¨P—, )
15. if ( Gž +D"F¾n9q ) then return Gž yD?F

16. return LDSprobe(•C<"D"F , ¢›<�Ñ Fœ;

�

� , Ð1¢+BED?G•@�</ÑA`+¡dG•B:<?D , ;A<J>K@"BED"F6B:G‘%¨P—, )

Figure 42: Theoriginal limited discrepancy search(LDS) algorithm(for balancedbinarytrees)

this behavior. LDS is designedto work on �nite binary trees. In the �gure, the childrenof each

nodeareorderedfrom left to right by increasingheuristicvalues.Sotheheuristicfunctionalways

recommendsgoing down the left branchwhile going down the right branchis a wrong turn (or

discrepancy) accordingto theheuristic.The�rst iterationis agreedysearchwith nodiscrepancy. In

general,the �

s
� iterationallowsfor atmost � Á8� discrepancies.Within eachiteration,discrepancies

occur�rst atthetopof thetree,thenfurtherdown. Numbersatthebottomof eachsub-�gureindicate

theorderin which leafnodesarevisitedduringtheiteration.

Figure42containsthepseudo-codefor LDS. Thetop-level functionLDS()repeatedlyperforms

a limited discrepancy searchfrom thestartstate(Line 4) by calling LDSprobe()with anincreasing

numberof alloweddiscrepancies(Line 6), startingwith nodiscrepancy (Line 2). Unlessthecurrent

nodeis a leaf of the tree(Line 9), LDSprobe()generatesits successorsandrecursively calls itself

on them.If themaximumnumberof alloweddiscrepanciesis zero,thenonly thesub-treebelow the

bestsuccessoris visitedwith no discrepancy allowed(Line 12). Otherwise,thesub-treeunderthe

worstsuccessoris visitedwith onelessdiscrepancy allowed(sinceonewasjustconsumed,Line 14),

thenthesub-treeunderthebestsuccessoris visitedwith thesamenumberof alloweddiscrepancies

(sincenonewasconsumedatthecurrentlevel by following theheuristicrecommendation,Line 16).

LDS stopswhenthegoalis generated(Line 11).

112



4.3.2.2 Generalizedlimiteddiscrepancysearch

In order to apply LDS to beamsearch,we needto make it work on generalgraphs,not just on

binary trees. This requirestwo modi�cations. First, it mustbe ableto handlevarying branching

factors(especiallybranchingfactorslarger than 2). Second,it must perform cycle detectionto

avoid following anin�nite branch.In LDS,adiscrepancy meanstakingawrongturn,namelygoing

down therightmostbranch.Whenthebranchingfactoris larger than2, choosingany but thebest

successoris a wrong turn or discrepancy.10 Oneapproachwould be to discardall successorsbut

the besttwo, thusfalling backonto the binary case.This approachmakesthe searchincomplete

sincesomebranchesarenever explored. Therefore,we choosea differentapproachthat views a

move down any but thebestsuccessorasanacceptablediscrepancy. Furthermore,thesameweight

is assignedto all discrepanciesat a given level. This meansthateachdiscrepancy at a given level

(be it the second,third, or �

s
� bestsuccessor)is consumedasfastaspossible,andin this order.

This takescareof the�rst issue.Second,cycledetectionis donewith thehashtableschemeusedin

beamsearch.Wecall theresultingalgorithmGLDSsinceit is generalizedto work on graphs.

Figure 43 containsthe pseudo-codefor GLDS. The top-level function is identical to that of

LDS exceptthatit initializesthehashtablewith thestartstate(Line 2). As for LDS, GLDSprobe()

performsa limited discrepancy searchrootedat its input state. First, the setof its new successor

statesis built (Lines9-13). Thesearchbacktracksif thegoal is found(Line 11), thestateis a leaf

(Line 14), or thehashtableis full (Line 15). Otherwise,thebestsuccessoris identi�ed (Line 16).

Thentwo casescanarise. If the maximumnumberof allowed discrepanciesis zero,GLDS calls

itself on thebestsuccessorwith no alloweddiscrepancies(Line 19). Otherwise,GLDS calls itself

successively (Lines23-31)on thesecond,third, etc.. . successorwith onelessalloweddiscrepancy

(Line 28),beforecalling itself onthebestsuccessorwith thesamenumberof alloweddiscrepancies

(Line 33). Thebehavior of GLDSon a randomtreeis depictedin Figure44. Like in Figure41, the

childrenof eachnodeareorderedfrom left to right by increasingheuristicvalues.Numbersat the

bottomof eachsub-�gureindicatetheorderin which leafnodesarevisitedduringtheiteration.

10When there is a tie amongbestnodes,one of them is chosenarbitrarily and all the other nodesare viewed as
discrepancies.
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1. procedure GLDS(:4365I7
9:5 , ;A<J>K@"BED"F6B:G‘%¨P—, ): solutioncost
2. Ð1¢+BED?G•@�</ÑA`+¡dG•B:<?D := m ; ;K`yDž;¬S�`›•J­8< := M•: 36587�9:5 T

3. while ( F6@">�< ) do
4. Gž +D"F := GLDSprobe(:43œ587�9:5 , 0, Ð1¢+BED?GJ@
<�Ñ=`+¡dGJBa<"D , ;A<?>A@"B|D?F6B6Ga%¨P—, )
5. if ( Gž +D"F¾n9q ) then return Gž yD?F

6. Ð1¢+B|DJGJ@
<�ÑA`T¡dGJBa<"D := Ð�¢TB|DJGJ@
<�ÑA`+¡ GJBa<"D

�

�

7. endwhile

8. procedure GLDSprobe(D"Fa`HFb< , ¢4<�Ñ Fœ; , Ð1¢+B|DJGJ@
<�ÑA`T¡dGJBa<"D , ;A<?>A@"B|D?F6B6Ga%¨P—, ): solutioncost
9. W=V�S := [

10. for eachsuccessor: of D"Fa`TFb< do
11. if ( :š�
:yÔ
Õ

7�Ö
) then return ¢›</Ñ Fœ;

�

�

12. if ( :8“ 7�;K`yDž;¬S�`›•J­8< ) then WAV1S := W=V�S.kÄM•:{T

13. end for
14. if ( WAV1SÐ�¨[ ) then return q

15. if ( ;K`+Dž;ZSd`›•?­±< hasonly oneemptyslot ) then return q

16. •C<"D"F := arg minr+£Tw?v¯hJM¤;A<J>K@"BED"F6B:G‘%•:Y,2T

17. if ( Ð1¢+BED?GJ@
<�Ñ=`+¡dGJBa<"D���m ) then
18. ;K`yDC;ZS�`4•?­±< := ;K`yDC;ZSd`›•?­±<�k�MK•C<"D"FfT

19. Gž yD?F := GLDSprobe(•C<"D?F , ¢4<�Ñ Fœ;

�

� , m , ;=<?>A@CBED"F6B:G‘%¨P—, )
20. ;K`yDC;ZS�`4•?­±< := ;K`yDC;ZSd`›•?­±<Hj‘MK•ž<?D"FfT

21. return Gž yD?F

22. else
23. WAV�S := WAV1S�j‘MK•ž<?D"FfT

24. while ( WAV�SFœ �_[ ) do
25. D?Fa`TFb< := arg minr+£Tw?v¯hJM¤;A<?>A@"B|D?F6B6Ga%•:Œ,GT

26. W=V�S := WAV�S$j‘MTD"Fa`TFb<‘T

27. ;A`yDž;ZSd`›•J­8< := ;K`yDC;ZS�`4•?­±<�k�MTD"Fa`TFb<‘T

28. GC yD"F := GLDSprobe(D"Fa`HFb< , ¢›<�Ñ Fœ;

�

� , Ð�¢+BED?G•@�</ÑA`+¡dG•B:<?D Áo� , ;A<J>A@CBED"F6B:G‘%¨P—, )
29. ;A`yDž;ZSd`›•J­8< := ;K`yDC;ZS�`4•?­±<Tj‘MTD"Fa`TFb<aT

30. if ( Gž yD?F^n9q ) then return GC yD"F

31. endwhile
32. ;K`yDC;ZS�`4•?­±< := ;K`yDC;ZSd`›•?­±<�k�MK•C<"D"FfT

33. Gž yD?F := LDSprobe(•C<"D"F , ¢4<�Ñ Fœ;

�

� , Ð1¢+BED?G•@�</ÑA`+¡dG•B:<?D , ;A<?>A@"B|D?F6B6Ga%¨P—, )
34. ;K`yDC;ZS�`4•?­±< := ;K`yDC;ZSd`›•?­±<Hj‘MK•ž<?D"FfT

35. return Gž yD?F

Figure 43: Thelimited discrepancy searchalgorithmfor generalgraphs(GLDS)
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Figure 44: Behavior of GLDSon anirregulartree
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4.3.3 Beamsearch using limited discrepancybacktracking (BULB)

Now that we have extendedLDS to work on graphs,we canaddbacktrackingbasedon limited

discrepancy search(insteadof chronologicalbacktracking)into beamsearch.We call theresulting

algorithmBULB (which standsfor BeamsearchUsingLimited discrepancy Backtracking).

Figure45 containsthepseudo-codefor BULB. Its top-level functionis thesameastheonefor

GLDS (Lines1-7 in Figure43) exceptthat it mustinitialize theg-valueof thestartstate.Thetwo

bottom-level componentfunctionsnextSlice()andstoreSuccessors() arethesameastheonesfor DB

(Lines14-38in Figure40). Only theprobefunction(renamedBULBprobe()) differs from theone

in bothDB andGLDS sinceit mustperformlimited discrepancy (not chronologicalbacktracking)

on slices(not on individual states).

ThefunctionBULBprobe()startsby generatingthe �rst sliceat thenext level (Line 9). If any

of thefour terminationconditionssharedby DB (seeSection4.3.1)holds,thesearchhasbottomed

out and the function returnseither the solutioncost or in�nity (Line 10). Otherwise,two cases

may arise(like in LDS andGLDS). The �rst caseis whenthereis no morediscrepancy allowed

(Lines12-15).Thesearchthenproceedsto thenext level (Line 13)unlessthecurrentslicehappens

to be empty(Line 12). Whenthesub-treerootedin theslice is fully explored,theslice is purged

from memory(Line 14). Thesecondcaseis whenthenumberof alloweddiscrepanciesis positive

(Lines17-33).First,thecurrentsliceis purgedfrom memory11 (Line 17). Then,BULBprobe()calls

itself recursively on the second,third, etc.. . bestslice (Lines 18-27)with onelessdiscrepancy12

(Line 24). Finally, BULBprobe()calls itself recursively on the bestslice (Lines 28-33)with the

samenumberof alloweddiscrepanciesasin thecurrentlevel (Line 31).

11This is donebecause,asdiscussedin Section4.3.4.1,weenforcean ×*Ø±ÙÛÚ”Ü worst-casespacecomplexity. Therefore,
we needto regenerate(andorder)theslicesat eachiteration.

12Notethatwhenthesearchbottomsout for any reasonotherthanhaving foundthegoal,theloop shouldbeexited to
move on to thebestslice. This is thesemanticsof thebreakstatement(Line 22). If thereis not enoughmemoryto store
this slice,thereis not enoughmemoryto storethe following sliceseither. In contrast,whentheslice is empty(because
all of its statesarere-generated),this iterationterminatesbut the remainingslicesmuststill be processed.This is the
semanticsof thecontinuestatement(Line 23). In thiscase,thefactthatthecurrentsliceis emptydoesnot imply thatany
of theremainingsliceswill beempty. Sothey mustbechecked.
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1. procedureBULB ( Ö3×©ØZÙtÚ'Ø , Û{ÜcÝ@Þ4ßXàwá0ß›â•ã'ähå , ³ ): solutioncost

2. ï�¶3ßXàcâ+Þ³Ü:·‘ùJ¹†âcß›Ü+à := ê ; é ãjÖQ×•ØXÙtÚ'Ø'å := ê ; Û{ùQà³Û�(aù”´žµ—Ü := ð?ÖQ×•ØXÙtÚ'Ø ñ

3. while ( ájÞ4Ý‘Ü ) do

4. â/ÁQà4á := BULBprobe(0, ï$¶QßXàcâ+Þ¨Ü6·‘ùJ¹ˆâ+ß›Ü+à , Û{ÜcÝ@Þ4ßXàwá0ß›â•ã'ähå , ³ )

5. if ( â/ÁQà4áÂ��� ) then return â0Á?à4á

6. ï�¶QßXàcâcÞ³Ü:·{ù•¹†âcß›Ü4à := ï�¶QßXàcâcÞ³Ü:·{ù•¹†âcß›Ü4àË��


7. endwhile

8. procedureBULBprobe(¶<Ü:·†áIÛ , ï�¶QßXàcâcÞ³Ü:·{ù•¹†âcß›Ü4à , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå , ³ ): solutioncost

9. »•ô{ó	¸3òSî½¼ž¾QùJµ Ý‘Üy¼cà4á©ù3Þ4áI¸
¹K¶<Ü/ºK¿ := nextSlice(¶<Ü:·†áIÛ , 0, Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå , ³ )

10. if ( ¾?ù•µ Ý‘Ü�À’ê ) then return ¾QùJµ Ý‘Ü

11. if ( ï�¶3ßXà+âcÞ³Ü:·{ù•¹†âcß›Ü4à

ø

ê ) then

12. if ( ô{ó	¸3òSî

ø

ö ) then return �

13. â/ÁQà4á := BULBprobe(¶<Ü:·†áIÛ���
 , ê , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå , ³ )

14. for each Ö in ô@ó	¸3ò•î do Û‘ù?à³Û�(aù”´žµ—Ü := Û‘ù?à³Û�(aù”´žµ—Üy�Œð?Ö
ñ end for

15. return â0Á?à4á

16. else

17. if ( ô{ó	¸3òSî�÷

ø

ö ) then for each Ö in ô{ó	¸3òSî do Û‘ù?à³Û�(aù”´žµ—Ü := Û‘ù?à³Û�(aù”´žµ—Ü&�Yð?Ö
ñ

end for

18. while ( á0Þ4Ý‘Ü ) do

19. »'ô@ó	¸3ò•î¤¼ž¾QùJµ Ý‘Üy¼+à4á©ù3Þ4áI¸
¹K¶•Ü�ºK¿ := nextSlice(¶<Ü:·†áIÛ , à4á©ù3Þ4áI¸
¹K¶•Ü�º , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå , ³ )

20. if ( ¾QùJµ Ý‘Ü�À’ê ) then

21. if ( ¾?ù•µ Ý‘Ü���� ) then return ¾QùJµ Ý‘Ü

22. elsebreak

23. if ( ô@ó�¸Qò•î

ø

ö ) then continue

24. â0Á?à4á := BULBprobe(¶<Ü:·†áIÛ��°
 , ï�¶3ßXà+âcÞ³Ü:·{ù•¹†âcß›Ü4àqÆR
 , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå , ³ )

25. for each Ö in ô{ó	¸Qò•î do Û‘ù?à³Û�(aù”´žµ—Ü := Û{ùQà³Û�(aù”´žµ—Ü&�Yð?Ö
ñ end for

26. if ( â0Á?à4áË�°� ) then return â/ÁQà4á

27. endwhile

28. »•ô@ó�¸Qò•î¤¼C¾?ù•µ Ý‘Üy¼+à4á•ùQÞ4á8¸�¹A¶<Ü/º4¿ := nextSlice(¶•Ü6·ˆáZÛ , ê , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå , ³ )

29. if ( ¾QùJµ Ý‘Ü�ÀÄê ) then return ¾?ù•µ Ý‘Ü

30. if ( ô{ó	¸3òSî

ø

ö ) then return �

31. â/ÁQà4á := BULBprobe(¶<Ü:·†áIÛ���
 , ï$¶QßXàcâ+Þ¨Ü6·‘ùJ¹ˆâ+ß›Ü+à , Û{ÜcÝ@Þ4ßXàwá0ß›â•ã'ähå , ³ )

32. for each Ö in ô@ó	¸3ò•î do Û‘ù?à³Û�(aù”´žµ—Ü := Û‘ù?à³Û�(aù”´žµ—Üy�Œð?Ö
ñ end for

33. return â0Á?à4á

34. procedurenextSlice(¶•Ü6·ˆáZÛ , à4á©ù3Þ4áI¸
¹K¶•Ü�º , Û{ÜcÝ@Þ4ßXà4ájß›â•ã'ähå , ³ ): » arrayof states, integer, integer ¿

35. SameasLines15-38in Figure40

Figure45: TheBULB algorithm:Beamsearchusinglimited discrepancy backtracking

117



Table18: A taxonomyof beamsearchmethods
	 typeof backtracking

none chronological limited discrepancy

1
greedysearch guideddepth-�rst limited discrepancy search

(gradientdescent) search (LDS/GLDS)
intermediate beam depth-�rst beamsearchbeamsearchusingLD backtracking

value search (DB) (BULB)

q

breadth-�rst breadth-�rst breadth-�rst
search search search

4.3.4 Propertiesof the BULB algorithm

4.3.4.1 BULB is a memory-boundedalgorithm

BULB, like othermemory-boundedalgorithms[19, 143, 86, 177], continuessearchingwhenmem-

ory runsout by purging existing nodesfrom memory. But whatis thespacecomplexity of BULB?

Typically, depth-�rst searchalgorithmsonly needto keepin memorythepathfrom thestartstateto

thecurrentstate,leadingto an É�%

•

, complexity, where
•

is themaximumsearchdepth. Alterna-

tively, depth-�rst searchwith nodeordering(sometimescalledguidedDFS[167]), like BULB (and

DB), alsoneedsto keepin memorythesiblingsof nodeson thecurrentpath,leadingto an É¸%:«

•

,

complexity, where « is the maximumbranchingfactor. In the caseof BULB, like for variantsof

beamsearch,	 nodesmustbestoredat eachlevel, leadingto a spacecomplexity of either É¸%©	

•

,

or É�%©	Ý«

•

, . SinceBULB usessliceordering(asin `nodeordering'),thelattercasewould typically

hold. However, in order to be ableto performdeepersearcheswith wider beams,we make sure

that thespacecomplexity of BULB doesnot exceedÉ�%©	

•

, . This is achieved by only storingone

slice at eachlevel. Therefore,our implementationof BULB mustre-generate(andorder)all the

successorsof a sliceevery time it backtracks.In Figure45, thecall to nextSlice(), which generates

the whole setof successorslices,is calledat the beginning of eachiteration. The codeusesthe

startIndex counterfor rememberingwherethenext slicebeginsin thewholesetof successors.

4.3.4.2 BULB generalizesbothlimiteddiscrepancysearch andbreadth-�rst search

BULB is to beamsearchas LDS is to greedysearchsinceonly backtrackingneedbe addedto

transformone into the other. Table18 shows the resultingtaxonomy. When 	 � � , slicesare

reducedto singlestatesandBULB reducesto (G)LDS. When 	�� q , slicesexpandinto whole
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Figure 46: Frombeamsearchto BULB search

layersandBULB reducesto breadth-�rstsearch.Theinterestingcaseis theintermediateonesince

LDS oftenterminateswithoutagoalin cyclic graphs(becauseall successorsarebeingre-generated

andthebeambecomesempty)andbreadth-�rstsearchis toomemory-intensive in largestatespaces.

BULB occupiesthisspot.

4.3.4.3 BULB is a completealgorithm

Let NP®$â¤^ denotethe maximumdepthsearchableby both beamsearchandBULB ( NR®�â¤^ is

approximatelyequalto ã"“Œ	 , whereã is thenumberof nodesstorablein memory).

Themainadvantageof BULB overbeamsearchis thatthelatter, becauseof misleadingheuristic

values,may fail to �nd a goal in someinstanceswherethecostof an optimalpathis lessthanor

equalto NR®�â¤^ . In contrast,BULB is completeover thesetof all suchinstances.This is because

thebacktrackingmechanismusedin BULB makessurethatall successorsof thecurrentsliceare

potentiallygeneratedandexpandedif necessary. In otherwords,BULB is completebecauseit can

potentiallyvisit thewhole NR®�â¤^ -deepsearchtreerootedat thestartstate(seeFigure46).

Themainadvantageof BULB overbreadth-�rstsearchis thatit is completeover amuchlarger

setof instances,sincebreadth-�rstsearchcanonly searchasigni�cantly smallertreebeforeit runs

out of memory(themaximumdepthsearchableby breadth-�rstsearchis on theorderof �6ä

��å

%6ã�, ,
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a) cycle b) 2 transpositions c) 4 transpositions

Figure 47: Cyclesandtranspositions

where« is theaveragebranchingfactorof thesearchtree).

4.3.4.4 BULB eliminatesall cyclesandsometranspositions

A cycle is aclosedloop in thesearchspace(seeFigure47a),while transpositionsaredistinctpaths

betweena pair of nodes(seeFigure47b&c).13 Cyclesandtranspositionsareextremelycostly if

undetectedin depth-�rst search.Eachnode(andthe sub-treebelow it) is searchedby depth-�rst

searchasmany timesastherearepathsto it. In a 2D grid for example,while thenumberof expan-

sionsgrows quadraticallywith depthfor breadth-�rstsearch,it grows exponentiallyfor depth-�rst

search[162]. Most implementationsof depth-�rst searchdo not checkfor duplicatesduringnode

generation.Cycledetection,while easyto perform,consumesvaluableruntime.Transpositionsare

typically extremelynumerousandcostlyto detectbothin termsof runtimeandmemoryusage.This

is why depth-�rst searchis essentiallyusedin tree-like domains[112] or within iterative deepening

searchstrategies[96]. Thisdiscussionalsoappliesto LDS.

Becauseit is anextensionof beamsearch(which is itself a breadth-�rstsearch),BULB auto-

maticallyeliminatescyclessinceit savesevery expandednodein thehashtableandnever inserts

13A singlecycle is thuspartof anin�nite numberof transpositions.
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thesamestatetwice in it. On theotherhand,BULB doesnot make any effort at eliminatingtrans-

positions.Nevertheless,BULB (like beamsearch)eliminatessometranspositionsasa by-product

of its memorizedbeam.For examplein Figure47b,BULB eliminatesoneof thetranspositionsto

thebottomnodesincethey both�t completelyin thebeamof width two (shadedarea).However in

Figure47c,regardlessof how nodesareorderedat eachlevel, BULB canonly eliminateoneof the

two redundantpathsto thebottomnode.

4.4 Empirical evaluation

In this section,we presentan empiricalstudyof our variantsof beamsearchin threebenchmark

domains: the
�

-Puzzle,the 4-peg Towersof Hanoi domain,andthe Rubik's Cubedomain. An

overview of thesedomainsandadescriptionof our empiricalsetupappearin Chapter3. All of our

experimentsin thischapterwereperformedonaPentium-IVPCclockedata2.2GHzwith enough

memoryto storeoneor moremillion nodes(dependingon thedomain).

4.4.1 Empirical evaluation in the
�

-Puzzledomain

4.4.1.1 Evaluationof beamsearch in the
�

-Puzzle

Figure48 shows theperformanceof beamsearchin the
�

-puzzlefor variousvaluesof
�

and 	 .

As 	 increases,thesolutioncosttendsto decrease(althoughthetrendis sometimesbroken in the

largerpuzzles).For all puzzlesizes,theruntimeandthenumberof nodesstoredandgeneratedare

stronglycorrelated.All threemeasurestendto increaseas 	 increases(again,exceptionsto this

trendaremorenumerousfor largeproblemsizes).All thesetrendscon�rm our expectationsbased

on the propertythat beamsearchapproximatesbreadth-�rst searchmoreandmorecloselyas 	

increases.Thebottomtwo graphsillustratethe fact that, in general,obtainingsolutionsof higher

quality (i.e., lower cost)requiresgeneratingandstoringmorenodes.Of course,it alsotakesmore

time (not shown, sinceeachruntimeto solutioncost trade-off curve is not signi�cantly different

from thecorrespondingcurve in sub-�guref).

Therearethreesituationsin which beamsearchmay terminatewithout a goal. First, if 	 is

really small(e.g., 	C�F� or ! in the
�

-Puzzle),thebeambecomesemptybecauseoneof theslices

hasnonew successors.Solutionsto thisproblemincludeincreasingthevalueof 	 or �nding abetter

heuristicfunction. Second,theshallowestgoalmaybesodeepin thesearchtreethatbeamsearch
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Figure 48: Performanceof beamsearchin the
�

-Puzzlewith varying 	
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alwaysrunsout of memorybeforereachingit (i.e., the total memoryneededfor all nodesin the

beamdown to thegoal is larger thantheavailablememory).Thesolutionto this problemrequires

decreasingthe valueof 	 . Third, in the intermediatecase,beamsearchrunsout of memoryat a

givendepth(say,
•

) becausetheheuristicfunctionleadsit astray. Sincethis situationassumesthat

thereis a goalat level
•

(or higherin thetree),solutionsto this probleminclude�nding 1) a better

heuristicfunctionand2) amemory-purgingstrategy thatcontinuessearching“against”theheuristic

recommendationto �nd outwhereit is wrong.

The last two casesarefailuresdueto memoryshortages.Yet, they arequalitatively different

from eachother. Onerequiresa new (smaller)valuefor 	 while the otherdoesnot. In keeping

with standardpractice,we assumethat 	 is a constantandfocuson the last case.Our approach

to this problemin this chapteris to usebacktracking.Unfortunately, chronologicalbacktracking

(implementedin DB) doesnot solve this problemin a reasonableamountof time. In our experi-

ments,we have not founda probleminstance1) in which beamsearchfails solelybecauseof the

heuristicorderingof nodesand2) thatis solvedby DB in areasonableamountof time(ontheorder

of minutes). This illustratesthe weaknessof chronologicalbacktracking.Thus,we now turn to

discrepancy-basedbacktracking.

4.4.1.2 Evaluationof BULB in the
�

-Puzzle

Our experimentsshow thatbeamsearchhasanimpressive scalingbehavior in the
�

-puzzle(it can

solve any randominstanceof the48-puzzlein a fractionof a second).For this reason,ournegative

resultswith DB might be dueto a ceiling effect (that is, thereis not muchroomfor improvement

over beamsearchby anyalgorithm).We indeedbelieve this to bethecase,at leastfor smallvalues

of
�

(up to 35). For example,beamsearchcansolve all of our instancesof the35-Puzzlewith 	

aslargeas22,000.In our setup,thememorycancontainup to 6 million nodes,thusthemaximum

searchabledepthis about273( ��È†(+m@m@mˆ(+m@m@m‘“Y!@!†(+m@m@m ). Giventhat,with thesesettings,theaverage

(respectively, maximum)solutioncostin our sampleis 226 (respectively, 274), it is possible(and

even likely) that any larger value of 	 will causebeamsearchto run out of memoryon some

instancebecausethe goal is just too deepto reacheven with a perfectheuristicfunction. If this

conclusionreally holds,thenthereis no hopeof improving uponbeamsearchin the35-Puzzleby
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simply addingbacktracking.As a furthercon�rmation of this ceiling effect, our experimentswith

BULB (in additionto thosewith DB) have alsonot shown any signi�cant improvementover beam

searchfor
�

�
Ì

� (or smaller).

In contrast,thefailureof DB to improve on beamsearchin the48-puzzleis not theresultof a

ceiling effect sinceBULB cansigni�cantly improve on beamsearch(seeFigure49). The graphs

show theperformanceof bothbeamsearchandBULB in the48-Puzzlewith thesameamountof

memory(namely6 million nodes).SinceBULB generatesnodesin exactly thesameorderasbeam

search,we plot the performanceof both algorithmsusinga singlecurve in which BULB' s curve

simplyextendsthecurve of beamsearch(BULB is completewith muchlarger 	 valuesthanbeam

search).SinceBULB is slightly slower thanbeamsearchin ourrecursive implementationof BULB,

only theruntimedataareplottedastwo curves.

Our resultsshow that,by increasing	 to muchlarger valuesthanbeamsearchcanhandlein

the48-puzzle,BULB exhibitsa25-foldreductionin thesolutioncost(from 11,700for beamsearch

down to 440for BULB) but still enjoys reasonablemaximumaverageruntimeson theorderof 30

seconds.

4.4.1.3 Comparisonwith variantsof multi-statecommitmentsearch

Figure50comparestheperformanceof beamsearchandBULB with thatof thebesttwo algorithms

in Chapter3 in the 48-Puzzle.With the sameamountof memory, BULB improves the solution

qualityof MSC-KWA* andMSC-KRTA* by aboutanorderof magnitudewhilekeepingtheruntime

reasonable(MSC-KWA* andMSC-KRTA* arevariantsof WA* andRTA*, respectively, whose

behavior is similar to thatof beamsearch).

4.4.1.4 BULB scalesup to evenlarger puzzles

In orderto provideadditionalsupportfor thescalingbehavior of BULB, wealsoreportexperimental

resultsfor larger puzzles(namelyfor
�

� È@Ì and
�

�æzYm ). In our empiricalsetup,while beam

searchis not ableto solve all �fty randominstancesin eitherpuzzlesize,BULB remainscomplete

for a largesetof 	 values.Figures51 & 52 show thebehavior of BULB in theselarger
�

-puzzle

domains. On average,BULB solves all instancesof the 63- and80-Puzzleas fastas in about1

and10 seconds,respectively. If moretime is availableto look for bettersolutions,largervaluesof
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Figure 49: Performanceof BULB in the48-Puzzlewith varying 	
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	 (5,000and20,000,respectively) yield solutionsthatareon average(asa conservative estimate)

no more than � ve times larger than optimal (lowest solutioncostsaverageabout700 and1130,

respectively). Theaverageruntimescorrespondingto suchahighsolutionqualityremainreasonable

(approximately50 and120seconds,respectively).

4.4.2 Empirical evaluation in the Towers of Hanoi domain

Oursecondbenchmarkdomainis the4-peg Towersof Hanoidomain(alsocalledtheReve'sPuzzle,

seeSection3.6.2).Our experimentsinvolve �fty randominstanceswith 22 disksin which thegoal

statehasall disksstackedup on thedestinationpeg (or tower). In our empiricalsetup,thememory

canstoreup to onemillion nodes.In this setup,noneof our testvaluesfor 	 makesbeamsearch

complete. Interestingly, Table19showsapatternreminiscentof thebehavior of beamsearchin the

48-Puzzle,namelythatbeamsearchwith large valuesof 	 solvesa large proportionof instances

(about70 percent)with ahighsolutionquality.

If its superiorscalingbehavior carriesover to this domain,BULB shouldbeableto solve the

remaining30 percentof instancesin which beamsearchrunsout of memory. Figure53 shows that

this is indeedthecase.Theshortestaverageruntimeof BULB is aboutoneanda half second.It

is obtainedfor 	 �/Ç{m andyields an averagesolutionquality of about10,000. If moretime is

127



Table19: Performanceof beamsearchin theTowersof Hanoidomain(memory= 1 million nodes)
	 Solution GeneratedStored Time Percent

Cost Nodes Nodes (Seconds)Solved
1 N/A N/A N/A N/A 0
2 115,704.00 890,027231,401 0.360 2
3 130,153.001,519,900390,451 0.633 24
4 59,836.75 909,528239,342 0.374 48
5 37,775.12 730,901188,860 0.306 68
6 41,507.95 942,024249,012 0.432 40
7 39,229.081,030,574274,588 0.446 50
8 42,626.671,279,381340,982 0.592 42
9 34,337.591,163,909309,019 0.522 44
10 33,489.261,261,982334,850 0.581 46
20 17,588.281,330,487351,700 0.687 50
30 13,414.431,531,218402,270 0.811 70
40 9,843.841,503,808393,571 0.799 76
50 8,468.591,619,300423,103 0.900 68
60 7,073.511,625,596423,951 0.967 86
70 6,533.431,755,253456,849 1.005 70
80 5,562.511,710,901444,503 0.988 70
90 5,189.431,798,047466,470 1.139 74
100 4,629.571,784,654462,443 1.012 70
200 2,745.812,122,040547,955 1.406 74
300 1,948.682,261,154583,020 1.429 76
400 1,579.782,442,440629,629 1.714 72
500 1,363.592,632,408678,792 1.855 74
600 1,172.052,712,527699,411 1.851 76
700 1,081.122,916,584752,281 2.104 66
800 1,020.783,143,096810,973 2.365 54
900 931.00 3,223,097831,574 2.465 70

1,000 831.90 3,196,242824,784 2.388 58
2,000 450.33 3,422,296883,680 2.930 12
3,000 N/A N/A N/A N/A 0
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Figure 53: Performanceof BULB in the Towersof Hanoi domainwith varying 	 (memory= 1
million nodes)
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availableto look for bettersolutions,largervaluesof 	 (say, 1,000)yield solutionsof signi�cantly

higherquality (namely, around870)in very reasonableruntimes(aboutsevenseconds).

4.4.3 Empirical evaluation in the Rubik' sCubedomain

Our third benchmarkdomainis theRubik's Cube.Our experimentsinvolve �fty randominstances

in which the goal stateis the original con�guration of the cube(whereeachof the six facesis

uniformly colored,seeSection3.6.3). In our empiricalsetup,wherethe memorycanstoreup to

one million nodes,several of our test valuesfor 	 make beamsearchcomplete(seeTable20).

The lowestaveragesolutioncostfound by beamsearchis 55.18. This level of solutionquality is

similar to that found by a recent,powerful Rubik's Cubesolver basedon macro-operators,even

thoughthe latter usesboth a larger numberof patterndatabasesto build the macro-operatorsand

a post-processingstepon solutionpaths[63]. Therefore,beamsearchis a strongcontenderin this

domain.

Nevertheless,BULB improvesonbeamsearchsinceit is completein thisdomainoverthewhole

rangeof ourtestvaluesfor 	 . Figure54showsthatthelowestaveragesolutioncost(namely22.74)

found by BULB is reachedin aboutseven minutesfor 	 �

�

mˆ(+m@m@m . A slightly higheraverage

solutioncostof 25.78is foundby BULB in approximatelytwo minutesfor 	 �FÇ{mˆ(+m@m@m . Finally,

the bestaveragesolution cost found by BULB in undera minute (namelyaboutforty seconds)

is 30.14for 	 ��ÌYmˆ(+m@m@m (We also ran BULB with 	 ��ÌYmˆ(+m@m@m andaveragedits performance

over10,000randominstances;Table21shows thataveragingover thismuchlargersetof instances

yieldssimilar performance.).This solutionquality (obtainedin lessthana minute)is higherthan

thatof theRubik's Cubesolver presentedin [63]. Therefore,we believe thatBULB is a state-of-

the-artsolver in this domain(in termsof the trade-off betweensolutionquality andruntime)even

thoughit is a pure-search(i.e., no pre- nor post-processing),domain-independentalgorithmthat

usesrelatively little memory(about120 Mbytesin our setup,including about86 Mbytesfor the

threepatterndatabasesusedby theheuristicfunctionandabout32Mbytesfor thehashtable).
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Table20: Performanceof beamsearchin theRubik's Cubedomain(memory= 1 million nodes)
	 Solution Generated Stored Time Percent

Cost Nodes Nodes (Seconds)Solved
10 53,909.26 7,146,960539,084 14.965 38
20 23,343.35 6,184,444466,846 12.327 62
30 9,805.89 3,896,606294,136 7.911 88
40 5,748.60 3,046,073229,883 6.212 94
50 3,882.35 2,570,677194,036 5.224 98
60 3,586.28 2,850,134215,076 5.819 100
70 2,274.94 2,108,661159,125 4.180 100
80 1,978.52 2,095,562158,141 4.089 100
90 1,587.08 1,890,560142,676 3.676 98
100 1,679.76 2,223,466167,795 4.349 98
200 888.76 2,349,712177,371 4.635 100
300 656.06 2,598,820196,180 5.171 100
400 446.08 2,349,595177,494 4.657 100
500 394.84 2,596,065196,182 5.168 100
600 321.72 2,532,990191,494 5.040 100
700 305.02 2,799,796211,676 5.589 100
800 250.92 2,625,262198,598 5.226 100
900 255.58 3,008,772227,584 6.020 100

1,000 259.80 3,398,726257,058 6.798 98
2,000 141.81 3,662,902277,879 7.389 94
3,000 103.56 3,969,587301,942 8.015 100
4,000 78.52 3,952,171301,582 7.975 100
5,000 78.02 4,895,297373,602 9.977 100
6,000 70.23 5,244,995400,877 10.726 96
7,000 55.18 4,712,217361,762 9.610 100
8,000 56.61 5,531,299424,400 11.344 98
9,000 54.41 5,952,781457,175 12.269 98
10,000 52.33 6,332,050486,767 13.087 98
20,000 37.13 8,580,244666,111 18.033 92
30,000 29.86 9,950,562779,364 21.124 58
40,000 24.4210,358,637820,169 22.098 24
50,000 21.4010,848,794866,741 23.256 10
60,000 N/A N/A N/A N/A 0

Table21: Performanceof BULB in theRubik'sCubedomainaveragedover1,000randominstances
(memory= 1 million nodes)

	 Solution Generated Stored Time Percent
Cost Nodes Nodes (Seconds)Solved

30,000 30.5818,029,740797,275 39.636 100
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Figure 54: Performanceof beamsearchandBULB in the Rubik's Cubewith varying 	 (mem-
ory = 1 million nodes)
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4.5 Relatedwork

4.5.1 Band search

Besidesbeamsearchitself, theclosestexistingalgorithmto BULB is bandsearch[20]. Bandsearch

is a memory-boundedalgorithmthatmaintainsa boundednumberof nodes(calleda band) at each

level of thesearchtree,expandsthesenodesin best-�rst order, andbacktrackswhenagoalis found

or thebandis empty. We�rst describethebehavior of bandsearchin moredetailandthencompare

andcontrastit with BULB.

Bandsearch(denotedBS(W)) maintainsa set (or band)of (at most) 
 active nodesat each

level of the searchtree. The 
 nodesarethe oneswith the lowest f-valuesat this level andare

orderedaccordingto increasingf-values.Additional nodesarestoredin over�ow lists,oneat each

level. Theselists arealsointernally orderedby increasingf-values. Furthermore,the total setof

active nodes(i.e., the union of the bands,but not the over�ow lists, at all levels) is alsoordered

by increasingf-values.Finally, a counteris maintainedat eachlevel of thesearchtreeto limit the

degreeof backtrackingallowed. Eachcounterkeepstrackof how many nodeshave beenexpanded

at this level.

BS startswith the startstatein the bandat level 0 (andits counterinitialized with a valueof

one)andall otherlistsempty(andall othercounterswith avalueof zero).At eachiteration,anode

with thesmallestf-valueamongthosein all thebandsis selectedfor expansionandremovedfrom

its band. Its successorsaregeneratedandprocessedasfollows. If a successor's f-valueis larger

thanor equalto thecostof thebestsolutionfoundsofar(initially equalto in�nity), it is pruned.If a

successoris agoalwith a lowercostthanthebestfoundsofar, thelatteris updated(i.e.,decreased).

Eachnon-prunedsuccessoris insertedinto thebandat thenext level andits counteris incremented

by one. If the band's sizeexceeds
 , excessnodeswith the largestf-valuesaremoved into the

over�ow list at this level andthecounteris resetto 
 . This processcontinuesuntil theunionof

all thebandsis empty. At this point, if all theover�ow lists arealsoempty, thesearchterminates.

Otherwise,thebest 
 nodesin thedeepestover�ow list areinsertedinto thebandat their level, all

thecountersareresetto zero,andthesearchrestarts.

BS(
 ) is ageneralizationof bothguideddepth-�rst search(GDFS)andbest-�rstsearch.When


 � � , only onenodeis active at eachlevel, namelythebestunexpandedone. In fact,sincethe
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expandednodeis immediatelyremoved from its band,thereis only onenon-emptybandin the

whole searchtreeat any time. Therefore,BS(1) searchesgreedily, that is depth-�rst on the best

node. Whenthebandsareall empty, thedeepestover�ow list is usedto provide thenext starting

point. Thisenforcesthechronologicalbacktrackingneededfor depth-�rst search.

When 
 �Oq , all successornodesareaddedto thebandat thenext level. Theover�ow lists

remainempty. SinceBS alwayschoosesfor expansiona nodewith thesmallestf-value,BS(q ) is

functionallyequivalentto best-�rst search.

For valuesof 
 n q , BS canbe seenas1) a best-�rst versionof beamsearch(which is a

breadth-�rst search)or 2) a beam-searchversionof best-�rst searchin which the beamwidth is

uniform acrosslevels. The main advantageof bandsearchover best-�rst searchis its bounded

memoryrequirements.By construction,eachbandcannotcontainmorethanthe best 
 nodes.

Furthermore,the over�ow list containsthe othersuccessorsof the nodesin the bandat the next

higher level. Thus, eachlevel containsat most 


�


ŽP›%:« Á��<,’�…
ŽP}« nodes,where « is the

maximumbranchingfactor. Finally, if the maximumsearchdepthis
•

, the worst-casememory

requirementsfor BS(
 ) are É¸%'
€«

•

, .

A relatedalgorithm is Ibaraki's depth-msearch[73] sinceit simulatesbest-�rst searchwith

boundedmemory. However, its memoryboundis exponential(more precisely, on the order of

É�%

•Kç

, , where
•

is themaximumsearchdepth).

Similarities betweenBSand BULB

k Bothalgorithmsarevariantsof beamsearchthathave a memoryboundthatis polynomialin

thebandwidthandthemaximumsearchdepth.

k Both algorithmsreduceto variantsof depth-�rst searchwhen 
 ��� , namelyto guided

depth-�rst searchfor BS,andto limited discrepancy searchfor BULB .

k Both algorithmsareanytime algorithmssincethey maykeepsearchingfor betterandbetter

solutionsafterthe�rst oneis found.

DifferencesbetweenBSand BULB

k BS is a variantof best-�rst searchwhile BULB is a variantof breadth-�rstsearch.Further-

more, BS expandsone nodeat a time while BULB expandsall nodesat a given level in
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parallel. In thisrespect,BULB is morediversi�ed thanBS(seeChapter3 for adiscussionof

diversi�cation).

k The memoryconsumptionof BS is higher than that of BULB (by a constantfactor of « )

becauseBS storesin memoryall successorsof the bandsat all levels, while BULB only

storesthesuccessorsthatareactuallyin thebands.The�ip sideof this featureis thatBULB

must re-generatethe discardedsuccessorsupon backtrackingwhile BS keepsthem in the

over�ow lists.

k BS useschronologicalbacktrackingwhenreachingthebottomof thetreewhile BULB uses

limited discrepancy search.Sinceit is morelikely thattheheuristicfunctionis misleadingat

the top of the tree,it seemsmorefruitful to backtrackthereinsteadof at the bottomof the

tree.Our experiments(with DB) have indeedcon�rmed this.

k BS is essentiallydesignedto work on trees,like depth-�rst search.While it canbe(andhas

been)appliedto generalgraphs,it doesnotcontainany loop-detectionmechanism.Therefore,

accordingto [20], BS“is ef�cient for solvingproblemsthatdonothavedeepsearchtrees.[...]

It shouldnot beappliedto problems[...] suchaspuzzleandmazeproblems.” Whenapplied

to graphssuchasthe
�

-puzzle,it mustbeusedin thecontext of iterative-deepeningsearch.

However in thiscase,BScanonly beusefulin thelastiterationof IDA* andtheimprovement

in the15-puzzle(thelargesttestedpuzzledomain)is small (if any) becausethethresholdon

thelastiterationis typically equalto theoptimalcostandBSmustexpandall nodesreachable

in thelastiterationin best-�rst order.

k ImplementingBS is signi�cantly harderthanfor BULB becauseBS maintainstwo ordered

listsateachlevel (onebandandoneover�ow list). In addition,thesetof bandlistsmustalso

bethreadedinto asinglelist (akin to theOPENlist in A*) orderedby increasingf-values.In

contrast,BULB maintainsasinglelist (namely, theorderedlist of nodesat thecurrentlevel).

In [21], BS is extendedin two ways. First, the bandwidth 
 is varieddynamicallyduring

search.It is decreasedby onewhena goal is foundandincreasedby onewhenthesearchbottoms

out without �nding a goal. Second,BS is combinedwith GDFS: The new algorithm performs
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guideddepth-�rst searchto �nd a �rst-solution andthenswitchesto BS to re�ne the�rst solution.

However, theseimprovementsdo not overcomethe limitationsof BS in generalgraphs.They are

only evaluatedon known, �x ed-depthtrees(asymmetricTSP problems)and on mazeproblems

whosesearchspace�ts in memoryandcouldbequickly solvedoptimallyby A* or IDA*.

4.5.2 Diversity beamsearch

Beamsearchreliesonheuristicevaluationsto ordernodesateachlevel. Whentheheuristicfunction

is misleading,beamsearchcanbeledastray. BothBULB andBS tacklethis issueusingbacktrack-

ing. In contrast,[151] presentsavariantof beamsearch(calledDiversityBeamSearch or DBS)that

doesnotbacktrack.Instead,it introducesdiversityinto thesearchatall levelsof thetreein orderto

increasethequalityof thesolutionfound.Diversityis evaluatedby anadditionalfunctionthattakes

asetof statesandranksthemaccordingto how dissimilarthey are.Thisevaluationis combinedwith

theheuristicfunctionto decidewhichnodesto keepatthenext level. In [151], increaseddiversityis

aimedat improving thesolutionquality. In ourcontext, it wouldbeusedto increasetheprobability

of �nding a solutionat all beforememoryrunsout. Onedif�culty with DBS is that it needsan

additionalfunction for measuringdissimilarity. Thepaperappliesthe ideato theCRESUSexpert

systemfor intelligentcashmanagement[150]. In general,a gooddissimilaritymeasureis likely to

bedomain-dependentand/orhardto �nd. It shouldat leaststatisticallybeata trivial approachsuch

asaddingto thebeamrandomlyselectednodeswith high heuristicevaluations.Anotherproblem

with DBS is that it doesnot provide for a backupmechanismwhenno solution is found. Since

thedissimilaritymeasureis heuristicin nature,it is likely to leadthesearchastrayin at leastsome

instances.Onepossiblesolutionwould be to combinethe ideaof diversitywith thebacktracking

mechanismsusedin BULB or BS.

4.5.3 Completeanytime beamsearch

[173] takes a very generalview of beamsearchas any searchtechniquethat usespruningrules

to discardnon-promisingalternatives, regardlessof how nodesareorderedfor expansion.While

thetraditionalbeamsearchis basedon breadth-�rstsearch[7, 43,170, 151] (includingthis work),

othervariantsarebasedonbest-�rstsearch[20, 21]. [173] appliesthetermto avariantof depth-�rst

search.TheideabehindCompleteAnytime Beamsearch(CABS) is to repeatedlycall a variantof
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depth-�rstsearchthatusesapruningrulethatis progressively weakenedateachiteration.Onemain

contribution of thepaperis anew domain-independentpruningrulewhosestrengthis controlledby

a singleparameter. As the pruningrule is weakened,fewer andfewer nodesarepruned. In the

worst case,no pruningoccursandthusCABS is complete.The ideaof iterative weakeningwas

introducedin [134]. Theparticularpruningrule introducedin thepaperis similarbut differentfrom

theideaof iterative broadening[54]. CABS is shown to bebothanoptimizationalgorithmandan

ef�cient approximationalgorithmfor the maximumbooleansatis�ability problemaswell as the

symmetricandasymmetricTSP. Unfortunately, CABS, like mostvariantsof depth-�rst search,is

only well suitedto problemswith a highdensityof solutionsor a �nite searchtree[135].

4.5.4 Variants of discrepancysearch

Onedrawbackof LDS [61] is thateachiterationallows at mosta givennumber� of discrepancies.

This meansthat eachiterationre-visitsall the full pathsgeneratedduring all previous iterations.

[100] proposesILDS, an improved versionof LDS, that only generatespathswith exactly � dis-

crepancies,with � incrementedby oneat eachiteration.14 Unfortunately, ILDS needsoneaddi-

tional parameterto behave asdescribed,namelythe maximumsearchdepth. This is not always

known with precision.To remedythisproblem,[169] proposesanothervariantof LDS,calledDDS

for depth-boundeddiscrepancysearch, thatalsonever re-generatesfull pathsbut doesnot needan

upperboundon thesearchdepth.DDS combinesthe ideasof limited discrepancy searchanditer-

ative deepening.At eachiteration,DDS doesnot allow discrepanciesbelow a certainlevel in the

tree,that is: the m

s
� iterationallows no discrepancy, the�rst iterationdoesnot allow discrepancies

below depth0, theseconditerationdoesnot allow discrepanciesbelow depth1, etc. With aneasy

additionalmechanism,DDSavoidsre-visitingfull pathsgeneratedduringpreviousiterations.

Conceptually, theevolutionfrom depth-�rstsearch,to LDS, to ILDS, and�nally to DDS,is best

characterizedby thewaydiscrepanciesareweightedat differentsearchdepths.15

k Depth-�rst searchweighsdiscrepanciesmoreat thetop of thetree. Thusit goesagainstthe

heuristicevaluations(a discrepancy) deepin the treebeforeit doesso toward the top of the

14This propertyonly holdswhenthetreeis balancedandits depthis known exactly.
15Sincea discrepancy is a move againsttheheuristicrecommendation,a small-weightdiscrepancy is preferredover a

large-weightone.
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tree,resultingin chronologicalbacktracking.

k LDS weighsdiscrepanciesequallyat all levelsof thetree.Its searchstrategy is basedon the

(increasing)numberof discrepancies,not their depthin thetree.

k Like LDS, ILDS searchesiteratively in orderof increasingnumbersof discrepancies.But,

like depth-�rst search,it weighsdiscrepanciesmoreat thetopof thetree.

k DDS(in completeoppositionto depth-�rst searchandILDS) weighsdiscrepanciesin propor-

tion to their depthin thetree.Therefore,it goesagainsttheheuristicevaluationsat thetopof

thetreebeforeit doessotowardthebottomof thetree.This makessensewhentheheuristic

functionis lessaccurateat thetopof thetree,thatis away from thegoal.

WehavenotyetappliedDDSin thecontext of beamsearch,mainlybecausein ourexperiments,

LDS is suf�cient to show signi�cant improvementover depth-�rst search.Nevertheless,sincethe

DDSstrategy maybeevenmoreef�cient, itsapplicationtobeamsearchispartof ourplansfor future

work. However, wedonotplanto implementILDS sinceit requirestheadditionalknowledgeof an

upperboundon thesearchdepth.

Finally, [122] proposesInterleaved Depth-FirstSearch(IDFS). While IDFS is not strictly-

speakingavariantof limited discrepancy search,IDFSshareswith DDSthepropertythatit weighs

deeperdiscrepanciesmoreheavily. However, insteadof limiting thenumberof discrepancies,IDFS

performsparalleldepth-�rst searcheson a setof sub-trees(calledactivesub-trees).Note that the

parallelismis simulatedon a singleprocessor, hencethenameInterleavedDFS.SincepureIDFS

(with full parallelism)hasan exponentialspacecomplexity, [122] also introducesa linear-space

versionof IDFScalledLimitedIDFS thatonly performslimited parallelism.Parallelismonly takes

placeat a limited numberof levels (otherlevels aresearcheddepth-�rst) andwithin eachparallel

level, only a limited numberof nodesaresearchedin parallel(i.e., thenumberof active sub-trees

is bounded).Limited IDFS, like DDS, exhibits signi�cant runtimeimprovementsover depth-�rst

searchonhardproblemswith inaccurateheuristicfunctions[123]. It is notclearhow anapplication

of IDFS to graphswould scaleup. Furthermore,IDFS requiresthesettingof several parameters,

namelythe numberanddepthsof parallel levels (theseneednot be consecutive levels), and the
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amountof parallelism(i.e., numberof active sub-trees)within eachparallel level, which may be

differentat every level. We leave anempiricalcomparisonof BULB andIDFS for futurework.

4.5.5 Divide-and-conquerbeamsearch

[180] introducesbreadth-�rst heuristicsearch(BFHS). BFHS is a variantof breadth-�rst search

with two additionalfeatures.First, it usesanupperboundon thecostof anoptimalsolutionaswell

asaheuristicfunctionin orderto prunenodeswhosef-valueis largerthantheupperbound.Second,

it usesa divide-and-conquerstrategy to re-constructthesolutionpathwhenthegoal is found. This

allows BFHSto keepin memoryonly a limited numberof layersof closed(i.e.,alreadyexpanded)

nodeswhile guaranteeingthatall duplicatenodesareeliminated(just like in breadth-�rstsearch).

Themotivationfor BFHSis to scaleupadmissiblesearchto largerdomainsby eliminatingtheneed

to storesomeof theclosednodes.Themaincontribution of thepaperis to demonstratethat,when

usingadivide-and-conquerstrategy, breadth-�rstis morespace-ef�cient thanbest-�rst search.

Themainconnectionbetweenthis paperandour work is thecommonrealizationthatbreadth-

�rst searchis moreef�cient thanbest-�rstsearch(e.g.,WA*), notonly in termsof spacecomplexity

(whenusedin thecontext of beamsearchat least)but alsoin termsof solutionquality. [180] uses

“distribut[ion of] thesearcheffort” to referto whatwecall “diversity.”

The otherdirect connectionresultsfrom the fact that BFHS is not memory-boundedsinceit

usesasmuchspaceasneededto storeenoughof thelayersin orderto avoid nodeduplication.For

evenbetterscaling(at theexpenseof solutionquality), [180] proposesa variantof BFHSbasedon

beamsearchthatsimplykeepsthesizeof eachlayerwithin agivenbound(namely	 ). Thisvariant

is calledDivide-and-conquerbeamsearch.It only differs from beamsearchin that it purgessome

layersfrom memory(andappliessomeadditionalpruningrules that usethe upperbound). The

divide-and-conquerapproachfor reducingmemoryconsumptionis orthogonalto thebacktracking

strategy. Bothcanbecombinedfor betterscalingbehavior.

Finally, the sizeof the problemsthat BFHS canhandledependson how many nodescanbe

purgedfrom memory, which in turnsdepends(in part)on how goodtheupperboundis.16 BULB

16BFHScanalsobeusedwithout anexisting upperbound(by automaticallyincreasingupperboundsin an iterative-
deepeningfashionsimilar to IDA*' s. However, runningmultiple iterationstakestimeandthisvariantis slower thanbasic
BFHS.

139



couldthereforebeusedto provide agoodupperboundasinput to BFHS.

4.6 Future work

In this section,we list severalresearchdirectionsfor possiblefuturework on BULB.

k As discussedin Section4.5.4,a variantof BULB usingDDS as the backtrackingstrategy

(insteadof LDS) maybesuperiorto theoriginal versionof BULB in termsof runtime.This

remainsanopenempiricalquestionto besettledby futurework.

k A possibleavenueof researchis theuseof differentweighingschemesfor discrepancies.In

generalgraphs(with branchingfactorslargerthantwo), thede�nition of adiscrepancy needs

to beadaptedsincetheoriginal de�nition assumesthat thesearchspaceis a binary tree. In

thischapter, wehaveassumedthatall but thebestsuccessorsof aslicearediscrepancieswith

essentiallyequalweightssincewe explore themall (in orderof increasingh-values)before

moving to thenext level down thetree.Alternatively, discrepancieswith thelargesth-values

couldbeweighedmoreheavily or evenprunedaltogether. This scheme,which placesmore

con�dencein theheuristicvalues,couldbeusedat eachlevel of thetree,or just in thelower

partof thetree.Thebehavior of suchvariationsof BULB is likely to vary signi�cantly with

thelevel of informednessof theheuristicvalues.

k Onewayto improve theruntimebehavior of BULB is to limit its backtracking.For example,

it is possibleto do so at the top of the treeby proceedingin breadth-�rstmanner(down to

a level thatdependson theamountof availablememoryandtheaveragebranchingfactorof

thesearchspace).Oneadvantageof only performingbeamsearchbelow this level is thatno

backtrackingis performedhigherup in thetree.Interestingly, thisstrategy is aspecialcaseof

a family of algorithmsin which thebeamwidth variesduringsearch.While, in this chapter,

we have followed the commonpracticeof keeping 	 constant,the discovery of ef�cient

strategiesfor varying 	 lookslike apromisingdirectionfor futurework.

k In this chapter, we have focusedon makingbeamsearchcompleteusingbacktracking. In

theprocess,thememoryconsumptionis directly controlledby thevalueof 	 (andthemax-

imum depththatoneis willing to explore). In contrast,the runtimeis a functionof both 	

140



anddomain-dependentcharacteristics(includingtheinformednessof theheuristicfunction).

Our experimentshave treatedtheruntimeasa dependentvariable.While we have observed

reasonableruntimesin ourbenchmarkdomains,therearesituationsin whichcontrollingrun-

timesis crucial. In particular, theremayexist anupperboundontheamountof timeavailable

for problemsolvingbeyondwhich thesolutionbecomesuseless.Whenthis deadlineis soft

(or whenit is not known in advance),anytime algorithmsarevery handysincethey canbe

interruptedat any time (hencetheir name,see[11, 10]) andreturnthe bestsolutionfound

so far. TransformingBULB into an anytime algorithmis easysincewe only needto let it

keepsearchingafter it �nds the �rst solutionanduntil time runsout (like in [57] for WA*).

Furthermore,suchananytimevariantof BULB is admissible:sinceBULB searchesthecom-

pletesearchtreedown to NP®$â§^ , it eventually�nds anoptimalsolution. Interestingfuture

work includesthedesignof moreef�cient anytimevariantsof BULB.

4.7 Conclusion

Onemain advantageof beamsearchis that large 	 valuesyield solutionsof high quality. One

maindrawbackof beamsearchis that its memoryconsumptionis proportionalto thevalueof 	 .

Therefore,thereexistsa trade-off betweensolutionqualityandcompleteness.

This researchcapitalizeson thegoodscalingbehavior of beamsearch.Evenin largedomains

with simpleheuristicfunctions,beamsearchcan�nd solutionsof goodquality in ahighpercentage

of instances.In this chapter, we have addressedthefollowing question:How to make beamsearch

completeon the setof hard instanceswithout sacri�cing solutionquality (by lowering 	 )? Our

focushasbeenon backtracking.

Themaincontribution of this researchis to show that introducingbacktrackingbasedon lim-

ited discrepancy into beamsearchscalesit up to muchlargerdomains(for agivenlevel of solution

quality). Theresultingalgorithm,calledBULB (for BeamsearchUsingLimited discrepancy Back-

tracking) can solve large instancesof our benchmarkdomainsin a matterof secondsand with

averagesolutioncoststhatarewithin asmallmultiplicative factorof theaverageoptimalcost.

BULB is a complete,memory-boundedvariantof beamsearch.By varying the valueof 	 ,

BULB generalizesboth limited-discrepancy search(for 	 � � ) andbreadth-�rstsearch(for 	 �
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q ). Furthermore,BULB can easily be transformedinto an anytime, admissiblealgorithm (for

example,by simplynotstoppingit whenagoalis found).Futurework includesthestudyof different

backtrackingstrategies,of schedulesfor varying 	 , andof otheref�cient anytimeextensions.
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CHAPTER V

ANYTIME HEURISTIC SEARCH

5.1 Introduction

As arti�cial intelligencetoolskeepevolving towardgreaterusability, theparadigmof �e xible com-

putationhasgainedpopularity[71, 27, 184, 72, 65,176]. Flexible computationaltoolsareableto

adapttheir runtimeto different (andpossiblyunknown) temporalconstraintson taskcompletion.

For example,in somevariantsof competitive chess,themaximumtime interval betweenmovesis

�x ed. Deliberationmustendwithin this interval. Any move chosenafter theclock hasrun out is

useless.This is anexampleof time-dependentplanningin which theoutputof theplanningagent

is only usefulbeforethe deadline.Furthermore,embeddedagentshave to dealwith otheragents

aswell asa dynamicenvironment.Thusin therealworld, thedeadlinesfor deliberationareoften

situation-dependent andevenunknown at theoutsetof thetask.Anytimealgorithmsarespeci�cally

targetedfor suchtasks.Anytime algorithmsarea specialclassof �e xible computationaltoolsthat

tradeoff runtimefor solutioncost1 [27, 11, 10]. They �nd a �rst solutionfastandthentake advan-

tageof theremainingtime(if any) to improve thesolutionquality. Thisanytime behavior standsin

contrastto thatof non-�exible algorithms(suchasA*) thatreturnno solutionuntil anoptimalone

is found.

A well-known classof anytime algorithmsis the classof local searchalgorithms[1]. Local

searchnavigatesthe spaceof solutions. After quickly building a startingsolution, it repeatedly

searchesfor similar solutionsof a higherquality. The searchis local becauseeachsolution is a

neighborof thepreviousone.Thuslocal searchrequiresthede�nition of a neighborhoodstructure

in thesolutionspace.Thebehavior of local searchcanbedescribedasa gradientdescent(or hill

climbing dependingon whethertheoptimizationproblemis oneof minimizationor maximization)

on this surface. Oncea local optimumis reached,local searchis restartedat anotherpoint in the

1In this work, thesolutionquality is commensuratewith theinverseof thesolutionor pathcost.
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solutionspaceandthesearchproceedsiteratively until timerunsout.

Although local searchhasbeenextremelypopularboth in the OperationsResearch(OR) and

Arti�cial Intelligence(AI) communities,it is notacommonapproachto theshortest-pathproblem.

Onereasonis that,unlike in typicaloptimizationproblems(suchastheTravelingSalespersonProb-

lem or TSP[111]), �nding any solutionto a shortest-pathproblemis hardsinceit requiressearch.

Second,thesolutionspacecontainsstructuredelements(namelypaths,not stateslike in standard

heuristicsearch).As a result,it is neithertrivial to de�ne a goodneighborhoodstructureon paths

(namelyone that inducesa surfacewith few local optima)nor is it computationallyef�cient to

searchit. Third, sincebuilding a startingsolution(any solution, regardlessof its quality) to the

shortest-pathproblemis computationallyexpensive, it is anopenissuehow to ef�ciently identify

additionalrestartingsolutionsto getthesearchagentoutof localoptima.

In this chapter, we proposea new anytime heuristicsearchalgorithmcalledABULB (for Any-

time BULB). It is a local searchalgorithmin the spaceof solutionpathsthat addressesthe three

aforementionedissues.In thepreviouschapter, weshowedthatBULB ef�ciently solveslargeprob-

lems. ABULB usesBULB to generatean initial solution. Section5.2 describestheneighborhood

structureimposedon thesolutionspaceaswell asanew localsearchalgorithm(calledITSA*) that

searchestheresultingsurface.ITSA* hastwo variantsdependingon whethereachiterationallows

for only oneor multiplestepsonthesurface.Section5.3describestwo waysof transformingBULB

into ananytime heuristicsearchalgorithmthatef�ciently generatesrestartingsolutions.Themain

differencebetweenthesetwo variantsof ABULB is whetherthebeamwidth 	 variesduringsearch.

Section5.3.5evaluatesABULB in two standardbenchmarkdomains.Section5.4discussesrelated

andfuturework. Section5.5concludesby summarizingthecontributionsof thiswork.

5.2 ITSA*: Application of local search to the shortest-pathproblem

In this section,we �rst motivateour interestin local (or neighborhood)search.2 We thendescribe

a neighborhoodstructureon the spaceof solutionpaths. Finally, we introducea new local opti-

mizationalgorithm(calledITSA*) that takesadvantageof this neighborhoodstructureto greedily

exploretheoptimizationsurface.

2Thesemethodsarealsocalledmeta-heuristics(e.g.,[166, 139]).
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Figure55: Approximationalgorithmsexplorethesearchspacein alessregularwaythanadmissible
algorithms.

5.2.1 Moti vation

Approximationalgorithmssacri�ce solutionquality in orderto reducetheir runtime.Greedyalgo-

rithms(suchasWA*) rely heavily on theheuristicvaluesby weighingthemmorethantheg-values

in thecomputationof thef-values.Otherapproximationalgorithms(suchasbeamsearch)rely even

moreon theheuristicfunctionby pruningnodeswith high h-values.In bothcases,therelianceon

theh-valuesgivesthesearcha strongdepth-�rst component.While depth-�rst searchwith perfect

informationleadsstraightto thegoal, it likely leadsthesearchastraywhencombinedwith imper-

fect heuristicvalues.Nevertheless,bothWA* andbeamsearchareoftenableto usetheheuristic

informationto eventually reachthe goal. Thesetwo characteristicsof approximationalgorithms

togetherimply that thesolutionpaththey �nd is oftenconvoluted. They explore thesearchspace

lesssystematicallythanadmissiblealgorithms:Their searchfrontiergrows in a jaggedfashion(see

Figure55b), asopposedto the regular explorationby admissiblealgorithmssuchasbreadth-�rst

searchandA* (seeFigure55a).

Becauseof thejaggedshapeof theirsearchfrontier, it is possiblethatapproximationalgorithms

missshortersolutionsthatareactuallyclose(in thespaceof solutionpaths)to theareaof thesearch

spacethat they have explored (seeFigure 55b). This possibility is con�rmed empirically. For
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Figure 56: Solutionsfound(unbroken line) andmissed(dashedline) by WA* with �J�

���Â�����

in a gridworld problem.
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example,Figure56 depictsa concreteexampleof this situationfor WA* in thegridworld domain,

whosetwo-dimensionalstructureenablesa directvisualizationof its searchfrontier. Obstaclesare

black,expandedstatesarelight gray, andthestartandgoalstatesaredarkgray(with thegoalontop).

The �gure illustrateshow theconvolutedpathfound is longer(its costis equalto �fty steps)than

but closeto theoptimalpath(with a costof thirty steps).Suchpatternsarealsocommonfor beam

search(andthusalsoBULB) asour empiricalevaluationin two benchmarkdomainsdemonstrates

(seeSection5.2.4).

Thisbehavior of approximationalgorithmsleadsusto considerthefollowing approach.In order

to avoid leaving someinterspersedregionsof thestatespaceunexplored,we proposeto focusthe

searcharoundapreviously identi�ed solutionandto systematicallyexploreits neighborhood.More

precisely, we envision a stagedsearch.Prior to invoking thelocal search,we useanapproximation

algorithm (suchas BULB) to constructa sub-optimalsolution. Then memoryis purged except

for thesolutionpath.A stageconsistsof thesystematicexplorationof thestatespacein expanding

concentricregionscenteredonthesolution.Whenmemoryrunsout,it is completelypurged(though

thenewly foundbestpathis retained)andthestageends.Successive stagesareexecuteduntil the

quality of the evolving solution doesnot improve any more (or any other terminationcondition

is satis�ed). Whentwo successive stagesreturnthe samesolutionpath,the searchhasreacheda

(possiblylocal)minimumonthesurfacede�nedby theneighborhoodrelationandthecostfunction.

Thenext sub-sectionformally de�nestheneighborhoodstructure.

5.2.2 A neighborhoodstructure basedon path proximity

Ouroverall approachto anytimeheuristicsearchis to exploresystematicallytheneighborhoodof a

givensolutionpath ì , �nd aminimum-costpath ì
D in thisneighborhood,thencomputeandsearch

theneighborhoodcenteredaroundì D , andrepeattheprocessuntil a local minimumis found. The

sizeof eachneighborhoodis approximatelyequalto themaximumnumberof nodesthatsimulta-

neously�t in memory. Eachneighborhoodis built incrementallyby including all nodesthat can

bereachedin onestepfrom any nodealreadyin theneighborhood,startingwith the initial neigh-

borhoodcontainingthesetof nodesin the currentsolutionpath. The analogywe useto describe

the processof building a neighborhoodis that of iterative tunneling: If the solutionpath is seen
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Figure57: Iterative tunnelingde�nestheneighborhoodof apath.

asa narrow tunnel(dug into thesearchspace)from start & to goal # , theneachiterationenlarges

thediameterof thetunneluntil thereis no availablespaceto heapany additionalevacuateddebris,

assumingmemoryis viewedasacontainerfor debris/nodes(seeFigure57).

Formally, let %aíG(+*l, denotethegraphde�ned by a �nite set í of vertices(or nodes)anda �nite

set * of directededges.

�F%0�61Q(4� 5<, betweenpairsof vertices� 1 , � 5À7Îí . & and # aretwo distinct

verticescalledthestart andgoal vertices,respectively. Let î denotethesetof pathsfrom & to #

in the graph. The elementsof î arethe statesof our neighborhoodsearch.First, we de�ne the

distancemetric ï

•

–ðí

�

í ñ òók/MŒq9T betweenverticesin í that returns,for eachpair of

vertices %0�21Q(4� 53, , thesmallestnumberï

•

%0�613(4� 53, of edgesin any pathfrom �61 to � 5 in thegraph.

Second,we de�ne thedistancemetric [

•

–�î

�

îlñ ò betweenpathsin î thatreturns,for each

pair of paths %6ì¶13(
ìA5Œ, , the value Ÿ�¬Œ­	ôTõ+£+öHõ<M<Ÿ� I¡Aô4÷¨£+öK÷=ï

•

%0�213(4� 53,cT . [

•

is commensuratewith the

“distance”betweentwo paths.Of courseit holdsthat U ì�7•î : [

•

%6ìp(
ì ,^� m . Third, givena path

ì 7mî and Vš7�ò , let ø-%6ìp(4V¨,À� M”ì�D67mîùs [

•

%6ìp(
ìEDj,E�KV4T . Then,theneighborhoodú %6ìÎ(
ã�, of

solutionpath ì giventheavailablememoryã is theset ø-%6ìp(4V¨, suchthat ø-%6ìÎ(4V¨, �ts into memory

and U•V'D•7nò : V'DÃ|ÂV implies ø-%6ìÎ(4VtDI, doesnot �t into memory.
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5.2.3 The ITSA* algorithm

Having de�ned theneighborhoodof a path,we now turn to theissueof how to searchit. Thetask

is to �nd theshortestpathfrom startto goalthroughstatesin theneighborhood.Weneedto answer

two questions,namelyhow to identify suchstatesandhow to �nd the shortestpath completely

containedin theregion of thestatespacethatthey occupy. Oncethestatesin theneighborhoodare

identi�ed, thereis asimpleanswerto thesecondquestion,namelyto use(asimplevariantof) A*.

The identi�cation of thestatesin theneighborhoodof a path ì is performedin a way similar

to theway a ball is in�ated, namelyfrom thecenterout. Theneighborhoodis to ì astheball is to

its center. As the interior of the ball is the unionof concentricspheresof increasingradii around

thecenter(startingwith a radiusof zerofor thecenterpoint itself), thestatesin theneighborhood

distributethemselvesin layersof increasingdistances(i.e.,numberof edges)from ì (startingwith

adistanceof 0,namelythestatesin ì itself). In computationalterms,asimpleextensionof breadth-

�rst searchsuf�ces to identify thestateslayerby layer.

Thereis thereforea simpletwo-stageprocessfor �nding theshortest-pathin theneighborhood

of ì , namely1) to generateandstorein memorytheneighborhoodstatesusingbreadth-�rstsearch

appliedin parallelto all statesin ì (thissearchstopswhenmemoryis full), and2) to useA* to �nd

the shortestpaththroughstoredstatesonly. However, this approachhastwo drawbacks. First, it

performstwo full explorationsof theneighborhood(oncewith breadth-�rstsearch,oncewith A*)

beforereturninga solution.Second,becauseA* delaystheexpansionof stateswith largef-values,

somestatesin the neighborhoodmay never be visited by A* andthereforeneednot be storedin

memory. Unfortunately, thesestatescannotbeidenti�ed duringthe�rst, breadth-�rstsearchstage.

They occupy memorythatmightbeusedby A* for one(or more)extra layer(s).

To addressboth problems,we proposeto interleave the building of the neighborhoodwith its

searchby A* in orderto take advantageof thepruningpower of f-valuesduringconstructionand

thusmake theneighborhoodaslargeaspossible.We call theresultingalgorithmITSA* (for Iter-

ative TunnelingSearchwith A*, andpronouncedIt' s-a-star). ITSA* iteratively performsmodi�ed

A* searchesfrom the startto thegoal. ITSA* assignseachgeneratedstatean iteration(or layer)

number. This numbercorrespondsto the distanceof the statefrom (a statein) the path ì . Once
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Table22: Performanceof one-stepITSA* onpathsfoundby BULB in the48-Puzzle(with 6million
nodesin memory)

	 BULB BULB + one-stepITSA*
time cost time (seconds) cost

(seconds) value increaseover BULB valuedecreaseover BULB
absolute relative absolute relative

5 0.1 11,737 5.7 5.6 5,600%3,140 8,597 73%
10 0.9 36,282 6.7 5.8 644% 3,233 33,049 91%
100 6.1 14,354 12.2 6.1 100% 2,052 12,302 86%

1,000 7.3 1,409 12.8 5.5 75% 746 663 47%
10,000 21.7 440 27.7 6.0 28% 428 12 3%

assigned(atthetimeof thestate'sgeneration),thisnumberneverchanges.Beforethecall to ITSA*,

all statesin ì arestoredin memorywith a layernumberequalto zero.ThenA* is run repeatedly

with an increasingiterationnumber(startingat one)until memoryrunsout. At the beginning of

eachiteration, the OPENlist is initialized to the startstate. A* proceedsasusualexcept that 1)

it only insertsinto theOPENlist stateswhoselayernumberis lessthanthe iterationnumber, and

2) eachnewly generatedstateis assigneda layernumberequalto oneplusthatof its parentin the

searchtree.EachiterationendswhenA* is aboutto expandthegoalstate(exceptpossiblyfor the

lastiteration,whichendswhenthememoryis full).

Insteadof performingtwo full explorationsof a pre-existing neighborhood(built with breadth-

�rst search,asdiscussedabove), ITSA* performsseveral A* searchesover a region of thesearch

spacethatgrows aroundì in a layeredfashion.Only thelast iterationof ITSA* is a completeA*

searchover theentireneighborhood.Furthermore,ITSA* outputsa (potentiallybetter)pathat the

endof eachA* iteration.Thisanytimebehavior of ITSA* is discussedin Section5.3.1.In thenext

sub-section,weevaluatetheperformanceof ITSA* asa localoptimizationprocedure.

5.2.4 Empirical evaluation of ITSA*

Weevaluatetheperformanceof ITSA* asalocaloptimizationalgorithmin two standardbenchmark

domains,namelythe48-PuzzleandtheRubik's Cube.We run ITSA* on solutionpathsfoundby

BULB in 50 randominstancesfor eachdomain. We reportthe solutionquality outputby ITSA*

andits runtime,whichwe compareto thatof BULB (seeTables22 through25).

First, we discussthe performanceof one-stepITSA* (seeTables22 & 23), whereITSA* is

150



Table 23: Performanceof one-stepITSA* on pathsfoundby BULB in theRubik's Cube(with 3
million nodesin memory)

	 BULB BULB + one-stepITSA*
time cost time(seconds) cost

(seconds) value increaseover BULB value decreaseover BULB
absolute relative absolute relative

10 96.9 108,804.8100.7 3.8 4% 94,346.614,458.2 13%
100 5.1 1,893.9 7.9 2.8 56% 679.0 1,214.9 64%

1,000 7.4 275.8 10.2 2.8 38% 178.5 97.3 35%
10,000 13.8 53.6 18.5 4.7 34% 47.3 6.3 12%
50,000 39.2 31.2 46.0 6.8 17% 30.6 0.6 2%
70,000 51.1 30.0 57.3 6.2 12% 28.7 1.3 4%
100,000 74.8 28.1 81.3 6.5 9% 27.6 0.5 2%
120,000 127.2 26.0 134.8 7.6 6% 25.7 0.3 1%

appliedonly onceto thepathfoundby BULB. In eachdomain,theabsoluteruntimeof ITSA* re-

mainsapproximatelyconstant(alwaysundertenseconds)whencomparedto theruntimeof BULB.

SinceITSA* searchesaneighborhoodwhosesize(i.e., its numberof states)is �x edby theavailable

memory, its runtimeis essentiallydeterminedby thetime it takesA* to searchit. Wespeculatethat

thedifferencesin runtimesfor variousvaluesof 	 resultat leastin part from the fact that ITSA*

performsvaryingnumbersof iterationsof A* dependingon thelength(or equivalentlycost)of the

startingsolutionpath.Thiseffect is moreprominentin theRubik'sCubedomain,but in eithercase,

therelationbetweeninitial solutionlengthandruntimeis not monotonic.Otherfactorsin�uencing

runtimesincludetheoverheadof nodegenerationandthebranchingfactorof thesearchspace(both

of which arelarger in theRubik's Cubethanin the 48-Puzzle).The approximatelyconstantrun-

time of one-stepITSA*, togetherwith the increasingruntimeof BULB, explainswhy therelative

increasein runtimeof one-stepITSA* getssmalleras 	 increases(i.e.,asthestartingsolutioncost

decreases).

Similarly, the relative improvementin solution cost achieved by ITSA* decreasesas 	 in-

creases.This trendis explainedby thefact that,asthe initial pathlengthdecreases,thepathitself

becomeslessconvoluted. Consequently, ITSA* hasfewer opportunitiesto �nd shortcutswithin

theneighborhood.In otherwords,high-qualitysolutionsaremorelikely to be (closerin solution

quality to) localoptimain thespaceof solutionpathsand,notsurprisingly, ITSA* hasahardertime
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Table 24: Performanceof multi-stepITSA* on pathsfound by BULB in the 48-Puzzle(with 6
million nodesin memory)

	 BULB BULB + multi-stepITSA*
time cost time (seconds) cost

(seconds) value increaseover BULB valuedecreaseover BULB
absolute relative absolute relative

5 0.1 11,737 50.3 50.2 50,200%2,562 9,175 78%
10 0.9 36,282 53.0 52.1 5,789%1,808 34,474 95%
100 6.1 14,354 55.2 49.1 805% 1,159 13,195 92%

1,000 7.3 1,409 36.7 29.4 409% 674 735 52%
10,000 21.7 440 42.4 20.7 95% 426 14 3%

Table 25: Performanceof multi-stepITSA* on pathsfoundby BULB in theRubik's Cube(with 3
million nodesin memory)

	 BULB BULB + multi-stepITSA*
time cost time(seconds) cost

(seconds) value increaseover BULB value decreaseover BULB
absolute relative absolute relative

10 96.9 108,804.8111.3 14.4 15% 94,346.614,458.2 13%
100 5.1 1,893.9 23.2 18.1 356% 578.5 1,315.4 69%

1,000 7.4 275.8 22.1 14.7 199% 156.8 119.0 43%
10,000 13.8 53.6 28.1 14.3 104% 45.3 8.3 15%
50,000 39.2 31.2 49.8 10.6 27% 30.4 0.8 3%
70,000 51.1 30.0 62.4 11.3 22% 28.7 1.3 4%
100,000 74.8 28.1 86.1 11.3 15% 27.5 0.6 2%
120,000 127.2 26.0 137.4 10.2 8% 25.7 0.3 1%

improving on higherqualitysolutions(ceilingeffect).3

Second,we discusstheperformanceof multi-stepITSA* (seeTables24 & 25),wherewe apply

ITSA* iteratively, �rst to the path found by BULB, and then repeatedlyto the bestpath found

during thepreviousexecutionof ITSA*. Multi-step ITSA* canstopassoonasITSA* returnsits

startingpathwhich is thena localminimumin thespaceof paths.For ef�ciency reasons,insteadof

checkingthepathitself, we only checkits length.Sowe stopmulti-stepITSA* whenthesolution

costit returnsis equalto thatof its startingsolution.

3ThecaseÙ,‡Ä€w• standsoutin Table23. With suchanarrow beamwidth,BULB reachesdeeplyinto thesearchspace
andthecostof thesolutionis over100,000.Giventhat1) thebranchingfactorin theRubik'sCubeis approximatelyequal
to 13 and2) theavailablememorycanstoreup to 3 million nodes,ITSA* canonly performonecompleteiterationof
A* beforememoryrunsout. Theneighborhoodonly extendsasfaraslayeroneandtherelative improvementin solution
quality is thuslow. Similarly, becauseBULB is soslow in thiscase,ITSA*' s relative increasein runtimeis small.
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In bothdomains,theabsoluteruntimeof multi-stepITSA* tendsto decreaseas 	 increases.As

the initial pathcostdecreases,it is harderfor local searchto improve it andITSA* is calledfewer

timesbeforeit reachesa local minimum. In addition,sincethe runtimeof BULB increaseswith

	 , therelative increasein runtimeof multi-stepITSA* decreasesas 	 increases.Finally, boththe

absoluteandrelative improvementsin solutionqualitydecreaseas 	 increasesbecauseagain,better

solutionsareharderto improve on.

5.3 ABULB: AnytimeBULB

In this section,we discussthreewaysof transformingBULB into ananytime algorithm.First, the

solutionoutputby BULB is improvedby ananytimelocalsearchalgorithmsuchasITSA*. Second,

BULB is kept runningafter it �nds a goal. Third, BULB is restartedwith a differentvalueof 	

upon �nding a goal. We presentthesethreevariantsin the �rst threesub-sections,respectively.

Then,we discusshow to combinetheuseof ITSA* with thelasttwo variants.Finally, we evaluate

all resultingvariantsin our two benchmarkdomains.

5.3.1 BULB + ITSA*: Local optimization of BULB' ssolutions

ITSA*, asa local searchalgorithm, is alsoan anytime algorithm. First, one-stepITSA* returns

solutionsof non-increasingcost at the end of eachiteration of A*. Second,multi-stepITSA*

repeatedlyappliesITSA* to solutionpathswith lower and lower costsuntil a local minimum is

reached.

While ITSA* is a generalpurposeanytime algorithmfor local pathoptimization,we propose

to apply it to thesolutionoutputby BULB. More speci�cally, onceBULB terminateswith a path

ì to thegoal,all statesnot in ì arepurgedfrom memoryandmulti-stepITSA* is startedwith all

statesin ì assignedto thezeros
� layerandOPENinitialized to thestartstate(seeSection5.2.3).

Theonly parameterof thisanytime algorithmis thevalueof thebeamwidth 	 usedby BULB. We

choosea low valueof 	 sothatthe�rst solutionis quickly found.

Sincethischapterfocusesonanytime algorithms(suchasITSA*), weneedto beableto repre-

senttheperformanceof ananytimealgorithm.Thestandardrepresentationis aperformancepro�le,

that is theexpectedsolutionquality outputby thealgorithmasa functionof time. We follow the
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Figure 58: Building aperformancepro�le
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Figure59: Performanceof ITSA* onsolutionsproducedby BULB in the48-Puzzle(with 6 million
nodesandB=5)

standardprocedureto obtaintheperformancepro�le [183]. First, we computethequality û asthe

improvementin solutionquality of eachnew solutionpath ì
D relative to theoriginal solutionpath

ì (in ourcase,theonefoundby BULB). Thus, û��ýü

Õ
3œ5•¦Iö §

`

ü

Õ
365'¦Iö

¢

§

ü

Õ
3œ5t¦þö §

. Theperformancepro�le plots

û asa functionof ÿ , thetime takento produceì
D from ì . Thus, ÿG� @C>A¡�F6B

�

<a%6ì
D

, Á.@C>A¡�F6B

�

<†%6ì , .4

Figure58ashows suchdatapointscorrespondingto one instance.Note that solutionsarefound

at irregular time intervals. Sincethesolutionquality doesnot changebetweentwo successive data

points,we�ll in equallyspacedpointsto yieldastaircasefunction(seeFigure58b).Figures58c& d

containtherealand“�lled in” data(respectively) for thecompletesetof �fty testinstances.Finally,

theperformancepro�le is obtainedby �tting acurve throughtheresultingcloudof points(for each

time slice, we computethe averagequality improvementof all points in the slice). We call this

curve theperformancepro�le .

Theperformancepro�le in Figure58eis actuallythatof ITSA* whenappliedto solutionsfound

by BULB in the48-Puzzle.Wereproduceit in Figure59. In addition,the�gure shows theaverage

completiontime(andthecorrespondingquality improvementachieved)for one-stepandmulti-step

ITSA*. The reasonthesepointsdo not sit squarelyon the curve is explainedin Figure60 with

4Notethatde�ning theruntimeasthetime elapsedsincethe�rst solutionis producedabstractsaway thevariancein
theruntimesof BULB over thesetof instances.
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Figure 60: An averagepoint liesabove theaveragecurve

only two instances.Thediscrepancy in qualityat theaveragetimesliceresultsfrom thefactthatthe

averagepoint is basedontwo actualdatapointswhile theaveragecurve is basedontwo interpolated

points.

Finally, Figure61 shows the performanceof ITSA* in the Rubik's Cubedomain. In this do-

main, the �nal reductionin solutioncostis not aslarge asin the48-Puzzle,probablybecausethe

memorycanstorefewer nodesandtheneighborhoodis thussmaller. Nevertheless,thepro�les for

both domainssharesimilarities. Most of the decreasein solutioncost is obtainedwith one-step

ITSA*. Multi-stepITSA* only marginally reducesthesolutioncost.Both one-stepandmulti-step

ITSA* terminatein amatterof seconds.Their runtimeis smallerthanin the48-Puzzlebecausethe

neighborhoodis smallerandITSA* performsfewer iterationsin theRubik's Cubedomainthanin

the48-Puzzle.

5.3.2 ABULB 1.0: Continuousexecutionof BULB with a constant 	 value

Theprevioussectiondescribeshow to applylocal searchto a solutionfoundby anotheralgorithm.

In this section(andthe next one),we focuson a classof anytime algorithmsthat invoke a single

algorithmto generatemultiplesolutions.

Arguablythesimplestway to turn a one-shotsearchalgorithminto ananytime algorithmis to

let it run after it �nds a goal [56, 57]. The algorithmthuscontinuesto explore the searchspace

with thesamestrategy andparametersettings.In otherwords,while thesolutionis recorded,the

searchcontinuesasif no solutionwasfound. In thecaseof BULB, we call theresultingalgorithm
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Figure 61: Performanceof ITSA* on solutionsproducedby BULB in the Rubik's Cubedomain
(with 1 million nodesandB=70)

AnytimeBULB or ABULB for short.Sincethenext sectiondescribesadifferentapproachalsobased

on BULB, wecall thisversionABULB 1.0.

ABULB 1.0 is a completeand admissiblealgorithm sinceit searchesthe whole searchtree

rootedat thestartstatedown to adepthwhosevaluedependson theparametersettings.Recallthat

themaximumdepthreachedby BULB is approximatelyequalto ã�“Œ	 , where ã is themaximum

numberof nodesthatcan�t simultaneouslyin memoryand 	 is thebeamwidth. Thisupperbound

on the searchdepthfollows from the fact that BULB storesat most 	 nodesat eachlevel of its

searchtree.Therefore,ABULB 1.0 is completeandadmissiblewhenever thedepthof ashallowest

goalstateis lessthanor equalto thisbound.In addition,ABULB 1.0is ananytimealgorithmsince

it �nds a sequenceof solutionsandcanat any time returnthebestsolutionfoundsofar. Becauseit

maintainsadynamicupperbound(tobedescribedshortly)ontheoptimalsolutioncost,ABULB 1.0

is guaranteedto returnsolutionsof monotonicallyincreasingquality.

Figure62 depictsthebehavior of ABULB 1.0. It behavesexactly like BULB until the�rst goal

( #-1 in the �gure) is found. Then,two modi�cations areenforced.First, the searchcontinuesas

long astime remainsto �nd betterandbettersolutions( #
5 , then #

» in the �gure). Second,the

depthof successive BULB searchesis boundedfrom above by decreasingvalues.Indeed,it is easy
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to maintainadynamicupperboundon thesolutioncost(or depth).5 Thisupperboundis initialized

to the maximumsearchabledepth(namely ã�“Œ	 ) until the �rst goal is found. Then,every time

a goal is found, theupperboundis reducedbasedon the latestgoal's cost(or depth). During the

search,all candidatenodeswhosedepthis largerthantheupperboundarepruned(i.e., they arenot

generated).As the searchproceeds,the upperbounddecreasesandthe pruningpower increases,

until anoptimalgoalis found.

Theonly input parameterof ABULB 1.0 is 	 , thebeamwidth. Its valueis setat the time the

algorithmis calledandis nevermodi�ed. Sincethe�rst solutionshouldbefoundquickly, weset 	

to a small(domain-dependentandempiricallydetermined)value.

5.3.3 ABULB 2.0: Restart of BULB with varying 	 values

In this section,we consideranotherinstancein the classof anytime approachesthat usea single

algorithmto generatemultiplesolutions.In this instance,asinglealgorithmis calledwith different

parametersettings.Weproposeto makesuccessivecallsto BULB with differentvaluesof 	 . Recall

5Or equivalently, a lower boundon thesolutionquality.
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that largervaluesof 	 tendto generatesolutionsof higherquality, sinceBULB behavesmoreand

morelike breadth-�rstsearch.Therefore,ABULB 2.0 �rst callsBULB with a small valueof 	 to

quickly �nd a �rst solutionandthenrepeatedlycallsBULB with increasingvaluesof 	 to improve

thesolutionqualityuntil time runsout.

Figure63 depictsthebehavior of ABULB 2.0. It behavesexactly like BULB until the�rst goal

( #-1 in the �gure) is found. Then,like in ABULB 1.0, a new upperboundis computedbasedon

thecostof thebestsolutionfoundso far. However, unlike ABULB 1.0, a new valueof 	 is also

computed.Oneimportantweaknessof ABULB 1.0 is thatit doesnotuseall theavailablememory.

As time goesby, theupperbounddecreases.Thus,thesearchgetsmoreandmoreshallow. Since

its beamwidth remainsconstant(equalto 	 ), ABULB 1.0useslessandlessmemory. ABULB 2.0

addressesthis issueby increasingthevalueof 	 in sucha way thattheproductof 	 andtheupper

boundonthesearchdepthremainsequalto ã (themaximumnumberof nodesstorablein memory).

Every time a goalis found(say #
]
in the�gure), 	 is updatedto a valuethatis slightly largerthan




depth]

.

Like for BULB andABULB 1.0,thebehavior of ABULB 2.0dependson theinitial valueof 	 .

A low valuetypically returnsthe�rst solutionquickly. In addition,thescheduleof 	 updatesalso
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in�uencesthesearch.A fasterincreaseof 	 mayleadto thesolutionquality increasingfasterwith

eachsolution.However, theelapsedtimebetweensolutionsmayalsoincreasesubstantially. In order

to keepABULB 2.0 admissible,theupperboundand 	 valuesshouldbeupdatedconservatively:

theformershouldbeupdatedto onelessthanthebestcostfoundsofar, while the lattershouldbe

setto thelargestwidth thatallows thefull beamto extendto adepthequalto theupperbound.

5.3.4 ABULB + ITSA*: Local optimization of ABULB' ssolutions

So far in this chapter, we have discussedthreenew anddistinct anytime algorithms,namelythe

local searchprocedureITSA*, ABULB 1.0,andABULB 2.0. Thesemethodscanbecombinedin

severalwaysto yield anytime algorithmsthatuseITSA* for local searchandeitherof theABULB

variantsasa generatorof restartingsolutions(seeFigure64). This sectiondiscussestheresulting

variantsof ABULB.

While ITSA* canin theorybeappliedto any solutionpath,its applicationis limited in practice

by thefactthatit usesall theavailablememoryto storenodesin theneighborhood.In particular, it

startsby purging thememoryof all nodesthatareoff thesolutionpath.SincetheABULB algorithm
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Table26: Versionsof AnytimeBULB (ABULB)

Version Changing	 Localoptimization

ABULB 1.0 no none
ABULB 1.1 no one-stepITSA*
ABULB 1.2 no multi-stepITSA*

ABULB 2.0 yes none
ABULB 2.1 yes one-stepITSA*
ABULB 2.2 yes multi-stepITSA*

is basedon backtrackingwhosemechanismrelieson storedinformation,combiningit with ITSA*

requirestakinginto accountpossiblecon�icts for memoryneeds.

In thecaseof ABULB 1.0,it is notpossibleto purgememoryeverytimeagoalis foundbecause

theanytime algorithmneedsto keepthebeamin memoryin orderto performbacktracking(since

ABULB 1.0simply runsBULB asif nogoalis found).However, ABULB 1.0automaticallypurges

memoryat the endof eachiteration,wherean iteration is de�ned by a given numberof allowed

discrepancies.Beforeeachiterationstarts,thenumberof alloweddiscrepanciesis incrementedby

one. Most importantlyat that time, memoryis not neededby ABULB 1.0 sincethenext iteration

performsacompletesearchfrom thestartstate.We thereforeproposeto applyITSA* at theendof

eachiterationon thebestsolutionfoundsofar.

In thecaseof ABULB 2.0,BULB is usedto �nd a singlesolution,thenstoppedandrestarted

with alargervalueof 	 . Therefore,eachiterationof ABULB 2.0performsacompleteBULB search

from thestartstateuntil a goal is found. No memoryis neededbetweeniterationsandITSA* can

be appliedto locally optimizeeachsolutionfound. Finally, sinceITSA* comesin two versions

(namely, one-stepandmulti-step),thenumberof variantsof ABULB increasesaccordingly. Weuse

theversionnumberingschemelistedin Table26 to identify thedifferentcombinationsof ABULB

andITSA*.

5.3.5 Empirical evaluation of ABULB

In this section,we comparethe performanceof our ABULB variantsin two of the benchmark

domainsfrom thepreviouschapters,namelythe48-PuzzleandtheRubik'sCube.Foraperformance

comparisonof ABULB 1.0 andABULB 2.0 in the MSA domain,seeChapter6. Here,we �rst
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Figure65: ABULB 1.0versusABULB 2.0in the48-Puzzle(with 6 million nodesandB=5)

compareABULB 1.0andABULB 2.0in thetwo benchmarkdomains.Thenweevaluatetheimpact

of local optimizationwith ITSA* in the remainingvariantsof ABULB, namely1.1, 1.2, 2.1, and

2.2.

Figure65 and66 show the performancepro�les of ABULB 1.0 and2.0 in the 48-Puzzleand

Rubik's Cube,respectively. The�gures alsoshow theperformancepro�le of ITSA*. Thepro�les

areaveragedover thesameprobleminstancesasthoseusedin Chapter4. Thefollowing observa-

tions hold for both domains.First, both ABULB 1.0 and2.0 eventuallyreducethe solutioncost

signi�cantly morethanITSA* does.This shows that, in bothdomains,limiting thesearcharound

the neighborhoodof the initial solution(ITSA*) is not aseffective asexploring differentpartsof

thesolutionspacewith restarts(ABULB).

Second,in both domains,ABULB 2.0 eventually reducesthe solution cost more than AB-

ULB 1.0 does. Recall that ABULB 2.0 takesadvantageof all the availablememoryto improve

solutionquality, while ABULB 1.0 useslessand lessmemoryas the searchprogressessinceits

beamwidth remainsconstantwhile its maximumsearchdepthdecreases(thanksto the dynamic

upperbound).With its small (andconstant)beamwidth, ABULB 1.0 needsa lot of backtracking
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Figure 66: ABULB 1.0versusABULB 2.0 in theRubik's Cubedomain(with 1 million nodesand
B=70)

andthusis slower to reducethesolutioncost. Its performancepro�le takeslongerto level off than

thatof ABULB 2.0. However, in the48-Puzzleonly, ABULB 1.0is betterthanABULB 2.0during

the�rst 60 secondsor so.

We now consider the variants of ABULB that use ITSA* for local optimization. Fig-

ures67 and68 show that, in the 48-Puzzle,local optimizationwith ITSA* improves the perfor-

manceof ABULB 1andABULB 2.0,respectively. First,in both�gures, plainABULB (i.e.,without

ITSA*) is thealgorithmthateventuallyexhibits thesmallestdecreasein solutioncost. Therefore,

combiningITSA* with ABULB, is alwaysbetterin the long run in this domain. Second,in both

�gures, the combinationof multi-stepITSA* with ABULB (i.e., ABULB � .2) yields the largest

decreasein solutioncostin thelong run. Overall,ABULB 2.2 is thebestalgorithmin this domain

for long-termperformance.In contrast,one-stepITSA* yieldsthelargestdecreasein solutioncost

at theoutset(againin both �gures). Overall, ABULB 2.1 is thebestalgorithmin this domainfor

short-termperformance.

Figures69 and70 show a differentpicturein theRubik's Cubedomain.In thisdomain,neither
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Figure67: CombiningITSA* with ABULB 1 in the48-Puzzle(with 6 million nodesandB=5)
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Figure68: CombiningITSA* with ABULB 2 in the48-Puzzle(with 6 million nodesandB=5)
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Figure 69: CombiningITSA* with ABULB 1 in theRubik's Cubedomain(with 1 million nodes
andB=70)
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one-stepnormulti-stepITSA* signi�cantly improvestheperformancepro�le whencombinedwith

ABULB. Thedecreasein solutioncostobtainedby lettingBULB run(in ABULB 1.0)or by restart-

ing it (in ABULB 2.0) outweighsthedecreasein solutioncostobtainedwith ITSA*. The latter is

(relatively) small because,aspointedout before,the large branchingfactorandthe tight memory

constraintsallow for only asmallnumberof A* iterationswithin ITSA*.

5.4 Relatedwork

In this section,wedescriberelatedwork in bothanytime heuristicsearchandlocal search.

5.4.1 Anytime heuristic search

In time-dependenttasks,thequality of a solutiondependsnot only on its intrinsic characteristics,

but alsoon how fast it is produced.In AI, the notion of time-dependency was�rst coinedin the

context of planning[27]. Sinceoneof themainconstraintsin time-dependentplanningis time, it

makessenseto try andmake optimaluseof this resource.However, whenconsideringthetrade-off

betweenplanningtimeandplanquality, approximationandadmissiblealgorithmsappearto betwo

discretepointsat eachendof a spectrum.On theonehand,approximationalgorithmsareasfast

aspossiblewith or withoutguaranteeon solutioncost(thatis, by how muchit exceedstheshortest

path).On theotherhand,admissiblealgorithmsguaranteeoptimalityof thesolutionat theexpense

of (potentially)exponentialtime of execution.In otherwords,admissiblealgorithmsconsidertime

assecondarycomparedto thesolutionquality, while approximationalgorithmsdo thereverse. In

bothcases,thetrade-off is �x ed.

Anytime algorithmswere introducedto provide greater�e xibility whentradingoff time and

solutionquality[71, 27, 11]. Theusefulnessof anytimealgorithmsis obviouswhencomparedto the

two following extremes.First, thesolutionproducedby anadmissiblealgorithmcanbecompletely

uselessif it comestoo late.Second,thesolutionproducedby anapproximationalgorithmcancome

tooearly, in thesensethatit is producedbeforeit is actuallyneededasinputto asubsequentproblem

solvingstagewhosestarttime hasnot comeyet. This wastedtime interval couldhave beenused

to improve theapproximatesolution. Anytime algorithmsaredesignedto provide such�e xibility

whendealingwith uncertaintime constraints.
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Thereexist only a few anytime heuristicsearchalgorithmsto date.Themostrelevantonesare

variantsof WA* (WeightedA*).

Anytime A* (ATA*) [56, 57, 178] is a best-�rst searchalgorithmthatmaintainsfor eachnode

both an A*-lik e f-valueanda weightedf-value. The only differencebetweenweightedbest-�rst

searchandAnytimeA* is thatit doesnotstopafterasolutionis found.Instead,thesearchcontinues

and the cost of the lowest-costsolution found so far is usedas an upperboundon the cost of

a minimum-costsolution. Suchan upperboundserves to prunenodesin the OPEN list whose

(unweighted)f-valueis larger thanor equalto the upperbound. Sincethis bounddecreasesover

time,thesetof nodesthatcanbeprunedincreasesandAnytimeA* eventually�nds aminimum-cost

solution.ATA* is thusto WA* asABULB 1.0is to BULB.

ARA* [114, 115] is anothervariantof WA* that is morecloselyrelatedto ABULB 2.0 since

it repeatedlycallsWA* with decreasingweightson theh-values(whereasABULB 2.0 repeatedly

calls BULB with increasing	 values). One differencebetweenARA* andABULB 2.0 is that

ARA* reusessomeof thesearcheffort of thepreviousWA* searchto speedupthecurrentiteration.

Combiningideasin incrementalsearchwith ABULB is aninterestingdirectionfor futureresearch.

However, themainlimitation of thesevariantsof WA* is thatthey do not controltheir memory

consumption(otherthanby increasingtheweighton theh-values).Therefore,bothalgorithmscan

only solveproblemsthatWA* cansolve. In contrast,wehave shown in thisdissertationthatBULB

andABULB, asmemory-boundedalgorithms,scaleup to muchlargerdomains.

Finally, all other anytime heuristicsearchalgorithmsknown to us are variantsof depth-�rst

search. For example,DFBnB (depth-�rst branch-and-bound) is a variant of branch-and-bound

search[112, 110]. It is a depth-�rst searchthat usesh-valuesto order the successorsfor expan-

sionandupperboundsto prunesomeof them.Anotherexampleis CompleteAnytimeBeamsearch

(CABS) [173]. CABS repeatedlycalls a variantof depth-�rst searchwith a pruningrule that is

progressively weakenedat eachiteration.As thepruningrule weakens,fewer andfewer nodesare

pruned.In theworstcase,no pruningoccursandthusCABS is complete.

Themainweaknessof thesedepth-�rst searchalgorithmsfrom our perspective is that they do

not scalewell to generalgraph-searchproblems(suchasour benchmarkdomainsandthemultiple

sequencealignmentproblemdescribedin Chapter6)sincethey cannotdetecttranspositionsandthus
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tendto suffer from anexponentialoverheadin nodere-generations.Nevertheless,suchmethodsare

well suitedto problemswith ahighdensityof solutionsor a �nite searchtree[135]. DFBnBis very

ef�cient on theTravelingSalespersonProblem[111], for instance[174, 175].

5.4.2 Local search

Localor neighborhoodsearchmethods(alsocalled(meta-)heuristics)have beenappliedby theOR

communityto a large numberof combinatorialproblems[166, 139]. However, virtually all these

problemssharethecharacteristicthata sub-optimalsolutioncanbefoundeasily(without search).

In theTravelingSalespersonProblem(TSP)[111] for example,a feasiblesolutionis apermutation

of anexplicit setof cities,while in thebooleansatis�ability problem(SAT) [148], afeasiblesolution

is anassignmentof truth-valuesto anexplicit setof booleanvariables.In contrast,in theshortest-

pathproblem,a solution(path) is a sequenceof states(or equivalently state-actionpairs). Since

thestatesaretoo numerousto list explicitly, only a small list of actionschemata(or operators)are

providedand�nding any pathrequiressearch.

Neighborhoodsearchis sometimescallediterative-improvementsearch[144, 1], sincesolution

quality is improvedby iteratively jumpingfrom onepathto anotheronein thesubsetof thesolution

spacede�ned astheneighborhood.Thisgeneralparadigmleavesopenthequestionof how to select

thenext solutionpathwithin theneighborhood.ITSA* follows abest-improvement[1] or steepest-

descent[130] strategy, sinceit usesavariantof A* to selectthesolutionof highestqualitywithin the

neighborhood.Alternatively, a �rst-improvementstrategy would stopsearchingtheneighborhood

whenany solutionis foundwith higherquality thanthecurrentsolution.

5.5 Conclusion

In this chapter, we have presenteda new family of anytime heuristicsearchalgorithmsgenerically

called ABULB (Anytime BULB). ABULB is a local (or neighborhood)searchalgorithm in the

spaceof solutionpaths.ABULB usesBULB to �nd bothaninitial solutionandrestartingsolutions.

ABULB canalsotake advantageof ITSA* for localpathoptimization.

ITSA* (Iterative TunnelingSearchwith A*, pronouncedIt' s a star) is a new local pathopti-

mizationalgorithm.ITSA* imposesa neighborhoodstructureon thespaceof solutionpathsbased
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on our de�nition of distancebetweenpaths.ITSA* interleavestheconstructionandthesearching

of theneighborhoodusingbreadth-�rstandA* search,respectively. Eachiterationreturnsa path

of smallercost. ITSA* is thusan anytime algorithmin its own right. ITSA* performsgradient

descenton thesurfacewhoseconnectivity andelevationresultfrom theneighborhoodstructureand

thesolutioncost,respectively. EachtimeITSA* reachesa(possiblylocal)minimumonthesurface,

ABULB generatesanew restartingsolutionof higherquality.

Ourempiricalstudyhasshown that,while ITSA* reducesthesolutioncostover timewhenused

asan anytime algorithmin the 48-PuzzleandtheRubik's Cubedomain,an even larger reduction

in solutioncost is achieved by letting BULB 1) run after it �nds a solutionor 2) by restartingit

with a larger, automaticallycomputedbeamwidth. Furthermore,combiningITSA* with either

anytime modi�cation of BULB yields an even larger reductionin solutioncost in the 48-Puzzle.

In the Rubik's Cubehowever, no signi�cant improvement(or degradation)was observed in the

performancepro�le of ABULB whenaddingITSA*.

This researchhasproducedthefollowing contributions:

k Wehaveintroducedanew localpathoptimization(namely, ITSA*) basedonasearchstrategy

callediterativetunneling.

k We have describedandempiricallyevaluateddifferentwaysof transformingBULB into an

anytime algorithm,bothwith andwithoutdynamicbeamwidths.

k To thebestof ourknowledge,ourwayof combiningABULB with ITSA* is the�rst success-

ful applicationof local (or neighborhood)searchto theshortestpathproblem.

Possibleavenuesfor futurework include:

k studyingtheeffect of neighborhoodsizeon theperformanceof ITSA*; for example,canits

runtimebedecreasedby reducingtheneighborhoodsizeto aportionof theavailablememory

with an acceptablelossin solutionquality? In this case,how bestto take advantageof the

freedmemory?,

k studyingtheeffect of initial solutionquality on thequality of local optimafoundby ITSA*;
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for example,whathappensif thequality of restartingsolutionsdoesnot increasemonotoni-

cally asis currentlythecasefor ABULB?,

k studyinghow the trade-off betweenruntimeandsolutionquality in ABULB (i.e., theslope

of theperformancepro�le) is affectedby thescheduleof 	 valueupdates;for example,can

smallerincrementsin 	 valuesleadto steeperpro�les?,and

k studyingdomain-dependentpropertiesthat in�uence the performanceof our neighborhood

search;for example,how doesthegraphconnectivity, saythenumberof small loops,affect

thelocal optimizationperformedby ITSA*?
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CHAPTER VI

THE MULTIPLE SEQUENCE ALIGNMENT PROBLEM

In thischapter, weusethemultiplesequencealignment(MSA) problemasanadditionalbenchmark

domainfor ABULB. We explain how theMSA problemreducesto theshortest-pathproblem.We

describehow to applyABULB to theMSA problemandshow empirically thatABULB scalesup

to largerMSA problemsthananexistinganytime heuristicsearchalgorithmbasedon WA*.

6.1 Introduction

The primary structureof biological sequencesis essentiallya linear string of charactersover a

small alphabet.Theprimarystructureof a nucleicacid suchasDNA, for example,is a sequence

of charactersfrom the 4-elementalphabetM A,C,G,TT , while proteinsaresequencesof characters

from the 20-elementset of amino acids(also called residues). Over the pastdecadeor so, the

numberof availablesequenceshasgrown exponentially, aspowerful new sequencingtechnology

hasemerged. Whenever a new sequenceis identi�ed, biologistsareinterestedin determiningboth

its function(for ageneor anenzyme,for example)andits 3-dimensionalcon�guration(for proteins

in general).While themostreliableapproachremainstheempiricalone,it is quitetime-consuming.

Thisexplainstheneedfor, andthegreatprogressof, computationalapproaches.

Onewayto infer thefunction(or 3-dimensionalstructure)from a linearsequenceis to compare

thenew sequencetoavailablesequenceswith known functions.Forexample,thefunctionof anewly

discoveredproteinmaybe inferredby determiningits membershipin a known family of proteins.

Similarly, the functionof a gene(DNA sequence)canbe inferredby comparisonto similar genes

with known functions.However, to assessthesimilarity betweena new sequenceandoneor more

known sequences�rst requiresthealignmentof thesesequences.This explainswhy the multiple

sequencealignmentproblemis oneof themostimportantchallengesin computationalbiology.
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Figure 71: Threepairwisealignments(takenfrom [33])

6.2 Sequencealignment

To alignsequencesmeansto write themoneundertheother, oneletterpercolumn.All thelettersin

acolumnaresaidto bealigned.Figure71(a)depictsthealignmentof thesameregionof two human

proteinsequencesreferredto asHBA-HUMAN andHBB-HUMAN in theSWISS-PROT database.1

Theproteinsequencesoccupy the �rst andthird lines in the �gure. Themiddle line is not partof

thealignmentperse.It is addedin orderto make it easyto visually identify columnsthatcontaina

“good” alignment.Sincetwo sequencesarebeingaligned,eachcolumnof thealignmentcontains

two letters.Whenthetwo lettersin a columnareidentical,theletter is repeatedin themiddle line

to highlight theperfectmatch. Whenthe two lettersaredifferentbut representsimilar residues,a

plus sign is insertedin the middle line to highlight a closebut imperfectmatch(the similarity of

residues,or equivalentlytheclosenessof amatch,is measuredby ascoringfunctionto bedescribed

in the next section).Finally, a blank in the middle line highlightsa columnwheretwo dissimilar

residuesarealigned. Largenumbersof lettersandplussignsin themiddle line, combinedwith a

small numberof blanks,indicatethat the humanalphaglobin (HBA-HUMAN ) is very similar to

thehumanbetaglobin (HBB-HUMAN).

In Figure71(b), the sameregion of the humanalphaglobin is alignedwith anothersequence

(calledLGB2-LUPLU). In this case,the proportionof perfectandclosematchesis smallerthan

1TheSWISS-PROT databaseis accessibleat http://kr.expasy.org/sprot/.
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in thealignmentof Figure71(a)but still large enoughto indicatea possiblerelationshipbetween

the two globins. Indeed,this alignmentis meaningfulto biologistssincethesetwo globins are

evolutionarily relatedandsharestructuralandfunctionalproperties.Notice that this alignmentis

longerthanthe onein Figure71(a),that is, it is madeup of a larger numberof columns.This is

because,in the processof aligning the sequences,� ve gapswereinsertedinto the �rst sequence.

Eachgapis representedby adash.In columnscontainingadash,theresiduein thesecondsequence

isnotalignedwith any residuein the�rst sequence.Assumingthatthetwoglobinsareevolutionarily

related,a gapindicatesthattheresiduein thesamecolumnwaseitherdeletedin the�rst sequence

or insertedinto thesecondsequenceduringevolution. In contrast,aplussignin a columnsuggests

thatbothresiduesareevolutionarily relatedthroughmutations.Eitheroneevolved from theother,

or both evolved from a commonancestor. Finally, a perfectmatchin a columnsuggeststhat the

correspondingresidueremainedunchangedthroughevolution.

6.3 Evaluatingalignments

The alignmentin Figure71(c)hasapproximatelythesamelengthandtotal numberof lettersand

plus signsin the middle line as the alignmentin Figure 71(b). Unfortunately, this alignmentis

spuriousbecausetheF11G11.2proteinis neitherfunctionallynorstructurallysimilar to thehuman

alphaglobin. Simply countingthenumberof (close)matchesin thealignmentis not suf�cient to

discriminatebetweenmeaningfulandspuriousalignments.A moresophisticatedevaluationmethod

is needed.

Biological sequencesevolve via theselectionof randommutations.We considerthreetypesof

mutations.A substitutionreplacesoneresiduewith another, while an insertionor a deletionadds

or removesa residue(or a groupof residues).Determiningthebiologicalsigni�canceof analign-

mentrequiresa lot of expertknowledgeof phylogeneticconstraintson mutations,thepropertiesof

variousgroupsof contiguouselements,thein�uence of higher-orderstructure,etc.Automatingthe

alignmentprocessrequiresthedesignof numericalformulasto capturetheseconstraints.Statistical

analysesareusedto generatea likelihoodratio for eachpair of residues.Eachratio estimatesthe

oddsof thepair appearingin thesamecolumndueto a phylogeneticrelationshipasopposedto a

randomoccurrence.Thesetof ratiosfor all possiblepairsof residuesmakesup a score matrix or
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A R N D C Q E G H I L K M F P S T W Y V

A 2
R -2 6
N 0 0 2
D 0 -1 2 4
C -2 -4 -4 -5 12
Q 0 1 1 2 -5 4
E 0 -1 1 3 -5 2 4
G 1 -3 0 1 -3 -1 0 5
H -1 2 2 1 -3 3 1 -2 6
I -1 -2 -2 -2 -2 -2 -2 -3 -2 5
L -2 -3 -3 -4 -6 -2 -3 -4 -2 2 6
K -1 3 1 0 -5 1 0 -2 0 -2 -3 5
M -1 0 -2 -3 -5 -1 -2 -3 -2 2 4 0 6
F -4 -4 -4 -6 -4 -5 -5 -5 -2 1 2 -5 0 9
P 1 0 -1 -1 -3 0 -1 -1 0 -2 -3 -1 -2 -5 6
S 1 0 1 0 0 -1 0 1 -1 -1 -3 0 -2 -3 1 2
T 1 -1 0 0 -2 -1 0 0 -1 0 -2 0 -1 -3 0 1 3
W -6 2 -4 -7 -8 -5 -7 -7 -3 -5 -2 -3 -4 0 -6 -2 -5 17
Y -3 -4 -2 -4 0 -4 -4 -5 0 -1 -1 -4 -2 7 -5 -3 -3 0 10
V 0 -2 -2 -2 -2 -2 -2 -1 -2 4 2 -2 2 -1 -1 -1 0 -6 -2 4

Figure 72: ThePAM250 substitutionmatrix

substitutionmatrix.

PAM250 is the mostwidely usedmatrix for practicalproteinsequencealignment[25]. This

!Ym

�

!Ym matrix is shown in Figure72. The twenty aminoacids �
]

(4Vl� �2PQPQP?!Ymˆ( appearon both

the vertical andhorizontaldimensions.EachPAM250 W �•]0\³W ��
Q\ is the log likelihoodof the pair of

residues%��
]

(��



, beinganalignedpair, asopposedto appearingseparately. Thelargerthis(positive)

number, the higher the likelihood that the pair will appearasa pair. The smallerthis (negative)

number, the higherthe likelihoodthat the pair is unrelated.Sinceperfectmatchesappearon the

diagonal,eachnumberonthediagonalis largerthanany othernumberin thecorrespondingrow (or

column,sincethematrix is symmetrical).Whenworkingwith thismatrix, thescoreof aninsertion

or deletion,calledagapcost(or gappenalty), is typically setto -8, which is thesmallestnumberin

thematrix.

Finally, biologistsoften make the assumptionthat mutationsat differentplacesin a sequence

take placeindependently. This independenceassumptionappearsto bereasonableat leastfor DNA

andproteinsequences(notsomuchfor RNA sequences).As aresult,thetotalscoreof thealignment
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of two proteinor DNA sequencesis simply thesumof thepairwisescoresover all thecolumnsin

the alignment. Similarly, a so-calledlinear gap cost (i.e., -8) is addedfor eachcolumn where

a gap appears,including adjacentcolumns.2 With this scoringscheme,the alignmentsin Fig-

ures71(b)and71(c)havescoresof 1 and-5, respectively, therebycorrectlydiscriminatingbetween

the caseof two relatedsequences(b) andthe caseof two unrelatedsequences(c). Indeed,pos-

itive scoresindicatethat the sequencesaremorelikely in meaningfulalignmentsthanin random

alignments,while negative scoresindicatejust theopposite.However, in general,no suchscoring

schemeis guaranteedto reliably discriminatebetweenmeaningfulandspuriousalignmentsin all

cases.An optimalalignmentis only asgoodasthescoringschemeusedto evaluateit.

6.4 Pairwisesequencealignment

Fromnow on,wetake for grantedthescoringschemedescribedin theprevioussectionandturnour

attentionto algorithmsusedfor �nding analignmentof two sequencesthathasa maximumscore

accordingto thisscheme.

A standardwayof building acompletealignmentof two sequencesis to useoptimalalignments

of smallersub-sequences.This is theunderlyingprinciple for a dynamicprogrammingalgorithm

calledtheNeedleman-Wunschalgorithm[125, 55]. Weexplain thebehavior of thisalgorithmusing

the examplein Figure 73(a). Let ��%0Vc(��a, denotethe scoreof the optimal alignmentof the two

sequencesmadeup of the �rst V lettersof the �rst sequenceand the �rst � lettersof the second

sequence,respectively. Therefore,�¸%©mˆ(+m‘,��}m sincethe correspondingalignmentis empty, and

��%0Ç (4Ça, is thescoreof theoptimalalignmentof thetwo completesequences.In general,thevalue

of �¸%0V+(��a, can be computedusing the valuesof �¸%0VÎÁC�Y(���ÁC�<, , �¸%0VÎÁC�Y(��a, and �¸%0V+(��JÁ��<, .

For example,supposewe want to compute��%w�Y(3�<, , thescoreof theoptimalalignmentof the �rst

letter in eachsequence(i.e., `D'). Thereare only threeways to build suchan alignmentusing

smalleralignments.First,theemptyalignment(with zerocolumn)canbeextendedto aone-column

alignmentthatalignsboth�rst letterswith no gap(seeFigure73b). Thescoreof this alignmentis

��%©mˆ(+m‘,

� PAM250 W ƒ¸\³W ƒ�\Ã�"m

�

Ç-�9Ç . Second,theone-columnalignmentwith score��%w�Y(+m‘, can

2In somecases,anaf�ne gapscoreis used,in which long contiguousinsertionsor deletionsarepenalizedlessthan
thegapcosttimesthenumberof consecutive gaps.
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Sequence1: DQLF Sequence2: DNVQ

a) Two sequencesto bealigned

M emptyT��

D
D

b) No gapinserted

D
–

�

D –
– D

c) Gapin the�rst sequence

–
D

�

– D
D –

d) Gapin thesecondsequence

C(1,1)=4C(0,1)=�8 �8

�8

10

1

0 C(0,0)=0 C(1,0)=�8

+PAM250[D][D]

e) �¸%w�Y(3�<,6� max(��%©mˆ(+m‘,

� PAM250 W ƒ�\³W ƒ¸\ , �¸%©mˆ(3�<,2Árz , �¸%w�Y(+m‘,)Árz )= max(m

�

Ç , Á$zªÁ�z , Á$zÀÁrz ) = 4

�8

j

C(i�1,j�1)

C(i,j)C(i�1,j)

C(i,j�1)

�8

ii�1

j�1

+PAM250[.][.]

f) ��%0V+(��†,6� max(�¸%0V·Áo�Y(�� Áo�<,

� PAM250 W �

1

]

\³W �
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\ , ��%0V ÁÐ�Y(��a,2Á�z , ��%0V+(�� Áo�<,)Á�z )

Figure 73: Onestepin thealignmentof two sequences
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Figure 74: TheNeedleman-Wunschdynamicprogrammingalgorithm

beextendedto a two-columnalignmentthatalignsthe`D' in thesecondsequencewith a gap(see

Figure73c). The scoreof this alignmentis �¸%w�Y(+m‘,

�

%¨Á$z{,-�/Á§z-Áoz���Á �3È , where Á$z is the

gapcost. Third, theone-columnalignmentwith score��%©mˆ(3�<, canbeextendedinto a two-column

alignmentthat alignsthe `D' in the �rst sequencewith a gap(seeFigure73d). The scoreof this

alignmentis �¸%©mˆ(3�<,

�

%¨Á$z{,^�CÁ$zªÁ�z���Á �3È . Finally, theoptimalalignmentof the�rst letter in

eachsequenceis theonewith thelargestscore,namelytheone-columnalignmentthatmatches̀D'

with `D', sinceÇ � max(Ç (QÁ �3È†(QÁ �3È{, .

In general,��%0V+(��†, is calculatedasthemaximumof threenumbers:1) thesumof �¸%0V‘Á��Y(��¶Á’�<,

andthePAM250scoreof aligning �

1

]

(i.e.,the V

s
� letterin the�rst sequence)and�

5




(i.e.,the �

s
� letter

in thesecondsequence);2) thesumof ��%0VŒÁ8�Y(��a, andthegapcost;and3) thesumof ��%0Vc(��·Á8�<, and

thegapcost.Thescorefunction �¸%0V+(��a, is storedasa two-dimensionalmatrix,with thenumberV of

lettersin the�rst sequenceservingasindex in thehorizontaldimensionandthenumber� of letters

in thesecondsequenceservingasindex in theverticaldimension.Figure73edepictsthecalculation

of ��%w�Y(3�<, usingthis two-dimensionalrepresentation.Figure73f depictsthegeneralcaseof �¸%0V+(��a, .

TheNeedleman-Wunschdynamicprogrammingalgorithm�lls up thetwo-dimensionalmatrix

� either row by row or columnby column,as depictedin Figure74. The scoreof the optimal

alignmentof the two original sequencesis the last numbercalculated,that is, the numberin the

bottom-rightcell of the matrix. The resultof applying the Needleman-Wunschalgorithmto the

examplein Figure73ais shown in Figure75. Note thateachnumberin the �rst column(the �rst

row) is a multiple of thegapcostsinceeachcell in this column(row) correspondsto insertingone
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Figure 75: Computingtheoptimalalignmentof thetwo sequencesin Figure73a

moregapinto the�rst (second)sequence.Also,anarrow leadingoutof eachcell = (exceptfrom the

top-left one)pointsto thecell thatgave themaximumvaluewhencomputingthescorefor = (ties

arebrokenrandomly).

Conceptually, building an alignmentmeansstartingfrom the top-left cell (with score0) and

repeatedlymoving to the right, downward,or down andto the right, until thebottom-rightcell is

reached.Eachmovecorrespondsto addinganew columnto thealignment,startingfrom theempty

alignment. A horizontalmove to the right meansconsumingthe next letter in the �rst sequence

(andinsertinga gap). A vertical move downward meansconsumingthe next letter in the second

sequence(andinsertinga gap). A diagonalmove correspondsto consuminga letter in eachof the

two sequences(andinsertingno gap).Theoptimalalignmentcanbereconstructedfrom thematrix

by following thepointersbackwardfrom thebottom-rightcell to thetop-leftcell (thesepointersare

in bold in the �gure). In our example,all the movesareon the diagonal. Therefore,the optimal

alignmentof thetwo sequencescontainsnogapandhasfour columns.Its scoreis equalto 2.

6.5 Multiple sequencealignment(MSA)

Sofar, we have only consideredpairwisealignments.Wenow discussthemultiple sequencealign-

ment(MSA) problemwhich consistsof �nding theoptimalalignment(i.e., analignmentwith the

largestscore)of � ( � ~Ð! ) sequences.

ThegeneralMSA problemis asimpleextensionof thecase���"! . To align � sequencesmeans
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Figure76: Searchtreefor the2-dimensionalMSA problemin Figure73a

to write themdown, oneundertheother, sothateachletterbelongsto a column. All the lettersin

a columnaresaidto be aligned. Gapscanbe insertedat any positionin any of thesequences,as

long asno columnof the alignmentis completely�lled with gaps. In otherwords,eachcolumn

mustconsumeoneletter in at leastonesequence.For example,Figure78b depictsonepossible

alignmentof thethreesequenceslistedin Figure78a.

Themethodfor computingthescoreof analignmentis generalizedasfollows. Thetotal score

remainsthesumof thescoresof all thecolumnsin thealignment.In otherwords,we continueto

make the assumptionthat randommutationsat differentpositionsin a sequenceare independent

from oneanother. However, the scoreof eachcolumnis now computedasthe sumof the scores

of all thepairsof lettersin thecolumn. Thegapis treatedasany otherletter, exceptthatany pair

containingat leastonegaphasascoreequalto thegapcost,thatis, score(–,anyletter) = score(any

letter, –) = score(–,–) = Á$z .

TheNeedleman-Wunschdynamicprogrammingalgorithmreadilyextendsto theMSA problem.

In thegeneralcase,thescorematrix is an � -dimensionalmatrix. It is built in row-majoror column-

majororder. Thescoreof thealignmentis computedlast, in thecornercell oppositethestartcell.

Pointersaremaintainedin eachcell in orderto reconstructthealignmentbackwardfrom thecorner

cell.
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Figure 78: A 3-dimensionalMSA problem
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6.6 TheMSA problemasa shortest-pathproblem

It is well-known that the MSA problemof �nding a maximum-scorealignmentof � sequences

is equivalent to the problemof �nding a shortestpath in an � -dimensionallattice [18]. In this

formulation,eachnodein thegraphcorrespondsto analignmentof somepre�x of eachsequence.

Thestartnodecorrespondsto thealignmentof all emptypre�xes. An edgecorrespondsto adding

onecolumnto theright of anexistingpartialalignment,andthecostof theedgeis equalto thescore

of theaddedcolumnmultipliedby negative one.Thegoalnodecorrespondsto thealignmentof all

completesequences.In this formulation,�nding a maximum-scorealignmentreducesto �nding a

minimum-costpathfrom thestartnodeto thegoalnode.Thestatespacefor an � -dimensionalMSA

problemis an � -dimensionalgrid. We illustratethis reductionusingcaseswith ���"! and ���"Ì .

Let us reconsiderthe two sequencesin Figure73a. Assumethat in the �rst step,we decide

(out of threechoices)to align the�rst letter`D' of the �rst sequencewith the�rst letter`D' of the

secondsequence.The resultingalignment(or node)containsonly onecolumn. The costof the

edgeleadingfrom thestartnodeto this nodeis -4. At thenext step,thereareagainthreechoices.

First, theletter`Q' in the�rst sequencemaybealignedwith theletter`N' in thesecondsequence;

second,a gapmaybe insertedinto the �rst sequence;third, a gapmaybeinsertedinto thesecond

sequence.Figure76 depictsthis (partial)searchtree.Thegraphcorrespondingto thesearchspace

for this problemis the 2-dimensionalgrid shown in Figure77. Its 25 nodesarethe intersection

pointsof theverticalandhorizontallinesde�ning thegrid. Thestartandgoalnodesareatopposite

cornersof thegrid. Theedgesin thisgrapharethehorizontalandverticalline segmentsconnecting

pairsof adjacentnodes,aswell asthediagonalline segments(not shown in the�gure) connecting

the top-left cornerof eachgrid cell to its bottom-rightcorner. Theedgesaredirectedfrom left to

right, or from top to bottom,or both (for diagonalmoves). Eachalignmentof the two complete

sequencescorrespondsto a path in this graphfrom the start nodeto the goal node. Figure 77

shows two examplesof suchpath-alignmentpairs.In general,thereis aone-to-onecorrespondence

betweenthesetof all possiblealignmentsof thetwo sequencesandthesetof all pathsfrom thestart

nodeto thegoalnodein this grid. Sincethecostof eachedgeis equalto thenegative valueof the

scoreof thecorrespondingletterpair (diagonaledge)or thegapcost(horizontalor verticaledge),a
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minimum-costpathdeterminesanoptimalalignment.

This one-to-onecorrespondencebetweenpathsandalignmentsextendsto MSA problemswith

threesequences.In this case,thesearchspaceis a 3-dimensionalgrid or cube. Figure78cshows

thesearchspacefor theproblemof aligningthethreesequencesin Figure78a,aswell asthepath

correspondingto thealignmentin Figure78b. In general,theproblemof aligning � sequencescan

bereducedto theproblemof �nding a shortestpathin an � -dimensionalhypercubein which each

dimensioncorrespondsto oneof thesequencesto bealigned.

6.7 Solvingthe MSA problemwith search algorithms

SinceeachMSA problemreducesto ashortest-pathproblemin agrid, wecanusesearchalgorithms

to solve it. Thede�ning characteristicof a searchalgorithmis theorderin which it expandsnodes.

In this context, the Needleman-Wunschdynamicprogrammingalgorithm can be construedas a

searchalgorithmthatexpandsnodesin a �x edorder, namelyeitherin row-majoror column-major

order(seeFigure74). This algorithmtakesadvantageof thedomain-speci�cstructureof thestate

spacewhenorderingnodeexpansions.But any nodeorderingstrategy maybeused.

For example,Figure79adepictsa breadth-�rstsearchstrategy for solving the MSA problem

in the 2-dimensionalcase. In contrastto the Needleman-Wunschalgorithm,breadth-�rst search

expandsnodeslayerby layer, whereeachlayer is perpendicularto the maindiagonalof the grid.

Themaindrawbackof boththeNeedleman-Wunschalgorithmandbreadth-�rstsearchis that they

generatethe completesearchspacebefore�nding an optimal alignment. Sinceboth algorithms

storeevery nodethey generate,andsincethereareon the orderof �

ô nodesin an � -dimensional

MSA problemof length-� sequences,thesealgorithmsrun out of memorybefore�nding a solution

to largeproblems.

For this reason,heuristicsearchapproachesarebeingusedin the AI communityto solve the

MSA problem. Figures79b and79c depictthe behavior of beamsearchandA* searchin the 2-

dimensionalMSA problem.Both heuristicsearchalgorithmsareableto �nd analignmentwithout

generatingthewholestatespace.While A* is guaranteedto �nd anoptimalalignment(whenusing

anadmissibleheuristicfunction),beamsearchis not. However, beamsearchcanexplicitly control

its memoryconsumption(via its beamwidth parameter	 ) andscalesup to larger problemsthan
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a)Breadth-�rstsearch b) Beamsearch

c) A* search

Figure 79: SolvingtheMSA problemwith searchalgorithms
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A*, aswe will show shortly. Both beamsearchand the A* algorithmneeda heuristicfunction

to guide the search. In the next section,we describea powerful heuristicfunction for the MSA

problem.

6.7.1 An admissibleheuristic function for the MSA problem

Thecostof analignmentis thesumof thecostsof eachcolumnin thealignment.Thecostof each

columnis in turn the sumof the costsof eachpair of letters(or gaps)in the column. Therefore,

thecostof an alignmentis alsoequalto thesumof thecostsof thealignmentsof all thepairsof

sequencesin thealignment.For example,thecostof analignmentof three(four) sequencesis the

sumof thecostsof three(six) pairwisealignments,sincetherearethree(six) waysof pairingthree

(four) sequences.

Sincethe cost of an � -dimensionalalignmentis the sum of the costsof all pairwisealign-

ments,andsincethecostof any pairwisealignmentis by de�nition larger thanor equalto thecost

of the optimal pairwisealignment,the sumof the costsof the optimal pairwisealignmentsnever

overestimatesthe costof the optimal � -dimensionalalignment. This observation is the basisfor

a well-known admissibleheuristicfunction for the MSA problem[158], which we now describe

usingthe Ì -dimensionalMSA problemshown in Figure78a.

The �rst stepin solving this MSA problemis to computethe optimal cost of eachpairwise

alignmentof the threesequences,asshown in Figure80a. The h-valueof the startnodefor this

problemis equalto 3 (seeFigure80b), which is the sumof the costsin the bottomright cell in

eachof thethreematricesin Figure80a.Thestartnodehassevensuccessornodes,sincethereare

sevenpossible�rst columnsin a three-way alignment,dependingon whetherthe�rst letterof each

sequenceis part of the columnor not. In orderto computethe h-valueof thesesuccessornodes,

weneedto know thecostsof theoptimalpairwisealignmentsof theremainingsuf�x esof thethree

sequences,that is, thesequencesminustheletterconsumedin the�rst column,if any. Thesecosts

canbereadoff thepre-computedmatricesshown in Figure80a.Noticethatthesematricescompute

thecostsof aligning thereversedsequences,not theoriginal sequences.We illustratetheh-value

computationusingthemiddle successornodein Figure80b,which turnsout to have thesmallest

h-value.
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Figure 80: Computingtheh-valuesfor theMSA problem
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Like for everynodein thisproblem,theh-valueis thesumof threecosts.First,weconsiderthe

pairwisealignmentof the �rst two sequences.Sincethe �rst letterof eachsequence(i.e., `D') is

consumedin the�rst columnof thealignment,we estimatethecostof aligning thesuf�x esof the

sequences,startingwith the letters`Q' and`N', respectively. Thecostof anoptimalalignmentof

thesesub-sequencesis storedin themarkedcell of the leftmostmatrix in Figure80a. Second,we

considerthepairwisealignmentof the�rst andthird sequences.Sincea gapis insertedin thethird

sequence,its �rst letteris notconsumed.Thecostof anoptimalalignmentof the�rst sub-sequence

andthe completethird sequenceis storedin the marked cell of the middle matrix in Figure80a.

Third,weconsiderthepairwisealignmentof thesecondandthird sequences.Sinceagapis inserted

in thethird sequence,its �rst letteris notconsumed.Thecostof anoptimalalignmentof thesecond

sub-sequenceandthecompletethird sequenceis storedin themarkedcell of therightmostmatrix in

Figure80a.Finally, theh-valueof themiddlesuccessorof thestartnodeisequalto !

�

%¨Áš!{,

�

!��
! .

A similarh-valuecalculationis usedfor all generatednodesin thesearchtree.Whenagoalnodeis

reached,all lettersin eachsequencehave beenconsumed.Therefore,theremainingsub-sequences

areemptyandthevalueslookedup in thethreematricesareall equalto zero(thevaluein thetop

left cell). Theh-valueof thegoalnodeis thuszero,asmustbethecasefor anadmissibleheuristic

function.

The heuristicwe have just describedis a memory-basedheuristic[23, 181]. Unlike (memo-

ryless)heuristicfunctions,suchastheManhattandistanceusedin the
�

-Puzzlethatcomputethe

h-valuefrom scratchfor eachstatedescription,memory-basedheuristicsuselookup tablesstored

in memory. Thepairwise-costheuristicfunctionfor theMSA problemmuststorein memoryall the

pairwisecostmatrices.However, the time andspacerequirementsfor this heuristicarenegligible

whensolving large alignmentproblems. It is the mostpopularheuristicfunction usedby the AI

searchcommunity[74, 124, 178, 67] andwe useit in our experiments.More informedheuristics

exist thatstore � -dimensionalalignments( ��~KÌ ) insteadof pairwisealignments[120]. However,

they aremuchmorememoryintensive andcannotbe storedin full. The mechanismsneededto

combinetheirpartialstoragewith on-demandcomputationmake themmuchharderto use.
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6.7.2 Solving the MSA problemwith existingvariants of A*

Overthepastdecade,severalvariantsof theA* algorithmhavebeenusedto solvetheMSA problem

[74, 75, 124, 113, 109, 172, 181, 182]. Sincethepairwise-costheuristicis admissible,its usein the

A* algorithm guaranteesthat the alignmentfound is optimal. However, the main drawback of

A* is that it runsout of memoryon large alignmentsbecauseit storesin memoryall thenodesit

generates.Much of the researchon the applicationof heuristicsearchto the MSA problemhas

focusedonreducingthememoryconsumptionof A*, by decreasingthesizeof eitherits OPENlist

or its CLOSEDlist. A third approachis basedonlinear-spacesearch.Wedescribetheseapproaches

in turn.

Onecharacteristicof theMSA problemis its largebranchingfactor. In fact,its branchingfactor

is exponentialin the number � of sequencesto be aligned: sincethereare !

ô -1 distinct waysof

insertingbetween0 and ��ÁÐ� gapsinto each� -dimensionalcolumnof thealignment,thenumber

of successorsof a nodein theMSA problemis É¸%•!

ô

, . For this reason,thenodesin theOPENlist

(i.e., thesetof nodesthathavebeengeneratedbut notyetexpanded)useupasigni�cant percentage

of thememoryneededby A*. To addressthis problem,[172] proposeda variantof A* with partial

expansionin which only someof the newly-generatedsuccessornodesareaddedinto the OPEN

list, namelythosewith thebestestimatedcost.Theadvantageof thisapproachis thatthegoalnode

maybefoundwithouthaving to storemany of thenodesin theOPENlist with high f-values.

The secondsetof approachesaim at reducingthe sizeof the CLOSEDlist, that is, the setof

nodesthathave alreadybeenexpanded.In A*, theCLOSEDlist hastwo main functions.First, it

servesto constructthesolutionpath(thatis, theoptimalalignmentin thecaseof MSA) by following

pointersbackwardsfrom the goal nodeto the startnode. Second,it servesto avoid re-expanding

nodesthatcanbereachedfrom thestartnodealongseveralpaths.Becauseof thelatticestructureof

thesearchspacefor theMSA problem,therearemany pathsgoingthrougheachnode.If multiple

pathsarenot detected,eachnodein the MSA problemmay be expandedan exponentialnumber

of times. [102, 109] proposeda divide-and-conquerapproachthat doesnot storethe CLOSED

list at all. Instead,oncethe goal nodeis found, the solutionpath is constructedby breakingthe

currentMSA probleminto two sub-problemsandsolvingthemrecursively. Nodere-expansionsare
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preventedby maintaining,for eachopennode,pointersto theincomingedgesthathavealreadybeen

visited, aswell asby storingadditional“dummy” opennodes. In contrast,insteadof discarding

the whole CLOSED list, [179] proposedto storea fraction of it. This sparserepresentationof

theCLOSEDlist hasseveral advantages.First, the resultingalgorithmbehaveslike A* whenthe

latter hasenoughmemoryto completethe search. Second,the path-constructingphaseis more

ef�cient thantherecursive approach.Third, thesparsememory-approachcaneasilybecombined

with approachesthatreducethesizeof theOPENlist.

Yet a different approachfor reducingthe memoryconsumptionof A* is to uselinear-space

algorithms,suchasIDA* [96]. Suchalgorithmsuseadepth-�rst searchstrategy andthereforeonly

storein memorythe pathcurrentlybeingexplored. Whenthe goal is found, the solutionpath is

easilyreconstructed(againbackwards)usingthecalling stack.Unfortunately, becausethey do not

storegeneratednodes,they areextremelyslow on lattice-like searchspaces.[124] applieda new

variantof IDA* calledSNC(for StochasticNodeCaching) to theMSA problem.In orderto prevent

someof the nodere-expansionsof IDA*, SNC storesa fraction of the generatednodes,namely

thosethataremostlikely to bevisitedoften. Themaingoalof SNCis thusto speedup IDA* by

reducingthetimespenton re-expansions.

Becauseof theexponentialsizeandthe latticestructureof theMSA searchspace(anddespite

theexistenceof thewell-informedpairwise-costheuristicfunction),existingvariantsof A* canonly

�nd optimal alignmentsof � real proteins(of averagelengthequalto approximately500 amino

acids)for valuesof � that are smallerthan 10 on typical currentmachinecon�gurations. This

limitation of optimalheuristic-search-based MSA solversis onemotivationfor sacri�cing solution

optimality in orderto scaleup to larger problems.Anothermotivation is the fact that thescoring

schemefor theMSA problemis onlyanapproximationof thecomplex knowledgeusedbybiologists

to estimatethe phylogeneticsigni�canceof an alignment. Sinceoptimality is measuredusingan

imperfectscale,it may be morepracticalto �nd goodenoughor even near-optimal solutionsto

largerMSA problemsthanto insiston �nding strictly optimalalignments.We follow this practical

approachfor theexperimentsreportedin thischapter, in whichweapplyouranytimeapproximation

algorithmsto theMSA problem.In thenext section,we comparetheperformanceof ABULB to a

variantof WeightedA* (or WA* [132, 131]) calledAnytime A* (ATA* [178]). ATA*, like WA*,
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putsmoreweightontheh-valuethanontheg-valuewhencomputingthef-valueof eachnode.WA*

scalesup to largerproblemsthanA* at theexpenseof solutionquality. ATA* simply extendsWA*

in ananytime fashionby continuingits executionevenafteragoalis found.

6.8 Solvingthe MSA problemwith ABULB

In this section,we motivateanddescribetheapplicationof ABULB to theMSA problem.Wethen

reportourempiricalstudy.

6.8.1 Adapting ABULB to the MSA problem

Sinceheuristicsearchalgorithmsaredirectly applicableto theMSA problem,we candirectly test

our variantsof both WA* andABULB on this problem. Being interestedin the scalingbehavior

of our algorithms,we evaluatethem undertight memoryconstraints. In our experiments,each

algorithmcanonly storeup to onemillion nodesin memory. Becausevariantsof WA* arenot

memory-bounded,they run outof memoryfor largeenoughproblems.In our empiricalsetup,they

cannotalignmorethan �����Qm realproteinswhoseaveragelengthis ���

�

m@m . First,observe thatthe

minimumlengthof thealignment,measuredasthenumberof columns,is equalto � . Therefore,the

numberof nodesalongany solutionpathis greaterthanor equalto � . Second,sincethebranching

factorin theMSA problemis �Ð!

ô

Ál� , eachnodeonthesolutionpathof an11-dimensionalproblem

hasup to 2,047successors.Evenwith a perfectheuristicfunction(i.e.,whentheWA* searchgoes

straightto thegoal),sucha linear treeof depth
•

containsmorethan !Ym@m@m

•

nodes.In conclusion,

evenin thebestcase(i.e.,with perfecth-values),WA* runsoutof memorybeforereachingthegoal,

which lies at depth
•

~

�

m@m . This limitation is sharedby all of our variantsof WA*. Onesolution

to this problemis to avoid storingall successornodes.Onesuchapproach,proposedin [172], only

partiallyexpandsnodes.Moreprecisely, it fully expandseachnodebut only storessuccessornodes

with small f-values.Anothersolutionis to boundthenumberof storednodesat eachdepthin the

tree. This is thebasisfor beamsearch.Therefore,it is naturalto evaluateour extensionof beam

search,calledABULB, on theMSA problem,sincewe expectABULB to scaleup to muchlarger

problemsthanany variantof WA*.

ABULB is ananytime variantof BULB thatcontinuessearchingaftera goal is found. BULB
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Figure81: Searchspaceandcorrespondingsearchtreefor anMSA problemwith ����� �"!

itself is a backtrackingvariantof beamsearch.Finally, beamsearchis a memory-boundedvariant

of breadth-�rstsearch.In thepreviouschapter, weappliedABULB to domainswith uniformaction

costs,in which the cost of a path is equalto its length. The MSA problemdoesnot sharethis

propertysinceeachedgecost in its searchspaceis the sumof pairwisecosts,eachof which can

take several integervaluesbetween-8 and17 (seethePAM250 matrix in Figure72). As a result,

nodesatagivendepthof thesearchtreetypically havedifferentg-values.Theonly modi�cation we

needto apply to ABULB is to orderthenodeswithin eachlayerby increasingf-values,insteadof

h-values.Both theg- andh-valueof eachnodearecalculatedusingthepre-computedcostmatrices

of eachpossiblepairwisealignmentof the � sequencesin theproblem.

RunningABULB requireschoosinga valuefor its only parameter	 , thebeamwidth. In gen-

eral, ABULB with a small valuefor 	 returnsa solutionquickly, if it �nds one. In someof our

domainsin Chapter4, toosmallvaluesfor 	 led to dead-endsbecausethesearchwould run outof

new successornodesto visit. In theMSA problem,this situationcannotoccur. Thesearchspace

for this problemis a directacyclic graph(or dag). Figure81adepictsthedagfor a 2-dimensional

problemwith sequencesof lengthtwo (i.e., �Ž�K�G� ! ). Notethatall edgesin the�gure arereally
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directededges:they canonly be traverseddownward. This searchspacecontainsno cycles. The

searchalwaysprogressesdownward toward thegoal. Figure81bdepictsthecompletesearchtree

correspondingto this searchspace,assumingthatduplicatenodesarenot detected.Sincethereex-

ist many pathsfrom the startnodeto mostnodesin thesearchspace(i.e., the dagcontainsmany

transpositions),thenumberof nodesin thesearchtree(31) is signi�cantly larger thanthenumber

of distinctnodesin thesearchspace(9). Despitethis combinatorialexplosion,thesearchtreefor

theMSA problemhastwo niceproperties.First, it is �nite andits maximumdepth,equalto �

�

� ,

is known a priori. This upperboundmakes it easyto estimatethe largestvalueof 	 for which

ABULB is still guaranteedto �nd a goalwithout runningout of memory. Second,every leaf of the

treeis a goal. This propertyis suf�cient to guaranteethat ABULB with 	‰�‰� will always�nd

the�rst solutionpathquickly sincereachingthe�rst goalinvolvesno backtracking.In theanytime

context, we areinterestedin �nding the �rst solutionasfastaspossibleandwe thereforeset the

initial valueof 	 equalto one.

6.8.2 Empirical evaluation

Weevaluatetheperformanceof ABULB usinga setof realbiologicalsequences.We �rst describe

ourempiricalsetupandthenreportanddiscussour results.

6.8.2.1 Empiricalsetup

BAliBASE (BenchmarkAlignmentdataBASE) is a databaseof multiple sequencealignmentsthat

arecategorizedby dif�culty .3 Thedif�culty of anMSA problemdependson thenumber� of se-

quences,their averagelength � , andthedegreeof similarity (or thepercentageof residueidentity)

amongthe sequences,amongotherfactors. To evaluatethe scalingbehavior of ABULB, we se-

lect onedif�cult setof sequencesin BAliBASE andalign sub-setsof it of increasingsize � . The

myrosinasesetbelongsto the “Reference3/long” category.4 It contains21 sequencesof average

lengthequalto 405andof maximumlengthequalto 482.ThisMSA problemis considereddif�cult

becauseof its large � valueandbecauseits percentageof residueidentity is lessthan25%. In our

experiments,� variesfrom 8 to 13. For eachvalue of � , � ve sub-setsof � sequenceseachare

3BAliBASE is accessibleat http://www-igbmc.u-strasbg.fr/BioInfo/BAliBASE/.
4Themyrosinasesetis availableathttp://www-igbmc.u-strasbg.fr/BioInfo/BAliBASE/ref3/test/2myrref3.html.
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selectedat randomamongthe twenty-onesequencesin the set. Thuseachreportedmeasurement

representstheperformanceaveragedover � vedatapoints.

We run bothABULB 1.0andABULB 2.0with 	O�C� andwith enoughmemoryto storeup to

onemillion nodesatatime. Eachprogramrunsfor twelveminutes(or 720seconds)oneachsub-set

of sequences.WeusethePAM250substitutionmatrix(seeFigure72)to computetheg- andh-value

of eachnode.Sincetheelementsof this matrixconstitutea measureof similarity to bemaximized,

we usetheir negative valuesin our shortest-pathproblemreformulation. Furthermore,sincethe

matrix containsbothpositive andnegative integers,we addtheconstantvalue17 to eachelement

so that all edgecostsandh-valuesremainnon-negative integers. Note that this simplealgebraic

manipulationchangesthescoringfunctionin non-trivial ways.For example,two alignmentsof the

samesequencesbut of differentlengthsseetheir scoreincreaseby theadditionof a multiple of 17

whosemagnitudedependson thenumberof columnsin thealignment.

We also compareABULB to ATA* which, to the bestof our knowledge, is the only other

anytimeheuristicsearchalgorithmto have beenappliedto theMSA problem[178]. ATA* behaves

likeWA* until it �nds agoalandthencontinuesrunningwith thesamevalueof 
 until it terminates

(whenthesmallestsumof theg- andh-valueof any nodein theOPENlist is greaterthanor equal

to thedynamicupperbound,ATA* hasfoundtheoptimalpathandcanstop)or runsoutof memory.

Sincetheperformancepro�les in thenext sectionreportthedecreasein solutioncostrelative to the

costof the �rst solutionfound,thecomparisonbetweendifferentalgorithmsis only meaningfulif

they �nd initial solutionswith similar costs.This is not anissuewhencomparingABULB 1.0and

ABULB 2.0 sinceboth behave identically to BULB with 	 �‰� until the �rst solutionis found.

For ATA*, we set the valueof 
 equalto 1.1. With this parametersetting,ATA* andABULB

�nd initial solutionswhoseaveragecostsnever differ by morethan0.05%. Thereasonwhy such

a small 
 is acceptableis that the heuristicvaluesavailable in the MSA problemareextremely

well-informed.In fact,theauthorsof [178] usea valueof 
 thatis evencloserto one.

6.8.2.2 Empirical results

Figure82through87aretheperformancepro�les of ABULB 1.0,ABULB 2.0,andATA* obtained

on setsof 8 through13 proteins.Thex- andy-axesin the �gures have thesamemeaningasthose
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Figure 82: MSA problemswith 8 proteins

for theperformancepro�les in Chapter5.

First, we observe that the rangeof valueson they-axis (see,for example,Figure82) is much

smallerthanthecorrespondingrangesin theperformancepro�les of Chapter5. This differenceis

not symptomaticof a poorperformanceof thealgorithmsin this domain. Instead,thesmall range

is dueto the fact that the costof the �rst solutionfound is closeto optimal. In fact, the average

solutioncostinitially foundby eachalgorithmis never morethan5% from optimal.5 This resultis

notsurprisingin thecaseof ATA*, sinceaweightof 1.1guaranteesthatthesolutioncostwill never

bemorethan10%from optimal.However, nosuchguaranteeexistsfor BULB (or, equivalently, the

�rst iterationof ABULB). ThefactthatBULB with 	C�F� �nds near-optimalsolutionsmeansthat

theheuristicvaluesfor thisdomainarequiteaccurate,evenfor this relatively hardsetof instances.

Second,we observe that, even thoughthey start with a close-to-optimalsolution, both AB-

ULB 1.0 and 2.0 are able to decreasethe solution cost over time. However, with all problem

sizes,the decreaseis much larger for ABULB 2.0 than for ABULB 1.0. This trendmirrors the

oneobserved with thebenchmarkdomainsof Chapter5. Our conclusionin thatchapterwasthat

ABULB 2.0,by quickly increasingthevalueof 	 , makesbetteruseof theavailablememorythan

ABULB 1.0. In thecaseof theMSA domain,the(relatively) poorperformanceof ABULB 1.0can

furtherbeexplainedby thestructureof thesearchspace.With aconstant	 -valueof 1, ABULB 1.0

visits the searchspacewithout detectingduplicates. Its searchtree is thusmuch larger than the

5Sincewe donot know theoptimalcost,we (under)estimateit usingtheh-valueof thestartstate.
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Figure 83: MSA problemswith 9 proteins
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Figure 84: MSA problemswith 10 proteins

searchspace(seeFigure81). In contrast,ABULB 2.0 with larger andlarger 	 -valuesis ableto

eliminatemoreandmoretranspositionsandis thusfasteratvisiting a largersetof pathsto thegoal.

ABULB 1.0with 	���� is similar to anotheranytimealgorithmcalledDepth-FirstBranch-and-

Bound(or DFBnB[112, 175]). DFBnBis to depth-�rst searchasABULB 1.0is to BULB. DFBnB,

like ABULB 1.0, simply keepsrunningafter a solution is found andmaintainsa dynamicupper

boundon thesolutioncostin orderto prunemoreandmorenodesasthecostof thesolutionsfound

decreases.Therefore,ABULB 1.0with 	C�C� only differsfrom DFBnB in its backtrackingmech-

anism.Giventhetypical superiorityof limited-discrepancy-based backtracking(usedby ABULB)

overchronologicalbacktracking(usedby DFBnB),weexpecttheperformancepro�le of DFBnBto

lie below thatof ABULB 1.0.This comparisonremainsto beperformedin futurework.

Finally, theperformancepro�les show thatbothversionsof ABULB scaleup betterthanATA*
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Figure 85: MSA problemswith 11 proteins
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Figure 86: MSA problemswith 12 proteins

sincethe latter algorithmcanonly solve the MSA problemswith � smallerthanor equalto 10.

Theabsenceof a curve for ATA* in Figures85 through87 re�ects the fact thatATA* runsout of

memorybefore�nding a �rst solutionin at leastoneof theinstancescorrespondingto �Ä�O�@�Y(3�3!†(

or 13. Whenit does�nd a solutionbeforerunningout of memory, ATA* reducesthesolutioncost

ata ratesimilar to thatof ABULB 1.0.

To summarizeour results,the ABULB algorithmsscaleup to larger MSA problemsthanthe

ATA* algorithm, and ABULB 2.0 reducesthe solution cost fasterthan ABULB 1.0 in our test

cases.
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Figure 87: MSA problemswith 13 proteins

6.9 Conclusion

In this chapter, we have usedthe Multiple SequenceAlignment (MSA) problemasan additional

benchmarkdomainfor ABULB. Weexplainedhow theMSA problemof maximizingthesimilarity

scoreof analignmentof � biologicalsequencesreducesto theshortest-pathproblemof minimizing

thecostof a pathbetweentwo oppositecornersof an � -dimensionalhypercube.

Our empiricalresultsshow that,on our MSA testproblems,bothABULB 1.0andABULB 2.0

scaleup to largerproblemsthanAnytime A*, anotheranytime heuristicsearchalgorithmbasedon

WA*. Our resultsalsoshow that ABULB 2.0 reducesthe solutioncostmorequickly thanAB-

ULB 1.0.

While our goal in this chapterwasnot to improve the stateof the art in this domain,this is a

worthwhilegoalfor thefuture.The�rst stepin thisdirectionrequiresthestudyof therelevanttools

alreadydevelopedwithin the bioinformaticscommunity. This is no small undertakinggiven the

vastarrayof existing algorithmsfor this problem. However, someonefamiliar with this tool box

shouldbeableto take advantageof it andto compoundits power with ideasfrom heuristicsearch.

Theuseof heuristicsto guidethesearchcouldlikely beappliedwith bene�t in thecontext of other

formalizationsof thisproblem.

Most of the approachesoriginatingin the bioinformaticscommunityareapproximationsand

do not usethe shortest-pathformulation. For example,a popularapproachis calledprogressive
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multiple alignmentbecauseit progressively builds the alignment,startingwith a pairwisealign-

ment,by addingonecompletesequenceat a time to theunmodi�ed alignmentobtainedsofar [40].

This approachdiffers from theheuristicsearchapproachsinceit addsonecompletesequenceat a

time to an existing alignmentof a growing subsetof sequences,while heuristicsearchbuilds an

alignmentby addingonecolumnat a time to all sequencesfrom left to right. Progressive multiple

alignmentmethodshave beenenhancedusing statisticalpro�les that discover and useposition-

dependentinformation,in a way thatpairwisealignmentscannotdo. An exampleof this extension

is the CLUSTALW program[163]. Otherstatistical,pro�le-basedmethodsexist (e.g., [33]). Fi-

nally, becauseof thehigh computationalcomplexity of theglobalMSA problemwith gaps,a lot of

effort in bioinformaticshasbeenspenton computationallymoretractableyet very usefulvariants

of it. Theseled to suchalgorithmsasBLAST andits variants,that arevery fastat �nding local

matchesin largedatabases[2, 3]. An interestingdirectionfor futurework is to investigatethepos-

siblecross-fertilizationof ideasbetweentheseprogressive andlocal approacheson the onehand,

andheuristicsearchapproacheson theother.
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CHAPTER VII

CONCLUSIONS AND FUTURE WORK IN OFFLINE SEARCH

Thischapterconcludesthesecondandlastpartof thedissertationby summarizingourcontributions

to of�ine searchandoutliningsomedirectionsfor futurework in thisarea.

7.1 Our contributions to of�ine search

In thesecondpartof this dissertation(Chapters3 through6), we have improvedon state-of-the-art

of�ine heuristicsearchmethods.Our primarygoalwasto designnew heuristicsearchalgorithms

thatscaleup to largerproblems.Our secondarygoalwasto �nd low-costsolutionsin a reasonable

amountof time. This secondpart of the dissertationis itself split into two parts. First, Chap-

ters3 and4 introducedtwo new one-shotheuristicsearchalgorithms(namelyMSC-KWA* and

BULB). Second,Chapters5 and6 introduceda new family of anytime heuristicsearchalgorithms

(namelythevariantsandcombinationsof ABULB andITSA*) andtheirapplicationto themultiple

sequencealignmentproblem. Figure1 shows the positionof our new algorithmsin the spaceof

heuristicsearchalgorithms,while Table2 andthe accompanying discussiondemonstratethat we

have achievedbothourprimaryandsecondarygoals.Wenow summarizein turn our contributions

to one-shotandanytime search.

7.1.1 Our contributions to one-shotsearch

In Chapter3:

k Weprovidedstrongerempiricalsupportfor theimprovedscalingbehavior of MSC-WA* over

WA* by 1) measuringits searcheffort, solutioncostandmemoryconsumptionwhile varying

boththesizeof thecommitmentlist andtherelativeweightontheh-values(theoriginalstudy

keptthisweight�x ed),andby 2) testingit in two additionaldomains.
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k Weprovidedstrongerempiricalsupportfor boththespeedupandreducedmemoryconsump-

tion (for a givensolutioncost)KWA* over WA* by 1) usinga slightly improved implemen-

tationof KWA* thatdoesscaleit up to the35-Puzzle(theoriginal implementationdid not)

and2) by testingit in two additionaldomains.

k We showed empirically that KWA* andMSC-WA* improve WA* in two orthogonalways.

Becauseof its strongerbreadth-�rstsearchcomponent(i.e., diversity),KWA* improvesits

solutionquality for agivenlevel of memoryconsumption.Becauseof its strongerdepth-�rst

searchcomponent(i.e.,commitment),MSC-WA* improvesits memoryconsumption.

k We combinedtheorthogonalandcomplementaryideasof diversityandcommitment,result-

ing in the MSC-KWA* algorithm. We showed empirically that MSC-KWA* scalesup to

larger domainsthaneitherKWA* or MSC-WA*. For example,in our experimentalsetup,

MSC-KWA* scalesup to the 48-Puzzle,while KWA* andMSC-WA* only scaleup to the

35-Puzzle.WA* only scalesup to the24-Puzzle.

k We discussedthe similaritiesbetweenMSC-KWA* andbeamsearch.This discussionpro-

motedthe role of diversity (i.e., theparallelexpansionof thesetof candidatenodes)in the

performanceof beamsearch,while theinitial motivationfor beamsearchwastheideaof com-

mitment.As anaside,thesimilaritiesbetweenMSC-KWA* andbeamsearchalsomotivated

our focusonbeamsearchin thefollowing two chapters.

In Chapter4:

k Wecombinedtheideasof beamsearchandbacktracking.Weshowedthat,whenbeamsearch

runs out of memory, backtrackingis a relatively simple way (when comparedto existing

memory-boundedalgorithmssuchasSMAG*) of purging nodesfrom memoryin order to

continuethesearchin anotherdirection.Furthermore,applyingbacktrackingto beamsearch

reducestheruntimeover depth-�rst-basedmemory-boundedsearches(suchasIDA*, RBFS

or LDS)because,as	 increases,beamsearcheliminatesmoreandmoretranspositions(i.e.,it

detectsmoreandmoredistinctpathsto thesamenode)andthusreducestheassociatednode-

regenerationoverhead.This �rst contribution is re�ned into thefollowing two contributions
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comparingtheeffect on the runtimeof two differentwaysof performingbacktrackingwith

beamsearch.

k We appliedchronologicalbacktrackingto beamsearch,resultingin the DB algorithm. We

showedempiricallythattheruntimeof DB is typically unacceptablylarge.Thiscon�rms the

well-known observation that chronologicalbacktrackingis not ef�cient whenthe heuristic

is misleadingin nodesthat arefar from the goal, sincechronologicalbacktrackingretracts

decisionslower in the tree (wherethe heuristicis often betterinformed)beforeit doesso

closerto theroot (wheretheheuristicis oftenlessinformed).

k We appliedlimited-discrepancy-based backtrackingto beamsearch,resultingin the BULB

algorithm. Like DB, BULB is memory-boundedandcansolve larger problemsthanbeam

searchfor eachvalueof 	 . Furthermore,by varyingthevalueof 	 , BULB generalizesboth

limited-discrepancy search(when 	 � � ) and breadth-�rst search(when 	 � q ). We

showedempiricallyin threebenchmarkdomainsthatBULB notonly scalesupto largeprob-

lemsbut alsoexhibits smallruntimes(on theorderof secondsor minutes)in theseproblems.

7.1.2 Our contributions to anytime search

In Chapter5:

k We introduceda new local path optimizationcalled ITSA*. ITSA* is basedon a search

strategy callediterativetunneling. ITSA* is alsoananytimealgorithmandweshowedthatit

reducesthesolutioncostoutputby BULB in the48-PuzzleandtheRubik's Cube.

k We describedandempirically evaluateddifferentwaysof transformingBULB into an any-

time algorithm,both with andwithout dynamicbeamwidths. We showed empirically that

restartingBULB with increasingvaluesof the beamwidth (a variant called ABULB 2.0)

leadsto a fasterreductionin thesolutioncostthansimply letting BULB run with thesame

(constant)beamwidth afteragoalis found(avariantcalledABULB 1.0).ABULB 2.0is able

to take advantageof all theavailablememory, while ABULB 1.0useslessandlessmemory

asthesolutioncostdecreases.
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k To thebestof ourknowledge,ourwayof combiningABULB with ITSA* is the�rst success-

ful applicationof local (or neighborhood)searchto theshortestpathproblem.Thiscombina-

tion yieldsa larger reductionin thesolutioncostin the48-Puzzlethantheoneobtainedwith

eitherplainABULB or ITSA*.

In Chapter6:

k We usedthe multiple sequencealignment(MSA) problemin molecularbiology asan ad-

ditional benchmarkdomainfor ABULB. We discussedthe minor modi�cations neededfor

applyingABULB to thisdomain.

k Our empirical resultsshowed that, on our MSA testproblems,both ABULB 1.0 andAB-

ULB 2.0 scaleup to larger problemsthan Anytime A*, anotheranytime heuristicsearch

algorithmbasedon WA*. On problemsthatAnytime A* couldsolve, bothvariantsof AB-

ULB yieldedalargerdecreasein solutioncost.Finally, ABULB 2.0reducedthesolutioncost

morequickly thanABULB 1.0.

7.2 Lessonslearnedand future work

In this section,wediscussthreepossibledirectionsfor futurework.

7.2.1 Generalizationof MSC-KWA* and beamsearch

In Chapter3, we (unintentionally)camecloseto re-inventingbeamsearchby combiningtheideas

of commitmentanddiversityandapplyingthemto WA*. Indeed,it wasthis observation (together

with thegoodperformanceof MSC-KWA*) thatpiquedour interestin beamsearchandeventually

led to our work on BULB andABULB. We now believe that beamsearchis at leastasgoodas

(andprobablybetterthan)WA* asastartingpoint for scalingupheuristicsearch.Wehopethatthis

researchwill sparksomerenewedinterestin beamsearch.

Furthermore,in Chapter3, we discussedone importantdifferencebetweenbeamsearchand

MSC-KWA*, namelythefactthatthelatterusesmemoryto storenodesin areserve list while beam

searchdoesnot. Thus,MSC-KWA* canlaterreturnto a discardednode,while beamsearchneeds

to �nd anew pathto prunednodesbeforeexpandingthem.In thisrespect,thecommitment(to aset
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of candidatenodes)is strongerin beamsearchthanit is in MSC-KWA* giventhesamecommitment

level � . In fact,beamsearchandMSC-KWA* sit at two extremeson a spectrumof methodsthat

usereserve lists of varying lengths ª (namely, ª ��m for beamsearchand ª � q for MSC-

KWA*). Oneexplanationfor thebetterscalingof beamsearchin theRubik's Cubedomainmaybe

thatMSC-KWA* runsout of memorybecauseof thereserve list. Thus,a smallervalueof ª may

improve scaling. However, this cannotbe the whole explanationgiven the resultssummarizedin

Table2 in theTowersof Hanoidomain.Making ª a parameterof thesearchis oneway to control

thestrengthof thecommitment.

Anotherdimensionalongwhich to contrastbeamsearchandMSC-KWA* is their greediness

(or equivalentlytheir valuefor 
 ). While MSC-KWA* canexplicitly vary thisvalue,beamsearch

ordersthesetof candidatenodesaccordingto h-valuesonly (correspondingto 
„��� ). In contrast

to the breadth-�rst-basedversionof beamsearchwe usedin this research,othervariantsexist in

whichnodesareorderedby increasingf-values(like in A*), correspondingto 
„��mˆP

� .

Yet anotherdimensionof variationis therelationbetweenthevaluesof � and � . In breadth-

�rst-basedbeamsearch,� �
� , while MSC-KWA* only imposesthat � besmallerthanor equal

to � .

In conclusion,we have discussedfour componentsof a searchstrategy (namely, its greediness

( 
 ), its diversity ( � ), andits level ( � ) andstrength( ª ) of commitment)which canbevariedto

coveralargenumberof variantsof beamsearchandMSC-KWA*. Thestudyof ageneralframework

for thisclassof approachespromisesto beaninterestingdirectionfor futurework.

7.2.2 Application of neighborhoodsearch to the shortest-pathproblem

Another lessonlearnedfrom this researchis that local searchin the spaceof solutionpathsis a

promisingavenueof researchin anytime heuristicsearch.We have only scratchedthesurfacewith

ITSA* andABULB. For example,it makessenseto take advantageof existing techniqueswell-

known to theOperationsResearchcommunity. Wediscussa few relevantissues.

First, we have usedABULB to selectrestartsolutionswhenITSA* reachesa local minimum.

Another, standardapproachin neighborhoodsearchconsistsof randomizingthesearch.Onepos-

sible way to randomizeheuristicsearchis simply to add randomnoiseto the h-values. This is
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expectedto work well (evenwith noiseof a smallamplitude)in domainswheremany nodeshave

thesamef-valuesdueto the fact thatboth g- andh-valuesareintegral andthenumberof distinct

h-valuesis relatively small.

Second,theneighborhoodsearchedby ITSA* is essentiallyconstructedby abreadth-�rstsearch

aroundagivensolutionpathwhosedepthis limited only by theavailablememory. Otherneighbor-

hoodscanof coursebede�ned. Onecouldperhapsusea uniform-costsearchinsteadof a breadth-

�rst searchby takinginto accountedgecostsinsteadof simplycountingedges.Thesearchliterature

containsat leastoneothertypeof neighborhood.[136] describesapost-processingmethodthatim-

provesonasub-optimalsolutionpathby repeatedlyselectingasub-pathof it andrunningA* to �nd

theshortestpathbetweenits startandendpoints. Themaindisadvantageof suchmethodsis that

they requirethesettingof parameterssuchasthe locationof thestartingstateandlengthof these

sub-paths.

Third, it is interestingto considerthe following trade-off. The larger the neighborhood,the

more likely it is to containa local optimum of high quality, but also the more computationally

expensive it is to search. In our context, the sizeof the neighborhoodis de�ned by the amount

of availablememory. In the extremecasewherememoryis unlimited, ITSA* reducesto A* and

maytake exponentialtime to searchtheneighborhood.In theintermediatecase,thequestionarises

whetherall availablememoryshouldbeallocatedto ITSA*. It is anempiricalquestionwhetherthe

improvementin solutioncostis fasterwith a singleexecutionof ITSA* until memoryrunsout, as

opposedto repeatedexecutionsof ITSA* with limited memory. If the lattersetupexhibits a faster

cost reduction,then part of the availablememorycould be usedfor otherpurposessuchas, for

example,moreinformedmemory-basedheuristics.

Fourth, anotherresearchissueis the choiceof the strategy usedfor searchingthe neighbor-

hood.Neighborhoodsearchis sometimescallediterative-improvementsearch[144, 1], sincesolu-

tion quality is improved (that is, solutioncostis reduced)by iteratively jumping from onepathto

anotheronein theneighborhood.This generalparadigmleavesopenthequestionof how to select

thenext solutionpathwithin theneighborhood.ITSA* follows abest-improvement[1] or steepest-

descent[130] strategy, sinceit usesa variantof A* to selectthesolutionof lowestcostwithin the

neighborhood.Alternatively, a �rst-improvementstrategy would stopsearchingtheneighborhood
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whenany solutionis foundwith a lowercostthanthecurrentsolution.

Finally, thechoicesof (re)startsolutionsandneighborhoodsmayinterferewith eachother. [130]

de�nesthestrengthof aneighborhood(of agivensize)astheaveragequalityof thelocaloptimathat

arereachedwhensearchingtheneighborhood.However, thequality of theattainablelocal optima

may dependon the startingsolution. An interestingdirectionfor researchis to studyempirically

how the strengthof a neighborhoodcorrelateswith the averagequality of the startingsolutions.

Ideally, astrongneighborhoodwouldbeweaklycorrelatedwith thequalityof thestartingsolutions.

Onecanthuscomparethestrengthof differentneighborhoodstructuresusingmultiplemethodsfor

selectingrestarts.

7.2.3 Domain-speci�c extensions

In Chapter6, we have usedtheMultiple SequenceAlignmentproblemasanadditionalbenchmark

domainfor ABULB. Our goal in this dissertationwasnot to improve the stateof the art in this

domain.Nevertheless,thisis aworthwhilegoalfor thefuture.The�rst stepin thisdirectionrequires

thestudyof therelevant toolsalreadydevelopedwithin thebioinformaticscommunity. This is no

smallundertakinggiventhevastarrayof existing algorithmsfor this problem.However, someone

familiar with this tool box shouldbeableto take advantageof it andto compoundits power with

ideasfrom heuristicsearch.Theuseof heuristicsto guidethesearchcould likely beappliedwith

bene�t in the context of other formalizationsof this problem. For example,existing specialized

algorithmsfor this problembuild thealignmentincrementallyby addingonesequenceat a time to

analreadycompletedsub-alignment.This processis in contrastto theway heuristicsearchbuilds

an alignment,namelycolumnby columnwhile consideringall sequencessimultaneously(recall

that eachstatein our searchspacerepresentsa partial alignmentof all sequencesup to a certain

pre�x of thesequencesandthateachactionconsumeseitheroneor zeroletter in eachsequence).

Nevertheless,it may be possibleto useheuristicsearchin a different spacein which eachstate

representsa completealignmentof a sub-setof sequencesandeachactionaddsonefull sequence

to thealignmentunderconstruction.

Finally, symbolicplanningis anotherapplicationareawhereheuristicsearchhashadgreatsuc-

cess[14, 13,12, 66, 159, 92, 116, 93]. Applicationsof heuristicsearchto symbolicplanninghave
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usedvariantsof both WA* andbeamsearch.We believe that it will be advantageousin termsof

scalingto adaptourbeam-search-basedideasto thesetasks.
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APPENDIX A

FORMAL PROOFS FOR FALCONS Š

A.1 Introduction

ThisAppendixcontainstheformalproofsfor thetheoreticalresultspertainingto FALCONSstated

in Section2.6.2.Theproofsareprecededby somede�nitions, notation,andassumptions.

A.2 De�nitions

& , :Œr'sIucvws , :<xcy
ubz , :3;•=f=@%•:Y, , [••

.

•

%•:Œ, , =@%•:‘(c:
D

, , �

•

%•:Œ, , :

•

%•:Œ, , �

%•:Y, , �

%•:Y, , �
”

%•:Y, , �
”

%•:Œ, , �G%•:Y, , and �

”

%•:Y,

arede�ned in Section2.2. Furthermore:

D1 G-valuesare admissibleiff ml�

�

%•:Y,¾�Ð:

•

%•:Y, for all states: .

D2 H-valuesare admissibleiff ml�

�

%•:Y,¾�

�

•

%•:Œ, for all states: .

D3 G-valuesare consistentiff �

%•:{r'sIucv¨sw,6��m and m��

�

%•:<D›,¾�

�

%•:Y,

�

=Y%•:‘(c:<DZ, for all states: with

:¸œ �":Œr'sIucvws and :
D

7�:<;>=?=@%•:Œ, , thatis, if they satisfythetriangleinequality.

D4 H-valuesare consistentiff �

%•:Œxcy
ubz

, �
m and m��

�

%•:Y,^�9=Y%•:‘(c:<D›,

���

%•:3D›, for all states: with

:¸œ �":<xcy
ucz and :

D
7�:<;>=?=@%•:Œ, , thatis, if they satisfythetriangleinequality.

D5 Thestatespace& is safelyexplorable iff thegoaldistancesof all statesare�nite

A.3 Notation

Superscriptsof f-, g-, and h-values. In thefollowing proofs, �

s

%•:Œ, (resp. �

s

%•:Y, and �

s

%•:Œ, ) refers

to the f-value(resp. g-valueandh-value)of state : beforethe ÿ

�

� valueupdate,that is, before

Step3 (Figure88)of iteration ÿ

�

� . Thus, �

N

%•:Y, and �

N

%•:Œ, aretheinitial g- andh-valuesof state:

beforeStep3 of iteration1.

‹

This Appendixis a modi�ed versionof [50].
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1. : := :ŒrtsIu+vws

2. : D := arg Ÿ� I¡

r'¢ ¢›£@r'¤•¥'¥w¦Xr¨§

�G%•: D D , ,
where �G%•: D D , := Ÿ�¬Œ­·%

�

%•: D D ,

���

%•: D D ,b(

�

%•:•rtsIu+vws¨,4, [F-CALC]
Breaktiesin favor of asuccessor:ŒD with thesmallestvalueof =@%•:{(c:ŒD›,

���

%•:3D›, [TB]
Breakremainingtiesarbitrarily (but systematically« ) [TB2]

3. �

%•:Œ, := if ( :À�": r'sIucvws ) then �

%•:Œ,

elseŸ�¬Œ­H%

�

%•:Y, ,
Ÿ� I¡

r ¢ ¢ £fRQv4¹¨º?¦Xr¨§

%

�

%•:<D DI,

�

=@%•:3D D©(c:Œ,4, ,
Ÿ�¬Œ­

rt¢ ¢›£@r'¤<¥t¥w¦Xr¨§

%

�

%•:<D D›,)Áž=Y%•:‘(c:<D DI,4,4,

[G-UPDATE]

�

%•:Y, := if ( :ª�":<xcy ucz
) then �

%•:Y,

elseŸ�¬Œ­ %

�

%•:Œ, ,
Ÿ� I¡

rt¢ ¢j£Yrt¤<¥'¥w¦Zr³§

%©=@%•:‘(c:3D D›,

���

%•:3D DI,4, ,
Ÿ�¬Œ­

r

¢ ¢

£?RQv4¹³º?¦Zr³§

%

�

%•:<D Dj,AÁž=Y%•:<D D©(c:Œ,4,4,

[H-UPDATE]

4.If ( :E�":<xcy
ucz

) then stopsuccessfully

5. : := :<D

6.Go to Line 2

Figure 88: TheFALCONSalgorithm

Subscriptsof statevariables. :Ys refersto thecurrentstatebeforeStep5 (Figure88) of iteration

ÿ

�

� . Thus, :
N

�":
r'sIucvws .

A.4 Assumptions

Our resultshold underthefollowing assumptions:

A1 Thestatespace& is �nite.

A2 Thestatespace& is safelyexplorable.

A3 All actionscostsarepositive.

A4 Theinitial g- andh- valuesareadmissible.

A5 Theinitial g-valuesareconsistent.

AssumptionA5 is only usedfor resultspertainingto the useof FALCONS without G-UPDATE.

Furthermore,A5 implies the part of A4 that pertainsto the g-values,sincethe consistency of the

¯

Systematictie-breakingis de�ned in Section2.3.
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g-valuesimpliestheiradmissibility. In practice,mostadmissibleheuristicvaluesarealsoconsistent.

Indeed,all of theheuristicvaluesdescribedin Section2.7.1areconsistent.

A.5 Proofs

We�rst provesomelemmatapertainingto propertiesof theg-,h-,andf-valuesthatareguaranteedto

holdduringtheexecutionof FALCONS.Then,weprove thateachtrial of FALCONSis guaranteed

to terminate(Theorems1 and2), thateachrun of FALCONS is alsoguaranteedto terminate,that

is, FALCONS alwaysconvergesto a uniquepath(Lemma6 andCorollary6), and�nally that the

pathFALCONS convergesto at theendof eachrun is a minimum-costpath(Theorems3 and4).

Whenappropriate,thefollowing lemmataandtheoremsareaccompaniedby corollariesthatextend

theresultsto FALCONSwithout theG-UPDATE rule.

Lemma 1

1. UnderassumptionsA1-4,FALCONScannotdecreasetheg-values.

2. UnderassumptionsA1-4,FALCONScannotdecreasetheh-values.

Proof:

Sinceonly Step3 of FALCONSmodi�es theheuristicvalues,weneedonly considerthatstep.Let

ÿ¾7 M‘�Y(c!†(cÌ†(QPQPQP0T bethenumberof thecurrentiteration.Let : beany statein & .

1. Prooffor G-UPDATE

Case(i): :ª�":<s

If :À�":
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!
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%•:Œ,��

`��
ö

„������

�

�

s
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�

s
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1

%•:Y,��

`��
ö
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#

#

#

$
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#
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�

s
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%

�
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�
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%

�
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D D
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D D
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#
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-214365

~

�
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%•:Y,bP

Case(ii) : :�œ �
:<s

In thiscase,�

%•:Y, is notupdated,andthus �

s

!

1

%•:Œ,6�

�

s

%•:Œ, .

Thereforein bothcases,Udÿ¾7 M‘�Y(c!†(cÌ†(QPQPQP0T{(c:�7Ä&¾–

�

s

!

1

%•:Y,¶~

�

s
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2. Prooffor H-UPDATE

Case(i): :ª�":<s

If :À�":<xcy ubz then �

s

!

1

%•:Œ,�7

`�� ö

„������

�

�

s

%•:Y, , else

�

s

!

1

%•:Y,�7

`�� ö

„��2���

� L �8�

"#

#

#

#

$

#

#

#

#%

�

s

%•:Y,b(

Ÿ� I¡

r ¢ ¢ £Yrt¤<¥'¥w¦Zr³§

%©=Y%•:‘(c:<D D›,

���

s

%•:3D D›,4,b(

Ÿ�¬Œ­

r'¢ ¢I£?RQv4¹³ºQ¦Xr¨§

%

�

s

%•: D D ,2ÁŽ=Y%•: D D (c:Œ,4,

&'#

#

#

#(

#

#

#

#

)

*,+.-

g0/

-214365

~

�

s

%•:Y,bP
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:<s

In thiscase,�

%•:Y, is notupdated,andthus �
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!
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Thereforein bothcases,Udÿ¾7 M‘�Y(c!†(cÌ†(QPQPQP0T{(c:�7Ä&¾–
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s
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Corollary 1

1. UnderassumptionsA1-5,FALCONSwithoutG-UPDATEcannotdecreasetheg-values.

2. UnderassumptionsA1-5,FALCONSwithoutG-UPDATEcannotdecreasetheh-values.

Proof:

1. SinceG-UPDATE is theonly placein FALCONS wheretheg-valuesareupdated,FALCONS

withoutG-UPDATE never modi�es theg-valuesandthuscannotincreasethem.

2. Theproof is thesameasthatfor Lemma1(2).

Let usnow formally de�ne thestartdistance:

•

%•:Œ, andgoaldistance�

•

%•:Œ, of state: :

:

•

%•:Y, :=

"#

$

#
%

m if :ª�":Œr'sIucv¨s
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%•:3DI,
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=@%•:<Dj(c:Y,4, otherwise
(1)
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•
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m if :ª�":<xcy
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Ÿ� I¡

rt¢I£Yrt¤<¥'¥4¦Xr¨§

%©=Y%•:‘(c:<DI,

�ž�

•

%•:<D›,4, otherwise
(2)
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Lemma 2

1. UnderassumptionsA1-4,theg-valuesremainadmissibleduring theexecutionof FALCONS.

2. UnderassumptionsA1-4,theh-valuesremainadmissibleduring theexecutionof FALCONS.

Proof:

1. Proofby inductionon ÿ .

At ÿG�"m , assumptionA4 guaranteesthat UÃ:�7’& : �

N

%•:Y, is admissible.

Assumethattheinductionhypothesisholdsat thebeginningof iteration ÿ :
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Wedistinguish3 cases,dependingon whichof the3 argumentsof maxis thelargest.
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(c:Y,4,bP (7)

?A@8B�C

(Œ:

•

%•:Y,G�":

•

%•:Œ:

•

,

�

=@%•:•:

•

(c:Y,bP (8)
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(NotethatEquation8 impliesthat :Œ:

•

œ�": .) Now, assume�

s

!

1

%•:Y,¶|Ð:

•

%•:Y, .

This,combinedwith Equations6 and8, yields

�

s

%•:4[Ã,

�

=@%•:4[·(c:Y,G�

�

s

!

1

%•:Œ,¶|Ð:

•

%•:Y,6�":

•

%•:Œ:

•

,

�

=@%•:Œ:

•

(c:Œ,bP (9)

But, since�

s

%•:•:

•

, is admissibleby Equation3, :

•

%•:•:

•

,

�

=@%•:Œ:

•

(c:Œ,p~

�

s

%•:•:

•

,

�

=@%•:•:

•

(c:Y, , which,

combinedwith Equation9, implies: �

s

%•:+[Ã,

�

=@%•:+[·(c:Œ,¶|

�

s

%•:Œ:

•

,

�

=Y%•:Œ:

•

(c:Y, . Thelattercontradicts

Equation4. Therefore,�

s

!

1

%•:Œ,¶�Ð:

•

%•:Y, , i.e. �

s

!

1

%•:Y, is admissible.

Case(iii) :

�

s

!

1

%•:Y,6�

�

s

%•:•:Y,AÁÑ=@%•:{(c:Œ:Y, (10)

(Note that Equation10 implies that :Œ:�œ � : . Otherwise,�

%•:Œ,��

�

%•:Œ:Y, would strictly decrease

betweenÿ and ÿ

�

� , since =@%•:‘(c:•:Y,

�

»

| m .) From �

s

%•:Œ:Y,ED8FHG

36IKJ

/ML^»

� :

•

%•:•:Y, and :

•

%•:•:Y,

*0+�-

gH/

-

r³º

�

:

•

%•:Y,

�

=@%•:{(c:Œ:Œ, , we obtain �

s

%•:•:Y,À�K:

•

%•:Y,

�

=@%•:{(c:Œ:Y, , or equivalently �

s

%•:Œ:Œ,6Á®=Y%•:‘(c:Œ:Œ,À��:

•

%•:Œ, ,

which,combinedwith Equation10,yields �

s

!

1

%•:Y,¾�o:

•

%•:Y, . Therefore,�

s

!

1

%•:Y, is admissible.

In conclusion,�

s

!

1

%•:Œ, is admissiblein all cases.

2. Proofby inductionon ÿ .

At ÿG�"m , assumptionA4 guaranteesthat UÃ:�7’& : �

N

%•:Y, is admissible.

Assumethattheinductionhypothesisholdsat thebeginningof iteration ÿ :

UÃ: 7’&¾–

�

s

%•:Y, V³:N�

•

L V³:Œ:3V�«f�

. (11)

Let usprove that UH:E7’&¾–

�

s

!

1

%•:Y, is admissibleaswell. Let : beany statein & .

If :Žœ � :
s , then �

%•:Œ, is not modi�ed during iteration ÿ . Therefore,�

s

!

1

%•:Y,��

�

s

%•:Œ, , which is

admissibleby Equation11. If :��C:Ys , then �

%•:Y, is only modi�ed by H-UPDATE (Step3 of FAL-

CONS).Now, if :¸��:•xcy
ucz

, then �

s

!

1

%•:Y,

7

`��
ö

„������

�

�

s

%•:Y, , which is admissibleby Equation11.

Therefore,we needonly considerthesituationwhere:À�":{spœ �":3xby
ubz

, for which it holdsthat:

�

s

!

1

%•:Y,
7

`��
ö

„������

� L �8�

"
#

#

#

#

$

#

#

#

#

%

�

s

%•:Y,b(

Ÿ� I¡

rt¢ ¢›£Yrt¤<¥'¥w¦Zr³§

%©=@%•:‘(c:
D D

,

���

s

%•:
D D

,4,b(

Ÿ�¬Œ­

r
¢ ¢

£?RQv4¹³º?¦Zr³§

%

�

s

%•:<D DI,)ÁÑ=@%•:<D D0(c:Y,4,

&
#

#

#

#
(

#

#

#

#

)
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Wedistinguish3 cases,dependingon whichof the3 argumentsof maxis thelargest.

:�;=<

:•: := arg Ÿ� I¡

rt¢ ¢›£Yrt¤<¥'¥w¦Zr³§

%©=@%•:{(c:

D D

,

�Â�

s

%•:

D D

,4,bP (12)

:�;=<

:+[ := arg Ÿ¸¬Œ­

rt¢ ¢›£fRQv4¹¨º?¦Xr¨§

%

�

s

%•:

D D

,)ÁÑ=@%•:

D D

(c:Y,4,bP (13)

Case(i): �

s

!

1

%•:Y,6�

�

s

%•:Œ,

Then,by Equation11, �

s

!

1

%•:Y, is admissible.

Case(ii) :

�

s

!

1

%•:Y,6��=@%•:‘(c:•:Y,

���

s

%•:•:Y, (14)

Proofby contradiction.

:>;=<

:

�

•

:= arg Ÿ� I¡

rt¢ ¢›£Yrt¤<¥'¥w¦Zr³§

%©=Y%•:‘(c:

D D

,

�ž�

•

%•:

D D

,4,bP (15)

?A@OB2C

(

�

•

%•:Y,6��=@%•:{(c:

�

•

,

�ž�

•

%•:

�

•

,bP (16)

(NotethatEquation16 impliesthat :

�

•

œ�": .) Now, assume�

s

!

1

%•:Y,¾|

�

•

%•:Œ, .

This,combinedwith Equations14 and16,yields

=@%•:‘(c:•:Y,

���

s

%•:•:Y,G�

�

s

!

1

%•:Y,¾|

�

•

%•:Y,6��=@%•:{(c:

�

•

,

�ž�

•

%•:

�

•

,bP (17)

But, since�

s

%•:

�

•

, is admissibleby Equation11, =@%•:{(c:

�

•

,

���

•

%•:

�

•

,p~Ð=Y%•:‘(c:

�

•

,

� �

s

%•:

�

•

, , which,

combinedwith Equation17,implies =Y%•:‘(c:Œ:Œ,

�’�

s

%•:Œ:Œ,¶|o=@%•:‘(c:

�

•

,

���

s

%•:

�

•

, . Thelattercontradicts

Equation12. Therefore,�

s

!

1

%•:Œ,¶�

�

•

%•:Y, , i.e. �

s

!

1

%•:Œ, is admissible.

Case(iii) :

�

s

!

1

%•:Œ, �

�

s

%•:+[Ã,AÁÑ=@%•:+[·(c:Œ, (18)

(Note that Equation18 implies that :+[Ïœ � : . Otherwise, �

%•:Y,J�

�

%•:+[Ã, would strictly decrease

betweenÿ and ÿ

�

� , since =@%•:+[·(c:Y,

�

»

|…m .) From �

s

%•:4[Ã,
D8FHG

36IPJ

/ML 141

�

�

•

%•:+[Ã, and �

•

%•:+[Ã,

*,+.-

g0/

-

x
º

�

=@%•:4[A(c:Œ,

�®�

•

%•:Y, , we obtain �

s

%•:+[Ã,^�9=@%•:4[·(c:Y,

�_�

•

%•:Y, , or equivalently �

s

%•:+[Ã,)Á_=@%•:4[·(c:Y,^�

�

•

%•:Œ, ,

which,combinedwith Equation18,yields �

s

!

1

%•:Œ,¶�

�

•

%•:Y, . Therefore,�

s

!

1

%•:Y, is admissible.

In conclusion,�

s

!

1

%•:Y, is admissiblein all cases.
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Corollary 2

1. UnderassumptionsA1-5,theg-valuesremainadmissibleduring theexecutionof FALCONS

withoutG-UPDATE.

2. UnderassumptionsA1-5,theh-valuesremainadmissibleduring theexecutionof FALCONS

withoutG-UPDATE.

Proof:

1. SinceG-UPDATE in Step3 of FALCONSis theonly stepthatmodi�es theg-values,FALCONS

withoutG-UPDATE doesnotmodify theg-values,andtheg-valuesthusremainadmissible.

2. SinceG-UPDATE doesnot have any effect on theh-values,its absencein FALCONS doesnot

make a differencein whethertheh-valuesremainadmissible.Therefore,this proof is thesameas

thatfor Lemma2(2).

Lemma 3 UnderassumptionsA1-4,a trial of FALCONScouldonly run forever if, fromsometime

on, it repeatedlymovedalonga �nite cyclic path withoutmodifyinganyof theg- andh-valuesin

thecycle.

Proof: Considertheh-values.Lemma1(2) guaranteesthat,on every transition,theh-valueof

thecurrentstate: canonly increaseor staythesame.In addition,Lemma2(2) providesanupper

boundon �

%•:Œ, , namely �

•

%•:Y, (which is �nite, by A2). This meansthat the maximumnumberof

strict increasesof �

%•:Œ, is �nite. Thisreasoningholdsfor all states: in & . And since& is �nite (A1),

we infer that the maximumtotal number(over & ) of strict increasesof h-valuesby H-UPDATE

is �nite. The samereasoningappliesto G-UPDATE for the g-values. In conclusion,thereis a

maximum,�nite numberof strict increasespossiblefor both the g- and h-values. Therefore,if

FALCONSnever terminates,theremustbeapoint in time,say ø , afterwhichnog- norh-valuesare

modi�ed. Now, we prove thatfrom sometime ø
1 on ( ø

1
~pø ), it mustbethecasethatFALCONS

repeatedlymovesalonga cycle. Let :

1 denotethe �rst stateto be visited twice after time ø ( :

1

mustexist, by A1). Let ø
1 (resp. ø

5 ) denotethe instantin time at which :

1 is reachedfor the �rst

(resp. second)time after time T. By de�nition, ø)5’~…ø)18~æø . Let � be the sequenceof states
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(startingwith :

1 ) traveled throughin the time interval [ ø61 ,øÃ5 ). From time ø21 on, the cycle � is

repeatedlyfollowedby FALCONS.Thereasonfor this is thatno valuesin thestatespacechanges

aftertime ø (andthereforeaftertime ø61 ) andsystematictie-breaking(TB2) ensuresthatFALCONS

will thereafteralwayschoosethesamesuccessorat everydecisionpoint.

Corollary 3 Under assumptionsA1-5, a trial of FALCONSwithout G-UPDATE could only run

forever if, fromsometimeon, it repeatedlymovedalonga �nite cyclic pathwithoutmodifyingany

of theg- andh-valuesin thecycle.

Proof: Thisproofis identicalto thatof Lemma3,exceptthatthe�nite numberof strictincreases

of the g-values(namelyzero)directly follows from the fact that FALCONS without G-UPDATE

never modi�es theg-values.

Lemma 4 UnderassumptionsA1-4,assumethat FALCONSmakesa transitionfroma state :as to

a state :<s

!

1 withoutmodifyingtheg- andh-valuesof :Ys . Let :
D D := �a•

�

L V'�

rt¢I£@r'¤<¥t¥w¦XrRQ›§

%©=@%•:<s4(c:
D

,

�

�

s

%•:<DI,4, . Then,:<D D is such that:

1. �

s

%•:
D D

,¶�

�

s

%•:3s³,AÁÑ=@%•:<s4(c:
D D

, ,

2. �

s

%•:3D DI,¾�

�

s

%•:
s

,

�

=@%•:
s

(c:3D DI, ,

3. �

s

%•:<D DI,¶�9�

s

%•:<s³, ,

4. �

s

%•:<s

!

1f,¾�Ð�

s

%•:
D D

, , and

5. if �

s

%•:3s³,^�Ð�

s

%•:•rtsIu+vws³, , then �

s

%•:3s

!

1b,¾�9�

s

%•:ŒrtsIu+vws³, .

Proof:

First,notethat :•s^œ �":<xcy
ucz

. Otherwise,FALCONSwould stopin :Ys .

Second,notethat :
D D

œ�}:<s . If that wasnot the case,it would hold that �

s

!

1

%•:3s³,

7

`��
ö

„������

~

Ÿ� I¡

r
¢

£@r'¤•¥'¥w¦XrRQ›§

%©=Y%•:<s4(c:<DZ,

�®�

s

%•:3DI,4,

��S

¤<ucs
]

y
ôE1b‹

� =Y%•:<s4(c:<s³,

�®�

s

%•:3s³, , whichwould imply that �

s

!

1

%•:<s³,·Á
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�

s

%•:<s³,¶~o=@%•:<s4(c:3s³,

�

»

|�m andcontradictourassumptionthat �

s

!

1

%•:<s³,6�

�

s

%•:<s³, . Thus, : D D œ�":3s .

:�;=<

:

D D := �a•

�

L V'�

rt¢I£Yrt¤<¥'¥4¦Xr Q §

%©=@%•:<s+(c:

D

,

���

s

%•:

D

,4,bP (19)

1. Proofby contradiction.

Assume �

s

%•:<st,®n�=Y%•:<s4(c:<D DI,

�C�

s

%•:<D DI, . This, togetherwith Equation19, implies that �

s

%•:<s³,_n

Ÿ� I¡

rt¢I£@r'¤•¥'¥w¦XrRQ›§

%©=Y%•:<s4(c: D ,

�C�

s

%•: D ,4,

7

`�� ö

„��2���

�

�

s

!

1

%•:3s³, , which contradicts�

s

!

1

%•:3st,Â�

�

s

%•:3s³, .

Therefore,:<D D mustsatisfy �

s

%•:<s³,¶~o=@%•:3s4(c:<D D›,

�_�

s

%•:<D D›, , or equivalently �

s

%•:<D D›,¶�

�

s

%•:3s³,·Á =@%•:3sw(c:<D DI, .

2. Case(i): :•sA�":•rtsIu+vws

First,notethat

Udÿ¶7 M‘�Y(c!†(cÌ†(QPQPQP0T{–

�

s

%•:•rtsIu+vws³,6�"m (20)

follows from thefactthatinitially admissibleg-values(A4) remainadmissible(Lemma2(1)).

�

s

%•:
D D

,�T

¹�UVU¶uG5f¦j1³§

� :

•

%•:
D D

, and :

•

%•:
D D

,

*0+�-

gH/

-

r³º

� :

•

%•:3st,

�

=@%•:3sw(c:
D D

,ª�O=@%•:3s4(c:
D D

, imply that �

s

%•:
D D

, �

=@%•:3s4(c:<D DZ, or equivalently �

s

%•:<D DZ,¾�Ðm

�

=@%•:3s4(c:<D DI,

�>S

¤•u+s
]

y
ô 54N

�

�

s

%•:Œr'sIucvws³,

�

=@%•:3s+(c:<D DZ, �

�

s

%•:<s³,

�

=@%•:3s4(c:<D DI, .

Case(ii) : :<spœ �
:•rtsIu+vws (Proofby contradiction)

Assume�

s

%•:<st,¾n

�

s

%•:<D D›,AÁÑ=@%•:3s4(c:<D DI, .

This implies that �

s

%•:<s³, n�Ÿ�¬Œ­

r
¢

£@r'¤•¥'¥w¦Xr
Q

§

%

�

s

%•:
D

,¶Á�=@%•:3s4(c:
D

,4,

�

`��
ö

„��2���

�

�

s

!

1

%•:3s³, , which contra-

dicts the assumptionthat �

s

!

1

%•:
s

, �

�

s

%•:
s

, . Thus, �

s

%•:
s

,�~

�

s

%•:<D DI,ÎÁ9=@%•:
s

(c:3D D›, or equivalently

�

s

%•:
D D

,¶�

�

s

%•:3s³,

�

=@%•:3sw(c:
D D

, .

3. FromResults1 and2 above,we have �

s

%•:3D D›,

�Â�

s

%•:3D DI, �

�

s

%•:
s

,

�

=Y%•:
s

(c:<D D›,

�o�

s

%•:
s

,)Áž=@%•:
s

(c:3D D›,

or equivalently �

s

%•:
D D

,

�K�

s

%•:
D D

,’�

�

s

%•:<s³,

���

s

%•:3s³, . Thus, L �!�2%

�

s

%•:•rtsIu+vws³,b(

�

s

%•:
D D

,

� �

s

%•:
D D

,4,’�

L �8�)%

�

s

%•:
rtsIu+vws

,b(

�

s

%•:
s

,

���

s

%•:
s

,4, which,by F-CALC, is equivalentto �

s

%•:<D DZ,¾�9�

s

%•:
s

, .

4. SinceFALCONSchooses:Œs

!

1 asthenext state,it musthold that �

s

%•:3s

!

1f,^�Ð�

s

%•:
D D

, .

5. Assume�

s

%•:
s

,¶�Ð�

s

%•:
rtsIu+vws

, . This, togetherwith Result3 above, impliesthat

�

s

%•:

D D

,¾�Ð�

s

%•:Œr'sIucvws³,bP (21)

SinceFALCONS choosesto move to :
s

!

1 , it must be the casethat �

s

%•:
s

!

1
,’���

s

%•:<D D›, , which,

togetherwith Equation21,yields �

s

%•:<s

!

1f,¾�Ð�

s

%•:•rtsIu+vws³, .
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Corollary 4 Under assumptionsA1-5, assumethat FALCONSwithout G-UPDATE makes a

transition from a state :Œs to a state :<s

!

1 without modifying the g- and h-valuesof :Ys . Let

: D D := �a•

�

L V'�

rt¢I£@r'¤<¥t¥w¦XrRQj§

%©=Y%•:<s4(c: D ,

�Â�

s

%•: D ,4, . Then,: D D is such that:

1. �

s

%•: D D ,¶�

�

s

%•:3s³,AÁÑ=@%•:<s4(c: D D , ,

2. �

s

%•: D D ,¾�

�

s

%•:<st,

�

=@%•:<s4(c: D D , ,

3. �

s

%•: D D ,¶�9�

s

%•:<s³, ,

4. �

s

%•:<s

!

1f,¾�Ð�

s

%•: D D , , and

5. if �

s

%•:3s³,^�Ð�

s

%•:•rtsIu+vws³, , then �

s

%•:3s

!

1b,¾�9�

s

%•:ŒrtsIu+vws³, .

Proof:

For thesamereasonsasin theproof for Lemma4, :@s^œ �":3xby
ubz and :

D D
œ�":<s . In addition,theg-values

arenever modi�ed.

1. This proof is thesameasthatfor Lemma4(1).

2. Case(i): :
s

�":
rtsIu+vws

This proof is thesameasthat for Lemma4(2), exceptthatEquation20 is now truebecauseof A4

andtheabsenceof G-UPDATE, andthatweuseCorollary2(1) insteadof Lemma2(1).

Case(ii) : :<spœ �
:•rtsIu+vws

�

s

%•:<D DI,��

�

s

%•:
s

,

�

=Y%•:
s

(c:3D D›, directly follows from A5 andthe de�nition of the consistency of the

g-values.

3. This proof is thesameasthatfor Lemma4(3)above.

4. This proof is thesameasthatfor Lemma4(4)above.

5. This proof is thesameasthatfor Lemma4(5)above.

Lemma 5 UnderassumptionsA1-4,assumethatFALCONSfollowsa path ì startingin anystate

:

1 withoutmodifyingtheg- andh-valuesof anystateon ì . If �G%•:

1

,^�Ð�G%•:•rtsIu+vwst, , thenfor all states

: on ì ,

�G%•:Y, �Ð�G%•:Œr'sIucv¨s³,bP (22)
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Proof: Proofby inductionon thedistanceof : from :

1 on ì .

If :ª�":

1 , then �G%•:Y,G�"�G%•:

1

,¾�Ð�G%•:Œr'sIucvws', . So,Equation22 trivially holdsfor :

1 .

Assumethat : is any stateon ì but the last one. Then, : hasa successor: D on ì . Lemma4(5)

directlyallows usto infer that,if Equation22holdsfor : , thenit alsoholdsfor :aD .

Corollary 5 UnderassumptionsA1-5,assumethatFALCONSwithoutG-UPDATEfollowsa path

ì starting in any state :

1 without modifyingthe g- and h-valuesof any stateon ì . If �G%•:

1

, �

�G%•:Œr'sIucv¨st, , thenfor all states: on ì , : on ì ,

�G%•:Y, �Ð�G%•:
r'sIucv¨s

,bP (23)

Proof: The proof is the sameasthat for Lemma5, except that it usesCorollary 4(5) insteadof

Lemma4(5).

Lemma 6 UnderassumptionsA1-4,at all timest during theexecutionof FALCONS,�

s

%•:
rtsIu+vws

,G�

�

s

%•:ŒrtsIu+vws³, .

Proof:

�

s

%•:•rtsIu+vws³, W

`�X

�

T

X

� L �8�)%

�

s

%•:ŒrtsIu+vws³,

� �

s

%•:Œr'sIucvws³,b(

�

s

%•:Œr'sIucvws³,4,

�

¿

!

T

¹RUYU¾u65f¦›1³§

� L �8�)%©m

�

�

s

%•:ŒrtsIu+vws³,b(

�

s

%•:ŒrtsIu+vws³,4,6�

�

s

%•:•rtsIu+vws³, .

Corollary 6 Under assumptionsA1-5, at all timest during the executionof FALCONSwithout

G-UPDATE, �

s

%•:ŒrtsIu+vws³,6�

�

s

%•:•rtsIu+vws³, .

Proof:

The proof is the sameas that for Lemma 6, except that it usesCorollary 2(1) insteadof

Lemma2(1).
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Theorem 4 (Termination 1) Under assumptionsA1-4, each trial of FALCONSis guaranteedto

terminate.

Proof: Proofby contradiction.

If FALCONScyclesforever thenthereexistsa �nite cyclic path ì alongwhich theg- andh-values

do not changefrom sometime T on (Lemma3). In thefollowing, we candropthesuperscriptson

theh- andf-valuessincethey do notchangeaftertimeT.

Wedistinguishtwo cases.Eitherall stateson ì have f-valuessmallerthanor equalto �G%•: r'sIucvws³, , or

all stateson ì have � valuesgreaterthan �G%•:{rtsIu+vwst, . Thesearetheonly two possiblecases.Indeed,

if thereis at leastonestate:

1 on ì suchthat �G%•:

1

,E�K�G%•:•rtsIu+vws³, , thenall statesfollowing :

1 on ì

will alsohave an f-valuesmallerthanor equalto �G%•:‘rtsIu+vws³, (by Lemma5). But, since ì is cyclic,

everystate: on ì follows :

1 andthereforesatis�es �G%•:Y,¶�K%•:@r'sIucv¨s³, .

Case(i): For all states:Œs on thecycle, �G%•:•st,¾|Ð�G%•:ŒrtsIu+vwst, .

In this case,it musthold that for all successors:
D of all statesin the cycle, �G%•:

D
,’|‰�G%•:Œr'sIucvws', .

Otherwise,FALCONS would chooseas next statea successorwith �G%•:‘DZ,’� �G%•:•rtsIu+vwst, and thus

leave thecycle.

Let :
s be any state on this cycle, :

s

!

1 be the successorof : on the cycle, and

:
D D := �a•

�

L V'�

rt¢I£@r'¤<¥t¥w¦Xr
Q

§

%©=Y%•:<s4(c:
D

,

�Â�

%•:
D

,4, .

By Lemma4(3&4), �G%•:
s

!

1
,¶�Ð�G%•:

s
, , i.e. thef-valuescannotincreasealonga transition.Therefore

they cannotdecreaseeitherbecauseotherwisethey would have to increaseagainbeforetheendof

thecycle. Sothef-valuesof all stateson thecycle arethesameandin particular �G%•:
s

!

1
,Î���G%•:

s
,

which,combinedwith Lemma4(3&4) yields �G%•:@s

!

1b,6�"�G%•:
D D

,6���G%•:3st, . SinceFALCONSchooses

:
s

!

1 asthenext state,=@%•:
s

(c:
s

!

1
,

���

%•:
s

!

1
,

��Z

�/=@%•:
s

(c:<D D›,

���

%•:3D Dj, . By de�nition of :•D D andH-UPDATE

(since �

%•:<s³, doesnot change),=@%•:•s4(c:3D D›,

�Ð�

%•:<D DZ,ª�

�

%•:<s³, Combiningthetwo previous inequalities

yields =Y%•:
s

(c:
s

!

1
,

�o�

%•:
s

!

1
,p�

�

%•:
s

, . Since =@%•:
s

(c:
s

!

1
,

�

»

|Om , it follows that �

%•:
s

!

1
,În

�

%•:
s

, . This

meansthattheh-valuestrictly decreasesalongthisandthereforeall transitionson thecycle,which

is impossible.

Case(ii) : For all states:Œs on thecycle, �G%•:•st,¾�Ð�G%•:ŒrtsIu+vwst, .

Let :
s be any state on the cycle. Let :

s

!

1 be the successorof : on the cycle and

:<D D := �a•

�

L V'�

rt¢I£@r'¤<¥t¥w¦Xr
Q

§

%©=Y%•:<s4(c:<DZ,

�Â�

%•:<DZ,4, .
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Now, �G%•:<D DI,[T

¹�UVU¶u ¿ ¦X»+§

� �G%•: s , and �G%•: s ,9� �G%•: rtsIu+vws , imply that �G%•:•D DI,9� �G%•: rtsIu+vws ,

T

¹RUYU¾u6½

�

�

%•:ŒrtsIu+vws³, , which,combinedwith �G%•: D D ,

W

`�X

�

T

X

~

�

%•:Œr'sIucvws¨, , yields

�G%•:

D D

,6�

�

%•:Œr'sIucv¨s³,bP (24)

Furthermore, �G%•: s

!

1 , T

¹�UVU¶u ¿ ¦XÅ+§

� �G%•: rtsIu+vws ,

T

¹�UVU¶u6½

�

�

%•: rtsIu+vws , implies, together with

�G%•:<s

!

1c,

W

`�X

�

T

X

~

�

%•:ŒrtsIu+vws³, , that �G%•:<s

!

1f,ª�

�

%•:ŒrtsIu+vws³, . Combiningthis equationwith Equation24

yields �G%•: D D , ���G%•:3s

!

1b, . Now, =@%•:<s4(c:<s

!

1f,

�Â�

%•:3s

!

1f,

�\Z

��=@%•:<s4(c: D D ,

�Â�

%•: D D , . In addition,since �

%•:•s³,

doesnot changeafter the update,we know that =@%•:@s4(c:3D DI,

���

%•:<D D›,l�

�

%•:3s³, . Chainingthe two to-

gether, weget =@%•:•s4(c:<s

!

1f,

� �

%•:<s

!

1f,¾�

�

%•:3s³, or equivalently �

%•:Œs

!

1f,¶�

�

%•:<s³,aÁ¸=@%•:3sc(c:3s

!

1b,¾n

�

%•:3s³, ,

since =Y%•:•s4(c:3s

!

1f,

�

»

|‰m . This meansthat the h-valuestrictly decreasesalongthis andthereforeall

transitionsin thecycle,which is impossible.

Theorem 5 (Termination 2) Under assumptionsA1-5, each trial of FALCONS without G-

UPDATEis guaranteedto terminate.

Proof: Theprooffor thistheoremis thesameasthatfor Theorem4 exceptthatit usesthecorollaries

insteadof thelemmatawith thecorrespondingnumbers.

Lemma 7 (Convergence) UnderassumptionsA1-4,assumeFALCONSis resetto :†rtsIu+vws at theend

of each trial andtheg- andh-valuesare keptfromeach trial to thenext. Then,fromsometimeon,

FALCONSwill alwaysfollow thesamepath.

Proof:

Theorem4 above hasestablishedthat eachtrial of FALCONS will always terminate. We now

assumethatFALCONSis resetinto :
r'sIucv¨s attheendof eachtrial. Wecanfollow areasoningsimilar

to thatusedin theproof of Lemma3 to establishthatfrom sometime ø on,no g- andh-valuewill

changeany longer. This is becausethesevaluescanonly increaseor remainunchanged(Lemma1)

andremainadmissible(Lemma2). Therefore,theg- andh-valuesareboundedfrom aboveby �nite
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values(by A2) andcannotincreaseforever. Now, let ÿ<1 denotethe �rst trial that startsafter time

ø andlet ì denotethe path followed during ÿQ1 . Sinceno g- nor h-valuechangesduring ÿQ1 , the

next trial, say ÿ45 , will startwith the sameheuristicvalues. And sinceremainingties arebroken

systematically(TB2), FALCONS,startingat thesamestate:artsIu+vws , will necessarilyfollow thesame

path ì during ÿ45 . Thesamereasoningholdsfor all subsequenttrials. Therefore,from trial ÿŒ1 on,

FALCONSwill alwaysfollow thesamepath ì . It hasthereforeconvergedto ì .

Corollary 7 UnderassumptionsA1-5,assumeFALCONSwithoutG-UPDATEis resetto :ˆrtsIu+vws at

theendof each trial andtheg- andh-valuesare kept fromeach trial to thenext. Then,fromsome

timeon,FALCONSwithoutG-UPDATEwill alwaysfollow thesamepath.

Proof:

Theproof is identicalto thatfor Lemma7 exceptthatit usesTheorem5 insteadof Theorem4 and

thecorollariescorrespondingto thelemmata.

Theorem 6 (Convergenceto a shortestpath 1) Under assumptionsA1-4, FALCONSconverges

to a shortestpath.

Proof:

(In this proof, thetime superscriptof thef- andh-valuesareomittedfor easeof reading.)Assume

thatFALCONShasconvergedto apath ì from :
rtsIu+vws to :<xcy

ucz
(Lemma7).

Sincethe �rst statein ì is :@rtsIu+vws andits f-valueis trivially lessthanor equalto �G%•:‘rtsIu+vwst, , we can

useLemma5 to infer that,for all states:
s on ì , �G%•:

s
,^�"�G%•:

rtsIu+vws
, . Let usconsiderany state:

s on

ì , :<s

!

1 its successoron ì , andlet :•D D := �a•

�

L V'�

rt¢I£Yrt¤<¥'¥4¦Xr
Q

§

%©=@%•:<s4(c:3DI,

���

%•:3DI,4, .

By combiningLemma4(3) with �G%•:
s

,¸� �G%•:
rtsIu+vws

, , we get �G%•:<D DI,��Ï�G%•:
s

,�� �G%•:
rtsIu+vws

,

T

¹RUYU¾u6½

�

�

%•:ŒrtsIu+vws³, , which, combinedwith �G%•:•D DX,

W

`�X

�

T

X

~

�

%•:ŒrtsIu+vws³, yields �G%•:<D DZ, �

�

%•:ŒrtsIu+vws³, . Similarly,

�G%•:<s

!

1c,
T

¹RUYU¾u
¿

¦ Å+§

� �G%•:Œr'sIucv¨s³,

T

¹RUYU¾u6½

�

�

%•:ŒrtsIu+vws³, and �G%•:<s

!

1b,

W

`�X

�

T

X

~

�

%•:•rtsIu+vws¨, yield �G%•:<s

!

1b,��

�

%•:ŒrtsIu+vws³, . Thus, �G%•:<D DI,p���G%•:3s

!

1b,bP Sincethechosensuccessoris :Ys

!

1 , it mustbethecase(by TB)
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that �

%•:<s

!

1f,

�

=Y%•:<s+(c:<s

!

1f,¶�

�

%•: D D ,

�

=@%•:<s4(c: D D , . Accordingto Lemma4(1), �

%•: D D ,

�

=Y%•:<s4(c: D D ,¾�

�

%•:3s³, .

Combiningthelasttwo inequalities,weget �

%•:@s

!

1f,

�

=@%•:<s4(c:3s

!

1b,¾�

�

%•:<s³, , or equivalently

�

%•: s ,)Á

�

%•: s

!

1 ,¶~Ð=Y%•: s (c: s

!

1 ,bP (25)

Adding up the instancesof Equation25 for eachtransitionon ì yields �

%•:†r'sIucv¨s³, Á

�

%•:<xcy ucz ,�~

=?ä@:•ÿ0öp%•:•rtsIu+vws4(c:<xcy ucz , , where ="ä@:”ÿ0ö^%•:•rtsIu+vws4(c:<xcy ucz , denotes the total cost of path ì . Since

�

%•:<xcy ucz ,

�

¿

!

T

¹�UVU¶u65f¦X5+§

� m , we infer �

%•:Yr'sIucvws³,J~™=?ä@:•ÿ0öp%•:•rtsIu+vws4(c:<xcy ucz , . Now, the de�nition of the

goaldistanceimplies that =?ä@:•ÿžö^%•:ŒrtsIu+vws4(c:3xby ubz ,ª~

�

•

%•:•rtsIu+vws¨, . Finally, admissibilityof h meansthat

�

•

%•:•rtsIu+vws¨,ž~

�

%•:•rtsIu+vws³, . Chainingthe last three inequalities,we get �

•

%•:‘r'sIucvws¨,ž~

�

%•:ŒrtsIu+vws³,ž~

=?ä@:•ÿ
ö

%•:
rtsIu+vws

(c:<xcy
ucz

,�~

�

•

%•:
r'sIucv¨s

, andconcludethat ="ä@:”ÿ
ö

%•:
rtsIu+vws

(c:<xcy
ucz

, �

�

•

%•:
r'sIucv¨s

, . Therefore,

ì is a minimum-costpathfrom :@rtsIu+vws to :<xcy
ucz , which meansthat FALCONS hasconverged to a

shortestpath.

Theorem 7 (Convergenceto a shortestpath 2) UnderassumptionsA1-5,FALCONSwithoutG-

UPDATEconvergesto a shortestpath.

Proof: Theproof is thesameasthat for Theorem6 exceptthat thecorollariesareusedinsteadof

thecorrespondinglemmata.
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APPENDIX B

EMPIRICAL EVALUATION OF VARIANTS OF WA* IN THE
]

-PUZZLE

B.1 Empirical evaluationof KWA* in the
]

-Puzzle
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Figure 89: Performanceof KWA* in the8-Puzzlewith varying 
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B.2 Empirical evaluationof MSC-WA* in the
]

-Puzzle
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Figure 100: Performanceof MSC-WA* in the24-Puzzlewith varying �

235



B.3 Empirical evaluationof MSC-KWA* in the
]

-Puzzle

236



10

20

30

40

50

60

70

80

90

100

0.5 0.6 0.7 0.8 0.9 1

S
ol

ut
io

n 
C

os
t

Relative Weight on H-values

MSC-KWA* K=1    
MSC-KWA* K=2    
MSC-KWA* K=3    
MSC-KWA* K=4    
MSC-KWA* K=5    
MSC-KWA* K=10   
MSC-KWA* K=100  
MSC-KWA* K=50000

a) Solutioncostversus


100

1000

10000

100000

0.5 0.6 0.7 0.8 0.9 1

N
um

be
r 

of
 S

to
re

d 
N

od
es

 (
lo

g 
sc

al
e)

Relative Weight on H-values

MSC-KWA* K=50000
MSC-KWA* K=100  
MSC-KWA* K=10   
MSC-KWA* K=5    
MSC-KWA* K=4    
MSC-KWA* K=3    
MSC-KWA* K=2    
MSC-KWA* K=1    

b) Memoryusageversus


100

1000

10000

100000

0.5 0.6 0.7 0.8 0.9 1

N
um

be
r 

of
 G

en
er

at
ed

 N
od

es
 (

lo
g 

sc
al

e)

Relative Weight on H-values

MSC-KWA* K=50000
MSC-KWA* K=100  
MSC-KWA* K=10   
MSC-KWA* K=5    
MSC-KWA* K=4    
MSC-KWA* K=3    
MSC-KWA* K=2    
MSC-KWA* K=1    

c) Searcheffort versus


100

1000

10000

100000

10 20 30 40 50 60 70 80 90 100

N
um

be
r 

of
 S

to
re

d 
N

od
es

 (
lo

g 
sc

al
e)

Solution Cost

MSC-KWA* K=50000
MSC-KWA* K=100  
MSC-KWA* K=10   
MSC-KWA* K=5    
MSC-KWA* K=4    
MSC-KWA* K=3    
MSC-KWA* K=2    
MSC-KWA* K=1    

d) Memoryusageversussolutioncost

100

1000

10000

100000

10 20 30 40 50 60 70 80 90 100

N
um

be
r 

of
 G

en
er

at
ed

 N
od

es
 (

lo
g 

sc
al

e)

Solution Cost

MSC-KWA* K=50000
MSC-KWA* K=100  
MSC-KWA* K=10   
MSC-KWA* K=5    
MSC-KWA* K=4    
MSC-KWA* K=3    
MSC-KWA* K=2    
MSC-KWA* K=1    

e) Searcheffort versussolutioncost

Figure101: Performanceof MSC-KWA* in the8-Puzzlewith varying 
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Figure 102: Performanceof MSC-KWA* in the8-Puzzlewith varying �
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Figure103: Performanceof MSC-KWA* in the15-Puzzlewith varying 
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Figure 104: Performanceof MSC-KWA* in the15-Puzzlewith varying �
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Figure105: Performanceof MSC-KWA* in the24-Puzzlewith varying 
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Figure 106: Performanceof MSC-KWA* in the24-Puzzlewith varying �
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Figure107: Performanceof MSC-KWA* in the35-Puzzlewith varying 
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